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Preface

E The origins of this book

This book has grown out of an interest in Grassmann's work over the past three decades. There
is something fascinating about the beauty with which the mathematical structures Grassmann
discovered (invented, if you will) describe the physical world, and something also fascinating
about how these beautiful structures have been largely lost to the mainstreams of mathematics
and science.

E Who was Grassmann?

Hermann Giinther Grassmann was born in 1809 in Stettin, near the border of Germany and
Poland. He was only 23 when he discovered the method of adding and multiplying points and
vectors which was to become the foundation of his Ausdehnungslehre. In 1839 he composed a
work on the study of tides entitled Theorie der Ebbe und Flut, which was the first work ever to
use vectorial methods. In 1844 Grassmann published his first Ausdehnungslehre (Die lineale
Ausdehnungslehre ein neuer Zweig der Mathematik) and in the same year won a prize for an
essay which expounded a system satisfying an earlier search by Leibniz for an 'algebra of
geometry'. Despite these achievements, Grassmann received virtually no recognition.

In 1862 Grassmann re-expounded his ideas from a different viewpoint in a second
Ausdehnungslehre (Die Ausdehnungslehre. Vollstdndig und in strenger Form). Again the work
was met with resounding silence from the mathematical community, and it was not until the
latter part of his life that he received any significant recognition from his contemporaries. Of
these, most significant were J. Willard Gibbs who discovered his works in 1877 (the year of
Grassmann's death), and William Kingdon Clifford who discovered them in depth about the
same time. Both became quite enthusiastic about this new mathematics.

A more detailed biography of Grassmann may be found at the end of the book.

B From the Ausdehnungslehre to GrassmannAlgebra

The term 'Ausdehnungslehre' is variously translated as 'extension theory', 'theory of extension',
or 'calculus of extension'. In this book we will use these terms to refer to Grassmann's original
work and to other early work in the same notational and conceptual tradition (particularly that of
Edward Wyllys Hyde, Henry James Forder and Alfred North Whitehead).

The term 'Exterior Calculus' will be reserved for the calculus of exterior differential forms,
originally developed by Elie Cartan from the Ausdehnungslehre. This is an area in which there
are many excellent texts, and which is outside the scope of this book.

The term 'Grassmann algebra' will be used to describe that body of algebraic theory and results
based on the Ausdehnungslehre, but extended to include more recent results and viewpoints.
This will be the basic focus of this book.
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Finally, the term 'GrassmannAlgebra' will be used to refer to the Mathematica based software
package which accompanies it.

B What is Grassmann algebra?

The intrinsic power of Grassmann algebra arises from its fundamental product operation, the
exterior product. The exterior product codifies the property of linear dependence, so essential
for modern applied mathematics, directly into the algebra. Simple non-zero elements of the
algebra may be viewed as representing constructs of linearly independent elements. For
example, a simple bivector is the exterior product of two vectors; a line is the exterior product of
two points and a plane is the exterior product of three points.

B The focus of this book

The primary focus of this book is to provide a readable account in modern notation of
Grassmann's major algebraic contributions to mathematics and science. I would like it to be
accessible to scientists and engineers, students and professionals alike. Consequently I have
tried to avoid all mathematical terminology which does not make an essential contribution to
understanding the basic concepts. The only assumptions I have made as to the reader's
background is that they have some familiarity with basic linear algebra.

The secondary concern of this book is to provide an environment for exploring applications of
the Grassmann algebra. For general applications in higher dimensional spaces, computations by
hand in any algebra become tedious, indeed limiting, thus restricting the hypotheses that can be
explored. For this reason the book includes a package for exploring Grassmann algebra, called
GrassmannAlgebra, which may be found on the CD at the back of the book. GrassmannAlgebra
has been developed in Mathematica. You can read the book without using the package, or you
can use the package to extend the examples in the text, experiment with hypotheses, or explore
your own interests.

B The power of Mathematica

Mathematica is a powerful system for doing mathematics on a computer. It has an inbuilt
programming language ideal for extending its capabilities to other mathematical systems like
Grassmann algebra. It also has a sophisticated mathematical typesetting capability. This book
uses both. The chapters are typeset by Mathematica in its standard notebook format, making the
book interactive in its electronic version with the GrassmannAlgebra package.
GrassmannAlgebra can turn an exploration requiring days by hand into one requiring just
minutes of computing time.

E How you can use this book

Chapter 1: Introduction provides a brief preparatory overview of the book, introducing the
seminal concepts of each chapter, and solidifying them with simple examples. This chapter is
designed to give you a global appreciation with which better to understand the detail of the
chapters which follow. However, it is independent of those chapters, and may be read as far as
your interest takes you.

Chapters 2 to 6: The Exterior Product, The Regressive Product, Geometric Interpretations, The
Complement, and The Interior Product develop the basic theory. These form the essential core
for a working knowledge of Grassmann algebra and for the explorations in subsequent chapters.
They should be read sequentially.
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Chapters 7 to 13: Exploring Screw Algebra, Mechanics, Grassmann Algebra, The Generalized
Product, Hypercomplex Algebra, Clifford Algebra, and Grassmann Matrix Algebra, may be
read independently of each other, with the proviso that the chapters on hypercomplex and
Clifford algebra depend on the notion of the generalized product.

Sections within the text which use GrassmannAlgebra or Mathematica are signified with the
Mathematica icon %:. Wherever possible, explanation is provided so that the results are still
intelligible without a knowledge of Mathematica. Mathematica input/output dialogue is in
indented Courier font, with the input in bold. For example:

Expand[(x+y)3]
x3+3x2y+3xy2+y3

The Guide to GrassmannAlgebra is a summary of the most important functions of the
GrassmannAlgebra package. This may be used as an overview of the package capabilities or as
a 'Quick Start' guide.

B The GrassmannAlgebra website

As with most books these days, this book has its own website: www.GrassmannAlgebra. xxx.zz.
On this site you will find, amongst other things, errata, additional material, upgrades to the
GrassmannAlgebra package, links to other Grassmann algebra sites, notification of new or
related editions, reviews and my email address.

B Acknowledgements

Finally I would like to acknowledge those who were instrumental in the evolution of this book:
Cecil Pengilley who originally encouraged me to look at applying Grassmann's work to
engineering; the University of Melbourne, University of Rochester and Swinburne University of
Technology which sheltered me while I pursued this interest; Janet Blagg who peerlessly edited
the text; my family who had to put up with my writing, and finally to Stephen Wolfram who
created Mathematica and provided me with a visiting scholar's grant to work at Wolfram
Research Institute in Champaigne where I began developing the GrassmannAlgebra package.

Above all however, I must acknowledge Hermann Grassmann. His contribution to mathematics
and science puts him among the great thinkers of the nineteenth century.

I hope you enjoy exploring this beautiful mathematical system.

For I have every confidence that the effort I have applied to the science reported upon
here, which has occupied a considerable span of my lifetime and demanded the most
intense exertions of my powers, is not to be lost. ... a time will come when it will be
drawn forth from the dust of oblivion and the ideas laid down here will bear fruit. ... some
day these ideas, even if in an altered form, will reappear and with the passage of time will
participate in a lively intellectual exchange. For truth is eternal, it is divine; and no phase
in the development of truth, however small the domain it embraces, can pass away without
a trace. It remains even if the garments in which feeble men clothe it fall into dust.
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Hermann Grassmann
in the foreword to the Ausdehnungslehre of 1862
translated by Lloyd Kannenberg
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1.1 Background

The mathematical representation of physical entities

Two of the more important mathematical systems for representing the entities of contemporary
engineering and physical science are the (three-dimensional) vector algebra and the more
general tensor algebra. Grassmann algebra is more general than vector algebra, overlaps aspects
of the tensor algebra, and predates both of them. In this book we will show that it is only via
Grassmann algebra that many of the geometric and physical entities commonly used in the
engineering and physical sciences may be represented mathematically in a way which correctly
models their pertinent properties and leads straightforwardly to principal results.

As a case in point we may take the concept of force. It is well known that a force is not
satisfactorily represented by a (free) vector, yet contemporary practice is still to use a (free)
vector calculus for this task. The deficiency may be made up for by verbal appendages to the
mathematical statements: for example 'where the force £ acts along the line through the point P'.
Such verbal appendages, being necessary, and yet not part of the calculus being used, indicate
that the calculus itself is not adequate to model force satisfactorily. In practice this inadequacy is
coped with in terms of a (free) vector calculus by the introduction of the concept of moment.
The conditions of equilibrium of a rigid body include a condition on the sum of the moments of
the forces about any point. The justification for this condition is not well treated in
contemporary texts. It will be shown later however that by representing a force correctly in
terms of an element of the Grassmann algebra, both force-vector and moment conditions for the
equilibrium of a rigid body are natural consequences of the algebraic processes alone.

Since the application of Grassmann algebra to mechanics was known during the nineteenth
century one might wonder why, with the 'progress of science', it is not currently used. Indeed the
same question might be asked with respect to its application in many other fields. To attempt to
answer these questions, a brief biography of Grasssmann is included as an appendix. In brief,
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the scientific world was probably not ready in the nineteenth century for the new ideas that
Grassmann proposed, and now, in the twenty-first century, seems only just becoming aware of
their potential.

The central concept of the Ausdehnungslehre

Grassmann's principal contribution to the physical sciences was his discovery of a natural
language of geometry from which he derived a geometric calculus of significant power. For a
mathematical representation of a physical phenomenon to be 'correct' it must be of a tensorial
nature and since many 'physical' tensors have direct geometric counterparts, a calculus
applicable to geometry may be expected to find application in the physical sciences.

The word 'Ausdehnungslehre' is most commonly translated as 'theory of extension', the
fundamental product operation of the theory then becoming known as the exterior product. The
notion of extension has its roots in the interpretation of the algebra in geometric terms: an
element of the algebra may be 'extended' to form a higher order element by its (exterior) product
with another, in the way that a point may be extended to a line, or a line to a plane by a point
exterior to it. The notion of exteriorness is equivalent algebraically to that of linear
independence. If the exterior product of elements of grade 1 (for example, points or vectors) is
non-zero, then they are independent.

A line may be defined by the exterior product of any two distinct points on it. Similarly, a plane
may be defined by the exterior product of any three points in it, and so on for higher
dimensions. This independence with respect to the specific points chosen is an important and
fundamental property of the exterior product. Each time a higher dimensional object is required
it is simply created out of a lower dimensional one by multiplying by a new element in a new
dimension. Intersections of elements are also obtainable as products.

Simple elements of the Grassmann algebra may be interpreted as defining subspaces of a linear
space. The exterior product then becomes the operation for building higher dimensional
subspaces (higher order elements) from a set of lower dimensional independent subspaces. A
second product operation called the regressive product may then be defined for determining the
common lower dimensional subspaces of a set of higher dimensional non-independent
subspaces.

Comparison with the vector and tensor algebras

The Grassmann algebra is a tensorial algebra, that is, it concerns itself with the types of
mathematical entities and operations necessary to describe physical quantities in an invariant
manner. In fact, it has much in common with the algebra of anti-symmetric tensors — the exterior
product being equivalent to the anti-symmetric tensor product. Nevertheless, there are
conceptual and notational differences which make the Grassmann algebra richer and easier to
use.

Rather than a sub-algebra of the tensor calculus, it is perhaps more meaningful to view the
Grassmann algebra as a super-algebra of the three-dimensional vector algebra since both
commonly use invariant (component free) notations. The principal differences are that the
Grassmann algebra has a dual axiomatic structure, it can treat of higher order elements than
vectors and can differentiate between points and vectors, it generalizes the notion of 'cross
product', is independent of dimension, and possesses the structure of a true algebra.
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Algebraicizing the notion of linear dependence

Another way of viewing Grassmann algebra is as linear or vector algebra onto which has been
introduced a product operation which algebraicizes the notion of linear dependence. This
product operation is called the exterior product and is symbolized with a wedge A.

If vectors %, , x5, X3, ... are linearly dependent, then it turns out that their exterior product is
Zero: X1 A X2 A X3 A ... == 0. If they are independent, their exterior product is non-zero.

Conversely, if the exterior product of vectors x; , X5, X3, ... iS zero, then the vectors are linearly
dependent. Thus the exterior product brings the critical notion of linear dependence into the
realm of direct algebraic manipulation.

Although this might appear to be a relatively minor addition to linear algebra, we expect to
demonstrate in this book that nothing could be further from the truth: the consequences of being
able to model linear dependence with a product operation are far reaching, both in facilitating an
understanding of current results, and in the generation of new results for many of the algebras
and their entities used in science and engineering today. These include of course linear and
multilinear algebra, but also the complex numbers, quaternions, octonions, Clifford algebras,
Pauli and Dirac algebras, screw algebra, vector algebra and parts of the tensor algebra.

Grassmann algebra as a geometric calculus

Most importantly however, Grassmann's contribution has enabled the operations and entities of
all of these algebras to be interpretable geometrically, thus enabling us to bring to bear the
power of geometric visualization and intuition into our algebraic manipulations.

It is well known that a vector x; may be interpreted geometrically as representing a direction in
space. If the space has a metric, then the magnitude of x; is interpreted as its length. The
introduction of the exterior product enables us to extend the entities of the space to higher
dimensions. The exterior product of two vectors x; A X5, called a bivector, may be visualized
as the two-dimensional analogue of a direction, that is, a planar direction. If the space has a
metric, then the magnitude of x; a x5 is interpreted as its area, and similarly for higher order
products.

Graphic showing a bivector as a parallelogram parallel to two vectors, with its area as its
magnitude.

For applications to the physical world, however, the Grassmann algebra possesses a critical
capability that no other algebra possesses: it can distinguish between points and vectors and
treat them as separate tensorial entities. Lines and planes are examples of higher order
constructs from points and vectors, which have both position and direction. A line can be
represented by the exterior product of any two points on it, or by any point on it with a vector
parallel to it.

Graphic showing two views of a line:
1) Through two points
2) Through one point parallel to a vector
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A plane can be represented by the exterior product of any three points on it, any two points with
a vector parallel to it, or any point on it with a bivector parallel to it.

Graphic showing three views of a plane:

1) Through three points

2) Through two points parallel to a vector
3) Through one point parallel to two vectors

Finally, it should be noted that the Grassmann algebra subsumes all of real algebra, the exterior
product reducing in this case to the usual product operation amongst real numbers.

Here then is a geometric calculus par excellence. We hope you enjoy exploring it.

1.2 The Exterior Product

The anti-symmetry of the exterior product

The exterior product of two vectors x and y of a linear space yields the bivector xay. The
bivector is not a vector, and so does not belong to the original linear space. In fact the bivectors
form their own linear space.

The fundamental defining characteristic of the exterior product is its anti-symmetry. That is, the
product changes sign if the order of the factors is reversed.

XAY::—YAX 1.1

From this we can easily show the equivalent relation, that the exterior product of a vector with
itself is zero.

X AX == 1.2

This is as expected because x is linearly dependent on itself.

The exterior product is associative, distributive, and behaves as expected with scalars.

Exterior products of vectors in a three-dimensional space

By way of example, suppose we are working in a three-dimensional space, with basis e; , e3,
and ez . Then we can express vectors x and y as a linear combination of these basis vectors:

X ==Qa; e; +aj; e; + az e3

Y==b1 e] +b2e2 +b3 e3
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Graphic showing two separate vectors x and y.

Here, the a; and b; are of course scalars. Taking the exterior product of x and y and
multiplying out the product expresses the bivector xay as a linear combination of basis
bivectors.

XAY == (al e; +az e +as e3)A(b1 e +b2 (=F) +b3 e3)

XAY ==a; bl €] Ae; + a; bz €] A€y + a; b3 €] Ae3 + aj bl €y Ay +
a b,e;re; +abze;rez +az by es3ae; +azby ez re; +as; by ezae;

Graphic showing these two joined as a bivector.

The first simplification we can make is to put all basis bivectors of the form e; A e; to zero.
The second simplification is to use the anti-symmetry of the product and collect the terms of the
bivectors which are not essentially different (that is, those that may differ only in the order of
their factors, and hence differ only by a sign). The product xay can then be written:

XAY::
(a1 by -—azby) e;re; + (azbz —az by) e2re3+ (azby —a; bs) esre;

The scalar factors appearing here are just those which would have appeared in the usual vector
cross product of x and y. However, there is an important difference. The exterior product
expression does not require the vector space to have a metric, while the cross product, because it
generates a vector orthogonal to x and y, necessarily assumes a metric. Furthermore, the
exterior product is valid for any number of vectors in spaces of arbitrary dimension, while the
cross product is necessarily confined to products of two vectors in a space of three dimensions.

For example, we may continue the product by multiplying xay by a third vector z.
Z=Cj e +Cy e; +C3 e3

xayaz= ((arbz-azb;) eire; + (azbs -az by) exrez+
(a3 by -a; b3) e3re;) A (cre; +cz € +C3 €3)

Adopting the same simplification procedures as before we obtain the trivector xayaz expressed
in basis form.

XAYAZ = (a1 bz C3 — a3 bz Ci + az b3 Ci + a3 bl Cz—a1b3 Cz — Az bl C3)
€] A€ Ae3

Graphic showing a third vector forming a parallelepiped.

A trivector in a space of three dimensions has just one component. Its coefficient is the
determinant of the coefficients of the original three vectors. Clearly, if these three vectors had
been linearly dependent, this determinant would have been zero. In a metric space, this
coefficient would be proportional to the volume of the parallelepiped formed by the vectors x,
y, and z. Hence the geometric interpretation of the algebraic result: if %, y, and z are lying in a
planar direction, that is, they are dependent, then the volume of the parallelepiped defined is
Zero.
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We see here also that the exterior product begins to give geometric meaning to the often
inscrutable operations of the algebra of determinants. In fact we shall see that all the operations
of determinants are straightforward consequences of the properties of the exterior product.

In three-dimensional metric vector algebra, the vanishing of the scalar triple product of three
vectors is often used as a criterion of their linear dependence, whereas in fact the vanishing of
their exterior product (valid in a non-metric space) would suffice. It is interesting to note that
the notation for the scalar triple product, or 'box' product, is Grassmann's original notation, viz

[xyz].

Finally, we can see that the exterior product of more than three vectors in a three-dimensional
space will always be zero, since they must be dependent.

Terminology: elements and entities

To this point we have been referring to the elements of the space under discussion as vectors,
and their higher order constructs in three dimensions as bivectors and trivectors. In the general
case we will refer to the exterior product of an unspecified number of vectors as a multivector,
and the exterior product of m vectors as an m-vector.

The word 'vector' however, is in current practice used in two distinct ways. The first and
traditional use endows the vector with its well-known geometric properties of direction and
(possibly) magnitude. In the second and more recent, the term vector may refer to any element
of a linear space, even though the space is devoid of geometric context.

In this book, we adopt the traditional practice and use the term vector only when we intend it to
have its traditional geometric interpretation. When referring to an element of a linear space
which we are not specifically interpreting geometrically, we simply use the term element. The
exterior product of m elements of a linear space will thus be referred to as an m-element.

Science and engineering make use of mathematics by endowing its constructs with geometric or
physical interpretations. We will use the term entity to refer to an element which we specifically
wish to endow with a geometric or physical interpretation. For example we would say that
points and positions are 1-entities because they are represented by 1-elements, while lines and
forces are 2-entities because they are represented by 2-elements. Points, vectors, lines and
planes are examples of geometric entities. Positions, directions, forces and moments are
examples of physical entities. We interpret elements of a linear space geometrically or
physically, while we represent geometric or physical entities by elements of a linear space.

Insert a TABLE here of elements and entities with their terminology.

The grade of an element

The exterior product of m 1-elements is called an m-element. The value m is called the grade of
the m-element. For example the element xayauav is of grade 4.

An m-element may be denoted by a symbol underscripted with the value m. For example:
% = XAYAUAV.
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For simplicity, however, we do not generally denote 1-elements with an underscripted '1'.

The grade of a scalar is 0. We shall see that this is a natural consequence of the exterior product
axioms formulated for elements of general grade.

The dimension of the underlying linear space of 1-elements is denoted by 7.

The complementary grade of an m-element in an n-space is n—m.

Interchanging the order of the factors in an exterior product

The exterior product is defined to be associative. Hence interchanging the order of any two
adjacent factors will change the sign of the product:

wAXAYAw == (W AV AXAL)

In fact, interchanging the order of any two non-adjacent factors will also change the sign of the
product.

W AXA AT AW = = (W AVALAKXAL)

To see why this is so, suppose the number of factors between x and y is m. First move y to the
immediate left of x. This will cause m+1 changes of sign. Then move x to the position that y
vacated. This will cause m changes of sign. In all there will be 2m+1 changes of sign, equivalent
to just one sign change.

Note that it is only elements of odd grade that anti-commute. If at least one of the elements of a
product is of even grade, then they commute. For example, 2-elements commute with all other
elements.

(xAay) az=2zA(XAY)

A brief summary of the properties of the exterior product

In this section we summarize a few of the more important properties of the exterior product that
we have already introduced informally. In Chapter 2: The Exterior Product the complete set of
axioms are discussed.

* The exterior product of an m-element and a k-element is an (m-+k)-element.

¢ The exterior product is associative.

(a,\/s),\y aA(/sw) 1.3

m k r m

* The unit scalar acts as an identity under the exterior product.

a == ],Aa == a/\], 1.4
m m m

¢ Scalars factor out of products.
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* An exterior product is anti-commutative whenever the grades of the factors are both odd.

arB = (-1)"*Bara 1.6
k k m

m

* The exterior product is both left and right distributive under addition.

(a+/3)Aw==aA7+/3Aw aA(13+7) = aAB+any 1.7
r m r r r m

m m m r m r m r

1.3 The Regressive Product

The regressive product as a dual product to the exterior product

One of Grassmann's major contributions, which appears to be all but lost to current
mathematics, is the regressive product. The regressive product is the real foundation for the
theory of the inner and scalar products (and their generalization, the interior product). Yet the
regressive product is often ignored and the inner product defined as a new construct independent
of the regressive product. This approach not only has potential for inconsistencies, but also fails
to capitalize on the wealth of results available from the natural duality between the exterior and
regressive products. The approach adopted in this book follows Grassmann's original concept.
The regressive product is a simple dual operation to the exterior product and an enticing and
powerful symmetry is lost by ignoring it, particularly in the development of metric results
involving complements and interior products.

The underlying beauty of the Ausdehnungslehre is due to this symmetry, which in turn is due to
the fact that linear spaces of m-elements and linear spaces of (n—m)-elements have the same
dimension. This too is the key to the duality of the exterior and regressive products. For
example, the exterior product of m 1-elements is an m-element. The dual to this is that the
regressive product of m (n—1)-elements is an (n—m)-element. This duality has the same form as
that in a Boolean algebra: if the exterior product corresponds to a type of 'union' then the
regressive product corresponds to a type of 'intersection'.

It is this duality that permits the definition of complement, and hence interior, inner and scalar
products defined in later chapters. To underscore this duality it is proposed to adopt here the v
(‘'vee') for the regressive product operation.
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Unions and intersections of spaces

Consider a (non-zero) 2-element xay. We can test to see if any given 1-element z is in the
subspace spanned by x and y by taking the exterior product of xay with z and seeing if the
result is zero. From this point of view, xay is an element which can be used to define the
subspace instead of the individual 1-elements x and y.

Thus we can define the space of xay as the set of all 1-elements z such that x Ay A 2 == 0. We
extend this to more general elements by defining the space of a simple element a as the set of
m

all 1-elements B such thata a 8 == 0.
m

We will also need the notion of congruence. Two elements are congruent if one is a scalar factor
times the other. For example x and 2x are congruent; xay and —xay are congruent. Congruent
elements define the same subspace. We denote congruence by the symbol =. For two elements,
congruence is equivalent to linear dependence. For more than two elements however, although
the elements may be linearly dependent, they are not necessarily congruent. The following
concepts of union and intersection only make sense up to congruence.

A union of elements is an element defining the subspace they together span.

The dual concept to union of elements is intersection of elements. An intersection of elements is
an element defining the subspace they span in common.

Suppose we have three independent 1-elements: x, y, and z. A union of xAay and yaz is any
element congruent to xayaz. An intersection of xay and yz is any element congruent to y.

The regressive product enables us to calculate intersections of elements. Thus it is the product
operation correctly dual to the exterior product. In fact, in Chapter 3: The Regressive Product
we will develop the axiom set for the regressive product from that of the exterior product, and
also show that we can reverse the procedure.

A brief summary of the properties of the regressive product

In this section we summarize a few of the more important properties of the regressive product
that we have already introduced informally. In Chapter 3: The Regressive Product we discuss
the complete set of axioms.

* The regressive product of an m-element and a k-element in an n-space is an (m+k—n)-element.

* The regressive product is associative.

* The unit n-element 1 acts as an identity under the regressive product.
n

a == ],va == avl 1.9
m n m m n
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* Scalars factor out of products.

* A regressive product is anti-commutative whenever the complementary grades of the factors
are both odd.

avp = (-1)®™ @K gyg 1.11
k k m

m

* The regressive product is both left and right distributive under addition.

(a+/3)vw==avw+/3vw av(/3+w) = avB+avy 1.12
r m r r r m

m m m r m r m r

The Common Factor Axiom

Up to this point we have no way of connecting the dual axiom structures of the exterior and
regressive products. That is, given a regressive product of an m-element and a k-element, how
do we find the (m+k—n)-element to which it is equivalent, expressed only in terms of exterior
products?

To make this connection we need to introduce a further axiom which we call the Common
Factor Axiom. The form of the Common Factor Axiom may seem somewhat arbitrary, but it is
in fact one of the simplest forms which enable intersections to be calculated. This can be seen in
the following application of the axiom to a vector 3-space.

Suppose x, y, and z are three independent vectors in a vector 3-space. The Common Factor
Axiom says that the regressive product of the two bivectors xaz and yAz may also be
expressed as the regressive product of a 3-element xayaz with z.

(xr2) v (yaz) = (Xaynz) vz

Since the space is 3-dimensional, we can write any 3-element such as xayaz as a scalar factor
(a, say) times the unit 3-element.

(X AyAzZ) vz = (a::l,',)vz::az

This then gives us the axiomatic structure to say that the regressive product of two elements
possessing an element in common is congruent to that element. Another way of saying this is:
the regressive product of two elements defines their intersection.

(xaz) v (yaz) =z
Of course this is just a simple case. More generally, let a, 8, and ¥ be simple elements with
m

k p
m+k+p = n, where n is the dimension of the space. Then the Common Factor Axiom states that
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(a/\)’)v(ﬁl\}’) == (a/\BA}’)v}’ m+k+p==n 1.13
mop k p

There are many rearrangements and special cases of this formula which we will encounter in
later chapters. For example, when p is zero, the Common Factor Axiom shows that the
regressive product of an m-element with an (n—m)-element is a scalar which can be expressed in
the alternative form of a regressive product with the unit 1.

av B = (aA/3)v1
m n-m m n-m

The Common Factor Axiom allows us to prove a particularly useful result: the Common Factor

Theorem. The Common Factor Theorem expresses any regressive product in terms of exterior

products alone. This of course enables us to calculate intersections of arbitrary elements.

Most importantly however we will see later that the Common Factor Theorem has a counterpart
expressed in terms of exterior and interior products, called the Interior Common Factor
Theorem. This forms the principal expansion theorem for interior products and from which we
can derive all the important theorems relating exterior and interior products.

The Interior Common Factor Theorem, and the Common Factor Theorem upon which it is
based, are possibly the most important theorems in the Grassmann algebra.

In the next section we informally apply the Common Factor Theorem to obtain the intersection
of two bivectors in a three-dimensional space.

The intersection of two bivectors in a three-dimensional space

Suppose that xay and uav are non-congruent bivectors in a three dimensional space. Since the
space has only three dimensions, the bivectors must have an intersection. We denote the
regressive product of xay and uav by z:

z = (xay) v (uav)

We will see in Chapter 3: The Regressive Product that this can be expanded by the Common
Factor Theorem to give

(xXAy) v(UAV) == (XAYAV)VvU=- (XAYyAU) VY 1.14

But we have already seen in Section 1.2 that in a 3-space, the exterior product of three vectors
will, in any given basis, give the basis trivector, multiplied by the determinant of the
components of the vectors making up the trivector.

Additionally, we note that the regressive product (intersection) of a vector with an element like
the basis trivector completely containing the vector, will just give an element congruent to itself.
Thus the regressive product leads us to an explicit expression for an intersection of the two
bivectors.

z =Det[x, y, vl]u-Det[x, vy, u] v

200145



Introduction.nb 13

Here Det[x,y, V] is the determinant of the components of x, y, and v. We could also have
obtained an equivalent formula expressing z in terms of x and y instead of u and v by simply
interchanging the order of the bivector factors in the original regressive product.

Graphic showing the intersection of two bivectors as a vector with components in either
bivector.

In Section 1.4: Geometric Interpretations below, we will see how we can apply the Common
Factor Theorem to geometry to get the intersections of lines and planes.

1.4 Geometric Interpretations

Points and vectors

In this section we introduce two different types of geometrically interpreted elements which can
be represented by the elements of a linear space: vectors and points. Then we look at the
interpretations of the various higher order elements that we can generate from them by the
exterior product. Finally we see how the regressive product can be used to calculate
intersections of these higher order elements.

As discussed in Section 1.2, the term 'vector' is often used to refer to an element of a linear
space with no intention of implying an interpretation. In this book however, we reserve the term
for a particular type of geometric interpretation: that associated with representing direction.

But an element of a linear space may also be interpreted as a point. Of course vectors may also
be used to represent points, but only relative to another given point (the information for which
is not in the vector). These vectors are properly called position vectors. Common practice often
omits explicit reference to this other given point, or perhaps may refer to it verbally. Points can
be represented satisfactorily in many cases by position vectors alone, but when both position
and direction are required in the same element we must distinguish mathematically between the
two.

To describe true position in a three-dimensional physical space, a linear space of four
dimensions is required, one for an origin point, and the other three for the three space directions.
Since the exterior product is independent of the dimension of the underlying space, it can deal
satisfactorily with points and vectors together. The usual three-dimensional vector algebra
however cannot.

Suppose x, y, and z are elements of a linear space interpreted as vectors. Vectors always have a
direction. But only when the linear space has a metric do they also have a magnitude. Since to
this stage we have not yet introduced the notion of metric, we will only be discussing
interpretations and applications which do not require elements (other than congruent elements)
to be commensurable.

As we have seen in the previous sections, multiplying vectors together with the exterior product
leads to higher order entities like bivectors and trivectors. These entities are interpreted as
representing directions and their higher dimensional analogues.
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Sums and differences of points

A point is defined as the sum of the origin point and a vector. If O is the origin, and x is a
vector, then O+x is a point.

The vector x is called the position vector of the point P.

P=20+x 1.15

Graphic showing a point as a sum of the origin and a vector.

The difference of two points is a vector since the origins cancel.
Pl —Pz == (O+x1) - (O+X2) = X1 - X3

A scalar multiple of a point is called a weighted point. For example, if m is a scalar, m P is a
weighted point with weight m.

The sum of two points gives the point halfway between them with a weight of 2.

X1 + X3
P1+P2== (O+X1)+(O+X2) == (O+—2-—-)

Graphic showing the weighted point between two points.

Historical Note

The point was originally considered the fundamental geometric entity of interest. However the
difference of points was clearly no longer a point, since reference to the origin had been lost. Sir
William Rowan Hamilton coined the term 'vector' for this new entity since adding a vector to a point
'carried' the point to a new point.

Determining a mass-centre

Consider a collection of points P; weighted with masses m; . The sum of the weighted points
gives the point Pg at the mass-centre (centre of gravity) weighted with the total mass M. First
add the weighted points and collect the terms involving the origin.

MPg ==m; (O+X1) + My (O+X2) + m3 (O+X3) + ..
== (m1 + My + M3 +...) O + (m1 X1 + My Xy + M3 X3 +...)

Dividing through by the total mass M gives the centre of mass.

(ml X1 +mMy X, +M3 X3 + ...)

PG ==
(m1 + My + M3 + ...)

Graphic showing a set of masses as weighted points.
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Lines and planes

The exterior product of a point and a vector gives a line-bound vector. Line-bound vectors are
the entities we need for mathematically representing lines. A line is the space of a line-bound
vector. That is, it consists of all the points on the line and all the vectors in the direction of the
line. To avoid convoluted terminology though, we will often refer to line-bound vectors simply
as lines.

A line-bound vector can be defined by the exterior product of two points, or of a point and a
vector. In the latter case we represent the line L through the point P in the direction of x by any
entity congruent to the exterior product of P and x.

L=PaAx

Graphic showing line defined by point and vector.

A line is independent of the specific points used to define it. To see this, consider another point Q
on the line. Since Q is on the line it can be represented by the sum of P with an arbitrary scalar
multiple of the vector x:

L=0Qax=(P+ax)ax=Pax
A line may also be represented by the exterior product of any two points on it.

L=PArQ==Pa(P+ax)==aPax

LEPlApz =PAXx 1.16

Graphic showing a line defined by either any of several pairs of points or point and vector
pairs.

These concepts extend naturally to higher dimensional constructs. For example a plane 7t may
be represented by the exterior product of any three points on it, any two points on it together
with a vector in it (not parallel to the line joining the points), or a single point on it together with
a bivector in the direction of the plane.

=Py AP, AP3 =P AP AX =P AXAY 1.17

To build higher dimensional geometric entities from lower dimensional ones, we simply take
their exterior product. For example we can build a line by taking the exterior product of a point
with any point or vector exterior to it. Or we can build a plane by taking the exterior product of
a line with any point or vector exterior to it.

Graphic showing a plane constructed out of a line and a point.
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Graphic showing a plane constructed out of a point and a bivector.

The intersection of two lines

To find intersections of geometric entities, we use the regressive product. For example, suppose
we have two lines in a plane and we want to find the point of intersection P. As we have seen
we can represent the lines in a number of ways. For example:

L1 EPlel == (O+v1)Ax1 ==OAX1+V1AX1
L; = Py A Xy == (O+V2)AX2 == 0O AX3 + V3 A Xy

The point of intersection of L; and L is the point P given by the regressive product of the lines
L1 and Lz .

P = Ll VL2 == (OAxl + V1 Axl) v (OAXz + V3 AXz)
Expanding the formula for P gives four terms:

P=(0Aax1) v (0axz) + (viaxy) v (0axy) +
(OAaxy1) v(vaaxy) + (viaxg) v (Va AXp)

The Common Factor Theorem for the regressive product of elements of the form
(xAy) v (uav) was introduced as formula 1.14 in Section 1.3 as:

(XAY) v (UAV) = (XAYAV) vU- (XAyau) vV

We now use this formula to expand each of the terms in P:
(Oax1) v(0axy) == (DAX1AX2) vO - (O AX; A0) vX;
(viax;) v (0axz) = (V1 AaX14X2) vO - (V14X 40) vX

(0axy) v(vaaxy) =-(v24ax2) Vv (0AXxy) =
—(V2 A X Axl) vO + (V2 A Xo AO) v X3

(viaxy) v (vaaxy) == (V1 AX1 AX2) vVy = (V1 AX] AV)) VX

The term (© A x3 A ©) is zero because of the exterior product of repeated factors. The four
terms involving the exterior product of three vectors, for example (vi A X3 A X3 ), are also zero
since any three vectors in a two-dimensional vector space must be dependent. Hence we can
express the point of intersection as congruent to the weighted point P:

P= (OAXx1AX3) vO+ (OAvaAaXy) vXy - (DAVIAX)) VX

If we express the vectors in terms of a basis, e; and e, say, we can reduce this formula (after
some manipulation) to:

Det[vy, x2] Det[vy, x1]
PO+ — 20172 y - - T1r 70 4
Det[x;, X3] Det[x;, %3]

Here, the determinants are the determinants of the coefficients of the vectors in the given basis.
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Graphic showing the intersection of two lines.

To verify that P does indeed lie on both the lines L; and L, , we only need to carry out the
straightforward verification that the products P A Li; and P a L, are both zero.

Although this approach in this simple case is certainly more complex than the standard algebraic
approach, its interest lies in the fact that it is immediately generalizable to intersections of any
geometric objects in spaces of any number of dimensions.

1.5 The Complement

The complement as a correspondence between spaces

The Grassmann algebra has a duality in its structure which not only gives it a certain elegance,
but is also the basis of its power. We have already introduced the regressive product as the dual
product operation to the exterior product. In this section we extend the notion of duality to
define the complement of an element. The notions of orthogonality and interior, inner and scalar
products are all based on the complement.

Consider a linear space of dimension »n with basis e; , ez, ..., €, . The set of all the essentially
different m-element products of these basis elements forms the basis of another linear space, but

this time of dimension ( " ) For example, when 7 is 3, the linear space of 2-elements has three

elements in its basis: e; A @3, €1 Ae3, €3 A e3.

The anti-symmetric nature of the exterior product means that there are just as many basis
elements in the linear space of (n—m)-elements as there are in the linear space of m-elements.
Because these linear spaces have the same dimension, we can set up a correspondence between
m-elements and (n—m)-elements. That is, given any m-element, we can determine its
corresponding (n—m)-element. The (n—m)-element is called the complement of the m-element.
Normally this correspondence is set up between basis elements and extended to all other
elements by linearity.

The Euclidean complement

Suppose we have a three-dimensional linear space with basis e; , e5 , e3. We define the
Euclidean complement of each of the basis elements as the basis 2-element whose exterior
product with the basis element gives the basis 3-element e; a e; A e3. We denote the
complement of an element by placing a 'bar' over it. Thus:

€e; == €3 Ae3 —3 e1A€f==e1Ae2Ae3
€, = ez re; = ey A€; :=e; AejzAe3
€3 = e; Aey = @©e3A€3 :==e; rAezAe3

The Euclidean complement is the simplest type of complement and defines a Euclidean metric,
that is, where the basis elements are mutually orthonormal. This was the only type of
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complement considered by Grassmann. In Chapter 5: The Complement we will show, however,
how Grassmann's concept of complement is easily extended to more general metrics. Note
carefully that we will be using the notion of complement to define the notions of orthogonality
and metric, and until we do this, we will not be relying on their existence.

With the definitions above, we can now define the Euclidean complement of a general 1-
element x == a e; + b e, + c ez, extending the definition on the basis elements by linearity.

X-=—ae; +bey+cez=mae;+be;+cez=maeyrez3+bezare; +ce;re,

In Section 1.6 we will see that the complement of an element is orthogonal to the element,
because we will define the interior product using the complement. We can start to see how the
scalar product of a 1-element with itself might arise by expanding the product x a X:

XxAX == (ae; +bey+cej)r(aezre;+besre;+ce;rey)

= (a2 +b%>+c?)e;rezne;

The complement of the basis 2-elements can be defined in a manner analogous to that for 1-
elements, that is, such that the exterior product of a basis 2-element with its complement is
equal to the basis 3-element. The complement of a 2-element in 3-space is therefore a 1-element.

eer3 :=e1 ——2 eer3Ae2Ae3 ::eer3Ae1 ::elAeer3
e3/\e1 ==e2 ——2 e3Ae1Ae3Ae1 ::e3Ae1Ae2 ::elAeer3
€] Aey == €3 = €] A3 A1 Ae) == €] Aej Ae3

To complete the definition of Euclidean complement in a 3-space we note that:

1= €1 A€ Ae3
€1 A€ Ae3 == 1

Summarizing these results for the Euclidean complement of the basis elements of a Grassmann
algebra in three dimensions shows the essential symmetry of the complement operation.

BASIS ‘ COMPLEMENT
1 ‘ €] Aney Ae3
e ‘ €y A e3
e ‘ -(ey1re3)
e3 ‘ €1 Ay

e re, ‘ e;

e; re; ‘ -e,

e, re; ‘ e;

€1 Aey Ae3 ‘ 1

The complement of a complement

Applying these results to the 1-element x we can see that the complement of the complement of
x is just x itself.
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Xx==ae; +bey; +ces3

X=-ae; +bey;+ces;=—ae;+be;+cez=maeyre;+besre; +ce;re;

X=—aeyarez+beyre; +ce; rey ==

ae;res; +besre; +ce;re; mae; +be; +ce;

= X=X

More generally, as we shall see in Chapter 5: The Complement, we can show that the
complement of the complement of any element is the element itself, apart from a possible sign.

8 Qi

= (-1)" (™ o 1.18
m

This result is independent of the correspondence that we set up between the m-elements and
(n—-m)-elements of the space, except that the correspondence must be symmetric. This is
equivalent to the commonly accepted requirement that the metric tensor (and inner product) be
symmetric. We call this the Repeated Complement Theorem.

The Complement Axiom

From the Common Factor Axiom we can derive a powerful relationship between the Euclidean
complements of elements and their exterior and regressive products. The Euclidean complement
of the exterior product of two elements is equal to the regressive product of their complements.

1.19

8 Q
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This result, which we call the Complement Axiom, is the quintessential formula of the
Grassmann algebra. It expresses the duality of its two fundamental operations on elements and
their complements. We note the formal similarity to de Morgan's law in Boolean algebra.

We will also see that adopting this formula for general complements will enable us to compute
the complement of any element of a space once we have defined the complements of its basis 1-
elements.

Graphic showing the complement of a bivector as the intersection of two complements

O(AB::@(VB.

With these basic notions, definitions and formulae in hand, we can now proceed to define the
interior product.
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1.6 The Interior Product

The definition of the interior product

The interior product is a generalization of the inner or scalar product. First we will define the
interior product and then show how the inner and scalar products are special cases.

The interior product of an element a with an element 8 is denoted a © B and defined to be the
m k m ok

regressive product of a with the complement of f3.
m k

a913==GVIE 1.20

m k m

The grade of an interior product a © 8 may be seen from the definition to be m+(n—k)-n = m—k.
m ok

Note that while the grade a regressive product depends on the dimension of the underlying
space, the grade of an interior product is independent of the dimension of the underlying space.

The order of factors in an interior product is important. When the grade of the first element is
less than that of the second element, the result is necessarily zero.

Inner products and scalar products

The interior product of two elements a and 3 of the same grade is (also) called their inner
m m

product. Since the grade of an interior product is the difference of the grades of its factors, an
inner product is always of grade zero, hence scalar.

A special case of the interior or inner product in which the two factors of the product are grade 1
is called a scalar product to conform to the common usage.

We can show from the definition and the Repeated Complement Theorem that the inner product
is symmetric, that is, the order of the factors is immaterial.

ao == oa
xS Boc 1.21

m

When the inner product is between simple elements it can be expressed as the determinant of the
array of scalar products according to the following formula:

(a1 A0z AseenOy) © (BrAB2 A ABy) ==Detfa; ©B5] 1.22

For example, the inner product of two 2-elements a; a a; and 3; A B3 may be written:

(a1 ~raz) © (B1AB2) = (a1 ©B1) (220B2) - (a1 ©B2) (a20B1)
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Calculating interior products

We can use the definition to calculate interior products. In what follows we calculate the interior
products of representative basis elements of a 3-space with Euclidean metric. As expected, the
scalar products e; ©e; and e; ©e;, turn out to be 1 and O respectively.

e;0e; ==e;ve; ==e1v (exre3) == (eg1rezre3) vl = Ivli==1
e;10e; ==e;ve; ==e;v (es3re;) == (egrez3are;)v1=0v1=0
Inner products of identical basis 2-elements are unity:

(e1re2) © (e1re2) = (e11r€2) v (egre2) =
(ep rey) ves == (e repae3) vl=1vl=1
Inner products of non-identical basis 2-elements are zero:
(e1re2) © (ezre3) = (e1re€2) v (e22€3) =
(eg rey) ve; == (ejrezrez) vl=1vl =

If a basis 2-element contains a given basis 1-element, then their interior product is not zero:

(e1re3) ©e; = (ep re) vey =

(e1rez) v (ezae3) = (e1reyre3) vey ==1ve; = e;
If a basis 2-element does not contain a given basis 1-element, then their interior product is zero:

(ep1re3) ©e3 == (e;re3) vez == (e;re)) v (egrey) =0

Expanding interior products

To expand interior products, we use the Interior Common Factor Theorem. This theorem shows
how an interior product of a simple element a with another, not necessarily simple element of
m

m

equal or lower grade 3, may be expressed as a linear combination of the v (= ( K
k

) ) essentially

different factors aj (of grade m—k) of the simple element of higher degree.
m-k

v

gek == Z (aki e/E) a;

in1 m-k 1.23
a == al A al == az A az == eee == av A av
m k m-k k m-k k m-k

For example, the Interior Common Factor Theorem may be used to prove a relationship
involving the interior product of a 1-element x with the exterior product of two factors, each of
which may not be simple. This relationship and the special cases that derive from it find
application throughout the explorations in the rest of this book.
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(g,\e)ex: (gex)AE+(-1)mgA(€ex) 1.24

The interior product of a bivector and a vector

Suppose x is a vector and x; A X, is a simple bivector. The interior product of the bivector
X; A X5 with the vector x is the vector (x; a X, ) ©x. This can be expanded by the Interior
Common Factor Theorem, or the formula above derived from it, to give:

(%1 A%2) ©x = (X6X;1) X2 - (XOX2) X1

Since the result is expressed as a linear combination of x; and x5 it is clearly contained in the
bivector x; A X5 .

The result is also orthogonal to x. We can show this by taking its scalar product with x:

((x©%;) X2 - (x6%3) X1) ©x = (x6X;) (X20X) - (x6%3) (X1 6X) =

Graphic showing the interior product of a vector with a bivector:
Shows orthogonal projection and vector in planar direction at right angle to orthogonal
projection.

These concepts may easily be extended to geometric entities of arbitrary dimension.

1.7 Exploring Screw Algebra

To be completed

1.8 Exploring Mechanics

To be completed

1.9 Exploring Grassmann Algebras

To be completed

1.10 Exploring The Generalised Product

To be completed
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1.11 Exploring Hypercomplex Algebras

To be completed

1.12 ExploringClifford Algebras

To be completed

1.13 ExploringGrassmann Matrix Algebras

To be completed
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Basic properties of the exterior product
% Setting up scalars in GrassmannAlgebra
% Entering exterior products
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Spaces and congruence
The associativity of the exterior product
% Calculating exterior products

2.4 Axioms for Exterior Linear Spaces
Summary of axioms
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On the nature of scalar multiplication
% Factoring scalars
¥ Grassmann expressions
% Calculating the grade of a Grassmann expression

2.5 Bases
Bases for exterior linear spaces
% Setting up a basis in GrassmannAlgebra
% Generating bases of exterior linear spaces
% Tables and palettes of basis elements
Standard ordering
Indexing basis elements of exterior linear spaces

2.6 Cobases
Definition of a cobasis
The cobasis of unity
% Tables and palettes of cobasis elements
The cobasis of a cobasis

2.7 Determinants
Determinants from exterior products
Properties of determinants
The Laplace expansion technique
% Calculating determinants

2.8 Cofactors
Cofactors from exterior products
The Laplace expansion in cofactor form
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% Calculation of determinants using minors and cofactors
Transformations of cobases

2.9 Solution of Linear Equations
Grassmann's approach to solving linear equations
% Example solution

2.10 Simplicity
The concept of simplicity
All (n—1)-elements are simple
% Conditions for simplicity of a 2-element in a 4-space
% Conditions for simplicity of a 2-element in a 5-space

2.11 Exterior division
The definition of an exterior quotient
Division by a 1-element
Division by a k-element

2.1 Introduction

The exterior product is the natural fundamental product operation for elements of a linear space.
Although it is not a closed operation (that is, the product of two elements is not itself an element
of the same linear space), the products it generates form a series of new linear spaces, the
totality of which can be used to define a true algebra, which is closed.

The exterior product is naturally and fundamentally connected with the notion of linear
dependence. Several 1-elements are linearly dependent if and only if their exterior product is
zero. All the properties of determinants flow naturally from the simple axioms of the exterior
product. The notion of 'exterior' is equivalent to the notion of linear independence, since
elements which are truly exterior to one another (that is, not lying in the same space) will have a
non-zero product. This product has a straightforward geometric interpretation as the multi-
dimensional equivalent to the 1-elements from which it is constructed. And if the space
possesses a metric, its measure or magnitude may be interpreted as a length, area, volume, or
hyper-volume according to the grade of the product.

However, the exterior product does not require the linear space to possess a metric. This is in
direct contrast to the three-dimensional vector calculus in which the vector (or cross) product
does require a metric, since it is defined as the vector orthogonal to its two factors, and
orthogonality is a metric concept. Some of the results which use the cross product can equally
well be cast in terms of the exterior product, thus avoiding unnecessary assumptions.

We start the chapter with an informal discussion of the exterior product, and then collect the
axioms for exterior linear spaces together more formally into a set of 12 axioms which combine
those of the underlying field and underlying linear space with the specific properties of the
exterior product. In later chapters we will derive equivalent sets for the regressive and interior
products, to which we will often refer.

Next, we pin down the linear space notions that we have introduced axiomatically by
introducing a basis onto the primary linear space and showing how this can induce a basis onto
each of the other linear spaces generated by the exterior product. A constantly useful partner to
a basis element of any of these exterior linear spaces is its cobasis element. The exterior product
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of a basis element with its cobasis element always gives the n-element of the algebra. We
develop the notion of cobasis following that of basis.

The next three sections look at some standard topics in linear algebra from a Grassmannian
viewpoint: determinants, cofactors, and the solution of systems of linear equations. We show
that all the well-known properties of determinants, cofactors, and linear equations proceed
directly from the properties of the exterior product.

We finish the chapter with a discussion of two concepts dependent on the exterior product that
have no counterpart in standard linear algebra: simplicity and exterior division. If an element is
simple it can be factorized into 1-elements. If a simple element is divided by another simple
element contained in it, the result is not unique. Both these properties will find application later
in our explorations of geometry.

2.2 The Exterior Product

Basic properties of the exterior product

Let 6\ denote the field of real numbers. Its elements, called 0-elements (or scalars) will be
denoted by a, b, c,.... Let /1\ denote a linear space of dimension n whose field is /O\. Its

elements, called 1-elements, will be denoted by x, vy, z, ... .

We call /1\ a linear space rather than a vector space and its elements 1-elements rather than

vectors because we will be interpreting its elements as points as well as vectors.

A second linear space denoted /2\ may be constructed as the space of sums of exterior products

of 1-elements taken two at a time. The exterior product operation is denoted by a, and has the
following properties:

a(xay) == (ax) Ay 2.1
XA (Y+2Z) =XAY+XAzZ 2.2
(Y+Z) AX==YAX+ZAX 2.3

XAX = 2.4

An important property of the exterior product (which is sometimes taken as an axiom) is the
anti-symmetry of the product of two 1-elements.

XAY::—YAX 2.5

200145



TheExteriorProduct.nb

This may be proved from the distributivity and nilpotency axioms since:

(x+y) a(x+Y) =
= XAX+XAY+YAX+YAY ==
= XAY+YAX=
= XAy = -YAX
An element of /2\ will be called a 2-element (of grade 2) and is denoted by a kernel letter with a

2" written below. For example:

A=XAY+ZAWH+ -
2

A simple 2-element is the exterior product of two 1-elements.

It is important to note the distinction between a 2-element and a simple 2-element (a distinction
of no consequence in /1\, where all elements are simple). A 2-element is in general a sum of

simple 2-elements, and is not generally expressible as the product of two 1-elements (except
where /1\ is of dimension n < 3). The structure of /2\, whilst still that of a linear space, is thus

richer than that of /1\, that is, it has more properties.

E Example: 2-elements in a three-dimensional space are simple

By way of example, the following shows that when /1\ is of dimension 3, every element of /2\ is
simple.

Suppose that /1\ has basis e; , e, , e3. Then a basis of /2\ is the set of all essentially different
(linearly independent) products of basis elements of /1\ taken two at atime: e; A €3, €3 A €3,
e3 A e;. (The product e; a e, is not considered essentially different from e, A e; in view of

the anti-symmetry property).

Let a general 2-element @ be expressed in terms of this basis as:
2
a==ae;re; +beyrez+cesnre;
2

Without loss of generality, suppose a = 0. Then czy can be recast in the form below, thus proving

the proposition.

b c
a=-"a|e; - —e3]| A (e2 -— e3)
2 a a

Historical Note

In the Ausdehnungslehre of 1844 Grassmann denoted the exterior product of two symbols a and
B by a simple concatenation viz. o 8; whilst in the Ausdehnungslehre of 1862 he enclosed them
in square brackets viz. [a B]. This notation has survived in the three-dimensional vector
calculus as the 'box' product [a 8 ¥] used for the triple scalar product. Modern usage denotes
the exterior product operation by the wedge A, thus aafB. Amongst other writers, Whitehead [ ]
used the 1844 version whilst Forder [ ] and Cartan [ ] followed the 1862 version.
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& Setting up scalars in GrassmannAlgebra

GrassmannAlgebra allows the setting up of an environment in which given symbols are
declared to be scalars (0-elements). You can always see what your current scalar symbols are by
entering Scalars.

When first loaded, GrassmannAlgebra sets up a default list of scalars. To see what they are type
Scalars and enter:

Scalars
GrassmannAlgebra will then return the list:

{a, b,c¢c,d,e, £, 9,h, %k, , (&) ?InnerProductQ}
0

This means that the following are taken to be scalars:
1) Any of the symbols {a, b, c,d, e, £, g, h}.

2) The symbol k.

2) Any symbol underscripted with a zero.

3) Any inner products.

To declare your own list of scalars, enter DeclareScalars([// st ].
DeclareScalars[{a, b, c}]
{a, b, c}

Now, if we enter Scalars we see the new list:
Scalars
{a, b, c}

You can always return to the default declaration by entering:
DeclareScalars [DefaultScalars]

{a, b,c¢c,d,e, £, 9,h, %k, , (&) ?InnerProductQ}
0

or simply:
DeclareDefaultScalars|[]

{a, b,c¢c,d,e, £, 9,h, %k, , (&) ?InnerProductQ}
0

Declaring which symbols you wish to be interpreted as scalars is important to
GrassmannAlgebra because all other (undefined) pure symbols will be interpreted as 1-
elements. An underscripted symbol will be interpreted as having the grade indicated by its
underscript. For example a will be interpreted as having a grade of 2.
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At any stage you can declare extra scalars and have them added to the list of currently declared
scalars. (More precisely, it is the union of the current list and the new list that becomes the
declared list.) For example:

DeclareExtraScalars[{a, aa, aaa}]

{a, aa, aaa, b, c,d, e, £, g, h, k, (_©_ ) ?InnerProductQ, _}
0

You can use patterns in the list of declared scalars. For example, you may wish to declare all
subscripted symbols with the kernel symbol a as scalars.

DeclareExtraScalars[{a }]

{a, aa, aaa, b, c,d, e, £, g,

h, k, (_oe_) ? InnerProductQ, o , _}
0

We can check if a given element is a scalar, or all the elements in a list are scalars, with
ScalarQ.

ScalarQ[{a_, Q2 , Qpews X0V, %c, x}]

{True, True, True, True, True, False}

% Entering exterior products

The exterior product is symbolized by the wedge 'a '. This may be entered either by typing \ [
Wedge], by typing the alias [esc/Mest], or by clicking on the a button on the palette.

As an infix operator, xayaza--- is interpreted as Wedge[x,y,2,---].

To enter xay type x[esc|~[stly, or click the mam button on the palette. The first placeholder will
be selected automatically for immediate typing. To move to the next placeholder, press the tab
key. To produce a multifactored exterior product, click the palette button as many times as
required. To take the exterior product with an existing expression, select the expression and
click the mAm button.

For example, to type (x+y) A (x+2), first type (x+y) and select it, click the mam button, then
type (x+2).
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2.3 Exterior Linear Spaces

Constructing m-elements

In the previous section the exterior product was introduced as an operation on the elements of
the linear space /1\ to produce elements belonging to a new space /2\ Just as /2\ was constructed

from sums of exterior products of elements of /1\ two at a time, so A may be constructed from
m

sums of exterior products of elements of /1\ m at a time.
A simple m-element is a product of the form:
X1 AX2 A AXp X G-’l\

An m-element is a linear combination of simple m-elements. It is denoted by a kernel letter with
an 'm' written below:

A=a; X3 AXag A AXy +tA2 V1 AY2A 2 AYn + oo aj €A
m (/]

The number m is called the grade of the m-element.

The exterior linear space /O\ has essentially only one element in its basis, which we take as the

unit 1. All other elements of /O\ are scalar multiples of this basis element.

The exterior linear space A (where n is the dimension of /1\) has essentially only one element in
n

its basis: e; A e A --- A e, . All other elements of A are scalar multiples of this basis element.
n

Any m-element, where m > n, is zero, since there are no more than » independent elements
available from which to construct it, and the nilpotency property causes it to vanish.

Spaces and congruence

The space of a simple m-element a is the set of all 1-elements a belonging to cx, that is, such
that a A a = 0. a is said to define 1ts own space. We say that a is contained in the space of a

and by extenswn sometimes simply say that a is contained in a.
m

A simple element /3 is said to be contained in another simple element a if and only if the space

of /3 is a subset of that of a

We say that two elements are congruent if one is a scalar multiple of the other, and denote the
relationship with the symbol =. For example we may write:

a aa
m m

We can therefore say that if two elements are congruent, then their spaces are the same.
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Note that whereas several congruent elements are linearly dependent, several linearly dependent
elements are not necessarily congruent.

When we have one element equal to a scalar multiple of another, a == a 8 say, we may
m m

sometimes take the liberty of writing the scalar multiple as a quotient of the two elements:

a ==

3 ™|8Q

These notions will be particularly useful in the discussion of unions and intersections in the next
chapter, and on applications to geometry.

The associativity of the exterior product

The exterior product is associative in all groups of (adjacent) factors. For example:
(X1 AX3) AX3 AKXy == X1 A (X2 AX3) AXg == (X3 AXy AX3) AXg == ooe

Hence

arBlay=aar|BAry 2.6
m ok

p ™ \k p

Thus the brackets may be omitted altogether.

From this associativity together with the anti-symmetric property of 1-elements it may be shown
that the exterior product is anti-symmetric in all (1-element) factors. That is, a transposition of
any two 1-element factors changes the sign of the product. For example:

X)] AXy AX3 AXy == —X3 AXy AX] AXg == X3 AXg AX] AXp == oo

Furthermore, from the nilpotency axiom, a product with two identical 1-element factors is zero.
For example:

xl AX2 AX3 Ax2 ==

B Example: Non-simple elements are not generally nilpotent

It should be noted that for simple elements a, a A & == 0, but that non-simple elements do not

m m m
necessarily possess this property, as the following example shows.

Suppose /1\ is of dimension 4 with basis e; , e, e3, €4 . Then the following exterior product of

identical elements is not zero:

(e1rex +e3nreg) a(e1re; +e3r€y) ==2€1A€20€37€
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% Calculating exterior products

To expand an exterior product, use the function ExpandProducts. For example, to expand
the product in the previous example:

ExpandProducts[(ej rAe; +e3aAey) A (€1 rA€3 +€3A€4)]
€1 A Anel ABy) tE1 A AC3IAECL +tE3AEL AEC] ACY) +83 A6 A3 AEy
Note that ExpandProducts does not simplify the expression.

To simplify an expression by putting nilpotent terms to zero, use the NilpotentSimplify
function.

NilpotentSimplify][
€1 A3 A1 A€y +©] A AC3 ALy T3 A5 AC1 ACy + 83 A€y AC3 Ae4]

€1 A€ A3 Aey +t 3 Aey Ae ANEep

There is still a further simplification that can be effected by noting that these two terms are
equal. We can make this equality evident by reordering the factors of the terms into a consistent
standard ordering. The GrassmannAlgebra function for doing this is ToStandardOrdering.

ToStandardOrdering[e; Ae; rAe3 aey +€3 A€4 A€1 A€y ]
261 Ny AE3 Aey

To perform all these functions together use the GrassmannSimplify function. This can also
be accessed by its alias G ([est/scG[est]) (script G), so that selecting the original expression to be
simplified or evaluated and clicking the G[m] button on the palette should give the above result
directly. However, we must also make sure the basis is at least four-dimensional by entering
DeclareBasis[ 4], otherwise the GrassmannSimplify will see that any 4-elements in a
lesser dimensional space will be zero. (We discuss setting up bases in a later section.)

DeclareBasis [4]
{ei1, ez2, e3, e4}
Gl(ep rey +e3aey) A(egrey +e3naey)]

2e1Ae2 NEe3 Ay

2.4 Axioms for Exterior Linear Spaces

Summary of axioms

The axioms for exterior linear spaces are summarized here for future reference. They are a
composite of the requisite field, linear space, and exterior product axioms, and may be used to
derive the properties discussed informally in the preceding sections.
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¢ A 1: The sum of m-elements is itself an m-element.
{aen, perl = a+Bea 2.7
m m m m m m
& A 2: Addition of m-elements is associative.
(a+/3)+7 a+(/3+w) 2.8
m m m m m m
& A 3: m-elements have an additive identity (zero element).
Sxists[0,0GA] ta = 0+a 2.9
m m m m m m
¢ A 4: m-elements have an additive inverse.
Sxists[—a, -aeA] t 0 = a+-a 2.10
m m m m m m
& A 5: Addition of m-elements is commutative.
a == a
a+B = B+a 2.11
& A 6: The exterior product of an m-element and a k-element is an (m+k)-element.
{aer, Berl = arpea 2.12
m m k k m g m+k
& A 7: The exterior product is associative.
(aAB)Aw aA(BAw) 2.13

200145



1

TheExteriorProduct.nb

& A8: There is a unit scalar which acts as an identity under the exterior product.

Sxists[l, leA] ta=1lara 2.14
0 m m
& A 9: Non-zero scalars have inverses with respect to the exterior product.
Sxists[a'l ,ale A] : 1 = ara’l, Torﬂl![a, a#0 € A] 2.15
0 0 0 ) 000 o0 o0
& A 10: The exterior product of elements of odd grade is anti-commutative.
arf = (-1)"FBara 2.16
m k k m

& A 11: Additive identities act as multiplicative zero elements under the exterior product.

8x1’sts[0, OEA] : Ora = O
k k k k m k+m

& A 12: The exterior product is both left and right distributive under addition.

(a+/3)n' = asry+BAy
m m

m r r m r 2.18
aA(B+7) = aAfB+any

m r r m r m r

& A 13: Scalar multiplication commutes with the exterior product.

)« (o) ng = g9

& A convention for the zeros
It can be seen from the above axioms that each of the linear spaces has its own zero. These zeros

all have the same properties, so that for simplicity we will denote them all by the one symbol O.
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Grassmann algebras

Under the foregoing axioms it may be directly shown that:

1. A is a field.
2. The A are linear spaces over A

3. The dlrect sum of the A is an algebra

This algebra is called a Grassmann algebra. Its elements are sums of elements from the A, thus
m

allowing closure over both addition and exterior multiplication. For example we can evaluate
the following product to give another element of the algebra:

Gl(1l+2x+3xAy+4xAayArz2)A(1+2xX+3XAy+4xAayA2)]
1+4xXx+6xXAy+8xXAyarz

A Grassmann algebra is also a linear space of dimension 2", where n is the dimension of the
underlying linear space /1\ We will refer to a Grassmann algebra whose underlying linear space

is of dimension 7 as an n-algebra.

Grassmann algebras will be discussed further in Chapter 9.

On the nature of scalar multiplication

The anti-commutativity axiom A 10 for general elements states that:

If one of these factors is a scalar (B == a, say; k = 0), the axiom reduces to:
k

aArAa = aaAa
m m

Since by axiom A 6, each of these terms is an m-element, we may permit the exterior product to

subsume the normal field multiplication. Thus, if a is a scalar, a A a is equivalent to a a. The
m m

latter (conventional) notation will usually be adopted.

In the usual definitions of linear spaces no discussion is given to the nature of the product of a
scalar and an element of the space. A notation is usually adopted (that is, the omission of the
product sign) that leads one to suppose this product to be of the same nature as that between two
scalars. From the axioms above it may be seen that both the product of two scalars and the
product of a scalar and an element of the linear space may be interpreted as exterior products.

aAa == aAa == aa acEeaAi 2.20
m m m 0
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% Factoring scalars

GrassmannAlgebra provides the function FactorScalars to factor out any scalars in a
product so that they are collected at the beginning of the product. For example:

FactorScalars|[5 (2x) A (3y) A (bz)]

30bxaynrz

If any of the factors in the product are scalars, they will also be collected at the beginning. Here
a is a scalar since it has been declared as one, either by default or by DeclareScalars.

FactorScalars[5 (2x) A (3 a) A (bz)]
30abxnaz

FactorScalars works with any Grassmann expression, or list of Grassmann expressions:
FactorScalars[5 (2x) A (3y)a(bz) +5 (2x) A (3a)a(bz)]
30abxrz+30bxayaz
FactorScalars[{5 (2x) A (3y)Aa(bz), 5 (2x)a(3a)a(bz)}]
{30bxarynrz, 30abxarz}

& Grassmann expressions

A Grassmann expression is any valid element of a Grassmann algebra. To check whether an
expression is a Grassmann expression, we can use the GrassmannAlgebra function
GrassmannExpressionQ:

GrassmannExpressionQ[x ay]

True

GrassmannExpressionQ also works on lists of expressions. Below we determine that
whereas the product of a scalar a and a 1-element x is a valid element of the Grassmann
algebra, the ordinary multiplication of two 1-elements x y is not.

GrassmannExpressionQ[{xAry, ax, xy}]

{True, True, False}

& Calculating the grade of a Grassmann expression

The grade of an m-element is m.

At this stage we have not yet begun to use expressions for which the grade is other than obvious
by inspection. However, as will be seen later, the grade will not always be obvious, especially

200145



TheExteriorProduct.nb

when general Grassmann expressions, for example those involving Clifford or hypercomplex
numbers, are being considered. Clifford numbers have components of differing grade.

GrassmannAlgebra has the function Grade for calculating the grade of a Grassmann
expression. Grade works with single Grassmann expressions or with lists (to any level) of
expressions.

Grade[x Ay A z]
3
Grade[{1l, x, XAy, xAayaz}]
{0, 1, 2, 3}
It will also calculate the grades of the elements in a more general expression.
Grade[l+Xx+ XAy +XAYyAz]
{0, 1, 2, 3}

Note that if we try to calculate the grade of an element which simplifies to 0, we will get the
flag GradeO returned.

Grade[x Ay Az aAwW]

Grade0

The expression xayazaw is zero because the current default basis is three-dimensional. In the
next section we will discuss bases and how to change them.

2.5 Bases

Bases for exterior linear spaces

Suppose e; , e, , ---, e, is a basis for /1\ Then, as is well known, any element of /1\ may be

expressed as a linear combination of these basis elements.

A basis for /2\ may be constructed from the e; by taking all the essentially different non-zero
products e;, ae;, (ij,i:1,...,n). Two products are essentially different if they do not
involve the same 1-elements. There are obviously (;) such products, making (;) also the

dimension of /2\

In general, a basis for A may be constructed from the e; by taking all the essentially different
m
products e;, Aej, a--ae;  (i1,02,...,0, 1, ..., n). Aisthus (::l)—dimensional.
m

Essentially different products are of course linearly independent.
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& Setting up a basis in GrassmannAlgebra

GrassmannAlgebra allows the setting up of an environment in which given symbols are
declared basis elements of /1\ You can always see what your current basis is by entering Basis.

When first loaded, GrassmannAlgebra sets up a default basis:
Basis
{e1, ez, €3}

This is the basis of a 3-dimensional linear space which may be interpreted as a 3-dimensional
vector space if you wish.

To declare your own basis, enter DeclareBasis[/ i St ]. For example:
DeclareBasis[{i, j, k}]
{i, 3, k}

Now, if we enter Basis we confirm that the current basis is the one we declared:
Basis
{i, 3, k}

You can always return to the default basis by entering DeclareBasis[DefaultBasis ],
or simply DeclareDefaultBasis|[ ].

DeclareDefaultBasis []
{e1, ez, e3}

If you want a basis of higher dimension, include the dimension as an argument to
DeclareBasis. All default basis elements are of the form e; .

DeclareBasis [8]
{€1, e, €3, €4, €5, €6, €7, €3}

An even shorter way of declaring such a basis is by entering the double-struck capital V
([escldsViest]) subscripted with the dimension of the space required. This compact form is useful
in explorations involving frequent changes of basis.

Vs

{e1, e, €3, €4, €5}
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% Generating bases of exterior linear spaces

The function BasisA[ m)] generates a list of basis elements of A arranged in standard order
from the declared basis of /1\ For example, we declare the basisnzo be that of a 3-dimensional
vector space, and then compute the bases of /O\, /1\, /2\, and /3\

Vs

{e1, ez, e3}

BasisA[0]

1

BasisA[1]

{e1, ez, €3}

BasisA[2]

{e;1 rey, €1 re3, €3 re3}

BasisA[3]

e; rep A e;

BasisA[ ] generates a list of the basis elements of all the A. This is a basis of the three-

m
dimensional Grassmann algebra. As a linear space, the three-dimensional Grassmann algebra
has 23 = 8 dimensions corresponding to its 8 basis elements.

BasisA[]

{1, e1, e, e3, e 1€, € r€3, €2 r€3, €] A€ €3}

% Tables and palettes of basis elements

E Creating a table of basis elements

If you would like to create a table of the basis elements of all the exterior linear spaces induced
by the declared basis, you can use the GrassmannAlgebra command BasisTable][ ]. For
example if you are working in a three-dimensional vector space and declare the basis to be

{i,3,k}:
DeclareBasis[{i, j, k}]
{i, 3, k}

Entering BasisTable[ ] would then give you the 8 basis elements of the 3-dimensional
Grassmann algebra:
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BasisTable[]

A BASIS

A 1

0

A i, j, k

i {1, 3, k}
/Z\{iAjr ink, jak}
/3\ irjak

You can edit this table or copy and paste from it.

B Creating a palette of basis elements
If you want to create a palette instead, you can use the BasisPalette[ ] command.

BasisPalette][]

A BASIS

A 1

0

4 {i, 3, k}
/Z\{iAjr ink, jak}
A iArjak

3 1AJA

You can now click on any of the buttons to get its contents pasted into your notebook. For
example, clicking on both the elements of the third row gives:

é\{iAjr irk, jak}

H Creating a table or palette of basis elements in » dimensions

If you would like to create a table or palette of the basis elements of all the exterior linear spaces
induced by the default basis of dimension 7, you can use the command BasisTable[n] or
BasisPalette[n] where n is a positive integer. The generation of this table or palette does
not depend on the currently declared basis.

BasisTable[0]

A\BASIS\

LI
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BasisTable[1]
A BASIS|
8t
0

AN
J{el}

BasisTable[4]

AN BASIS

A 1

0

/l\ {ell e, e3, e4}

/2\ {e1rey, egne3, €1 r€4, €2 7€3, €3 7€y, €3 A€y}
/3\ {er1reynez, e1rne3ney, €1 /€3 7€, € AE3 AEYy}
AN €1 Aey) Ae3 Aey

4

Standard ordering

The standard ordering of the basis of /1\ is defined as the ordering of the elements in the

declared list of basis elements. This ordering induces a natural standard ordering on the basis

elements of A: if the basis elements of /1\ were letters of the alphabet arranged alphabetically,
m

then the basis elements of A would be words arranged alphabetically.
m

For example, if we take {A,B,C,D} as basis, we can see that the basis elements for each of the
bases obtained from entering BasisTable[ ] are arranged alphabetically. (Equivalently, if the
basis elements were digits, the ordering would be numeric.)

DeclareBasis[{A, B, C, D}]

{ar, B, C, D}

BasisTable[]

Al BASIS

A 1

0

A (a, B, C, D)

/2\ {AAB, ArC, ArD,BAaC, BAaD, CaD}
/3\{AABAC,AABAD,AACAD,BACAD}
/4\ AABACAD
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Indexing basis elements of exterior linear spaces

Just as we can denote the basis elements of /1\ by indexed symbols e; , (i: 1, -+, n), so too can

we denote the basis elements of A by indexed symbols ez, (i: 1, ---, ( :rlz )). This will enable us
m m

to denote the basis elements of an exterior linear space without the 'orgy of indices' which

would accrue if we denoted the elements explicitly.

For example, suppose we have a basis {e;, e2, e3, e}, then the standard bases are given
by:

BasisTable[4]

A BASIS

A 1

0

/l\ {elr €2, €3, e4}

/2\ {e1rey, egne3, €1 7r€4, €2 783, €3 7€y, €3 A€y}
/3\ {er1rexnez, e;rexn€4, €1 AC3 A€y, €3 AC3 Ay}
AN €] Aey Ae3 Aey

4

We can then denote these basis elements more compactly as:

{ell €2, €3, €4, €5, es} =
2 2 2 2 2 2
{e1rez, e1re3,€11r€4, €30€3, €27€5, €3 A€y}

{e1, e2,e3, e} ={e1reyre3, ey nesney, €1 r€30€y, €030}
3 3 3 3

€ == €] A€ A3 A€y
4

2.6 Cobases

Definition of a cobasis

The notion of cobasis of a basis will be conceptually and notationally useful in our development

of later concepts. The cobasis of a basis of A is simply the basis of A which has been ordered
m n-m
in a special way relative to the basis of A.
m

Let {e;, ez, -+, e, } be abasis for /1\ The cobasis element associated with a basis element

e; isdenoted e; and is defined as the product of the remaining basis elements such that the

exterior product of a basis element with its cobasis element is equal to the basis element of A.
n
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€j A€j == €1 A€ A Ay

That is:

Si_= (_l)i_l elA“'ADiA'“Aen 2.21

where O; means that e; is missing from the product.

The choice of the underbar notation to denote the cobasis may be viewed as a mnemonic to
indicate that the element e; is the basis element of A with e; 'struck out' from it.
_— n

Cobasis elements have similar properties to Euclidean complements, which are denoted with
overbars. However, it should be noted that the underbar denotes an element, and is not an
operation. For example: a e; is not defined.

More generally, the cobasis element of the basis m-element e; = e;, A - ae; of Ais
m m

denoted e; and is defined as the product of the remaining basis elements such that:
m

emi/\ini—::ell\ezl\---/\en 2.22
That is:
ST (1) ey awaly, A Al Aceaey 2.23

where Kp = 30, i, + -;— m(m+1).

From the above definition it can be seen that the exterior product of a basis element with the
cobasis element of another basis element is zero. Hence we can write:

€ Aej == 6jj €1 A€y A Ay
m m

The cobasis of unity

The natural basis of /O\ is 1. The cobasis _1 of this basis element is defined by formula 2.24 as

the product of the remaining basis elements such that:

1Al ==ej;rezr--ney

Thus:

1l ==ej;rezyA--re, =€ 2.25
n
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Any of these three representations will be called the basis n-element of the space. 1 may also
be described as the cobasis of unity. Note carefully that 1 is different in different bases.

% Tables and palettes of cobasis elements

We can create tables and palettes of basis elements with their corresponding cobasis elements
by the commands CobasisTable and CobasisPalette.

Entering CobasisTable[ ] or CobasisPalette[ ] will generate a table or palette of the
basis elements of the algebra generated by the currently declared basis. For the default basis
{e;1, ey, e3} we then have:

CobasisTable[]

A BASIS COBASIS
A 1 injak
A i jak
A ] - (irk)
Ak indg
Al in] k
Al ink -3
/2\ jak i
plinjnk 1

If you want to generate a default basis table or palette for a space of another dimension, include
the dimension as the argument:

CobasisTable[2]

A| BASIS | COBASIS
AN 1 €1 Aey
0

AN e e

7 1 2

AN e -e

7 2 1

[2\ e A€y 1

If you want to create a table or palette for your own basis, first declare the basis.
DeclareBasis[{J, Q, B}]

{7, @, 8}
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CobasisPalette][]

/A BASIS
A 1

0

A J
1

A Q

1

A B

1

Al T rQ
2

AN TArB
2

Al QnrB
2

/3\ T rQAB

COBASIS
TAQArB

QAB
- (T~ 3B)
TrQ
B

-Q

We can use the function Cobasis to compute the cobasis elements of any basis element or list
of basis elements from any of the A of the currently declared basis. For example, suppose you
m

are working in a space of 5 dimensions.

Vs; Cobasis[{e;, e; re3 rey, €3 re3}]

{exre3rnegnes, exnes5, €1 A€ A€5}

The cobasis of a cobasis

Let e; be a basis element and e; be its cobasis element. Then the cobasis element of this
m m

cobasis element is denoted e and is defined as expected by the product of the remaining basis

elements such that:

m

i A 5

3
R

== 613 el A e2 A oo

A€

The left-hand side may be rearranged to give:

which, by comparison with the definition for the cobasis shows that:

€ rey == (_l)m(n-m) e A€y

m

m

1=

m

€;

m

= (-1)" (™ o,
m
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That is, the cobasis element of a cobasis element of an element is (apart from a possible sign)
equal to the element itself. We shall find this formula useful as we develop general formulae for
the complement and interior products in later chapters.

2.7 Determinants

Determinants from exterior products

All the properties of determinants follow naturally from the properties of the exterior product.

The determinant:

aij; QA2 =+ QAin
Qz; 4daz2 - QA2n
Qpni1 QQp2 °* @app

may be calculated by considering each of its rows (or columns) as a 1-element. Here, we
consider rows. Development by columns may be obtained mutatis mutandis. Introduce an
arbitrary basis e; and let

aj == aj1 €1 +aj2 €3 + - +ain €y

Then form the exterior product of all the a; . We can arrange the a; in rows to portray the
effect of an array:

Q1 AQ2 A+ AaQp == (@11 €1 + @12 € + >+ +81n €n)
A (azy e; +az; € +--+azp €n)
A (apy €1 +apy € +-+- +ap, €)
The determinant D is then the coefficient of the resulting n-element:
O] AO2 A+ Al ==Dejrez acrney

Because A is of dimension 1, we can express this uniquely as:
n

alAazA“'Aan

D= 2.28
el’\ez’\""\en

Properties of determinants

All the well-known properties of determinants proceed directly from the properties of the
exterior product.
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& 1 The determinant changes sign on the interchange of any two rows.
The exterior product is anti-symmetric in any two factors.

.-AaiA---Aaj A eee == — ---Aaj A'"AaiA"'

& 2 The determinant is zero if two of its rows are equal.
The exterior product is nilpotent.

..Aai/\.../\ai/\... ::0

& 3 The determinant is multiplied by a factor & if any row is multiplied by k.
The exterior product is commutative with respect to scalars.

alA...A (kai)/\... ::k (alA...A ai/\...)

& 4 The determinant is equal to the sum of p determinants if each element of a given row
is the sum of p terms.

The exterior product is distributive with respect to addition.

alA---A(Zi',ai)A... ::% (01 Acee A O3 A-e-)

& 5 The determinant is unchanged if to any row is added scalar multiples of other rows.

The exterior product is unchanged if to any factor is added multiples of other factors.

alA"'A(ai+_§_ k] aj)/\...:: alA...A ai/\...
JF1

The Laplace expansion technique

The Laplace expansion technique is equivalent to the calculation of the exterior product in four
stages:

1. Take the exterior product of any p of the a; .

2. Take the exterior product of the remaining n-p of the a; .

3. Take the exterior product of the results of the first two operations.

4. Adjust the sign to ensure the parity of the original ordering of the a; is preserved.

Each of the first two operations produces an element with (p ) = ( nep ) terms.
A generalization of the Laplace expansion technique is evident from the fact that the exterior

product of the a3 may be effected in any grouping and sequence which facilitate the
computation.
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& Calculating determinants

As an example take the following matrix. We can calculate its determinant with Mathematica's
inbuilt Det function:

Det[

O O Hh O O U OO

O OO M O O O O

©O O QN O O H OO

O P OO OOWMM® O
e

ow O o0 o0ooowyw
(=2 R - M « I« T = B o BN =
2 0O OO0 0O O O O
o O owuw O O ©o o

ab’c’e’h-abce?f?h
Alternatively, we can set /1\ to be 8-dimensional.

DeclareBasis [8]
{€1, e, €3, €4, €5, €6, €7, €3}

and then evaluate the exterior product of the 8 rows or columns expressed as 1-elements. Here
we use GrassmannSimplify (alias @) to expand by columns.

Gl((aei1+ge;) n(bes +feg)r(ees)r(cex+deg) A
(eeg+deg) A (fezs+ceg) Aa(ges +beg) a(aey; +hey))]

abce2 (bC*f2> hel ANCy N3 ABy Ay ABg AE7 AEg

The determinant is then the coefficient of the basis 8-element.

B Speeding up calculations

Because of the large number of rules GrassmannSimplify has to check, it is often faster to
use the generalized Laplace expansion technique. That is, the order in which the products are
calculated is arranged with the objective of minimizing the number of resulting terms produced
at each stage. We do this by dividing the product up into groupings of factors where each
grouping contains as few basis elements as possible in common with the others. We then
calculate the result from each grouping before combining them into the final result. Of course,
we must ensure that the sign of the overall regrouping is the same as the original expression.

In the example below, we have rearranged the determinant calculation above into three
groupings, which we calculate successively before combining the results. This grouping took an
order of magnitude less time than the direct approach above.
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-G[G[(ae1 +ge;) A (cez +deg) A (aez+hey)]a
Gl(bes+feg) rn(fez+ceg)] A
Gl(ees) r(eey +deg) A (ges +beg)]]

abce2 (bC*f2> hel ANCy N3 AEy A ABg AE7 AEg

Historical Note

Grassmann applied his Ausdehnungslehre to the theory of determinants and linear equations
quite early in his work. Later, Cauchy published his technique of 'algebraic keys' which
essentially duplicated Grassmann's results. To claim priority, Grassmann was led to publish
his only paper in French, obviously directed at Cauchy: 'Sur les différents genres de
multiplication' ('On different types of multiplication') [26]. For a complete treatise on the
theory of determinants from a Grassmannian viewpoint see R. F. Scott [51].

2.8 Cofactors

Cofactors from exterior products

The cofactor is an important concept in the usual approach to determinants. One often calculates
a determinant by summing the products of the elements of a row by their corresponding
cofactors. Cofactors divided by the determinant form the elements of an inverse matrix. In the
subsequent development of the Grassmann algebra, particularly the development of the
complement, we will find it useful to see how cofactors arise from exterior products.

Consider the product of n 1-elements introduced in the previous section:

Q1 AO2 A<+ AOp == (11 €1 + @12 €3 + ++- + a1 €y)
A (az1 e; +az; e +---+azpen)

A (apy €1 +apy € +-+- +ap, €)
Omitting the first factor a; :

Oz A+ AQp == (A1 €1 + @322 €3 + +++ +Q2p ©p)

A (an1 €1 +@pz €2 + - + @pp )
and multiplying out the remaining n—1 factors results in an expression of the form:

Q2 A+ AQjp == Q1] €2 A€3 A - A€Cp +

aj; (-ejae3aeaey) +etary (1) Tejreyane,

Here, the signs of the basis (n—1)-elements have been specifically chosen so that they
correspond to the cobasis elements of e; to e, . The underscored scalar coefficients have yet to
be interpreted. Thus we can write:
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Q2 A+ AQp == 311 €1 +312 €

+ e +a1p€n
If we now premultiply by the first factor a; we get a particularly symmetric form.

Q1 AOp A+ Ay == (A1 €1 + @12 € + -+ 314 €)

A (a11 €1 +a12 € +--+a1n €n)

Multiplying this out and remembering that the exterior product of a basis element with the
cobasis element of another basis element is zero, we get the sum:

Q1 AQ At AQn == (811 11 +3@12 @12 + - +@1n31n) €1 A€2 A Ay
But we have already seen that:

O] AOlg A<+ ACpy ==Dej raey aA-cney
Hence the determinant D can be expressed as the sum of products:

D = a11a_11_+a12a_12_+---+a1na_1,l
showing that the a;j are the cofactors of the a; .

Mnemonically we can visualize the a;; as the determinant with the row and column containing

a;; as 'struck out' by the underscore.

Of course, there is nothing special in the choice of the element a; about which to expand the
determinant. We could have written the expansion in terms of any factor (row or column):

D == aj; @j3 +@;z @i +*** + @jn Ain

It can be seen immediately that the product of the elements of a row with the cofactors of any
other row 1is zero, since in the exterior product formulation the row must have been included in
the calculation of the cofactors.

Summarizing these results for both row and column expansions we have:

n n
Zaij ayj = Zaji ajx = D &k 2.29
j=1 j=1

In matrix terms of course this is equivalent to the standard result A A.T == D I or equivalently

T . .
Al = i;—— , where A, is the matrix of cofactors of the elements of A.

The Laplace expansion in cofactor form

We have already introduced the Laplace expansion technique in our discussion of determinants:
1. Take the exterior product of any m of the a;

2. Take the exterior product of the remaining n—m of the a;

3. Take the exterior product of the results of the first two operations (in the correct order).

In this section we revisit it more specifically in the context of the cofactor. The results will be
important in deriving later results.
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Let e; be basis m-elements and e; be their corresponding cobasis (n—m)-elements (i: 1,..., v).
m m

To fix ideas, suppose we expand a determinant about the first m rows:

(ag A--nay) A (Opyy Aee AQy) == (al ey +az ey +--+a, ev)
m m m

A |a; e; +az ez +---+a, e,
T m T m T m

Here, the a; and a; are simply the coefficients resulting from the partial expansions. As with
basis 1-elements, the exterior product of a basis m-element with the cobasis element of another
basis m-element is zero. That is:

€; A€y ==0jj €1 A€ A A€
m m

Expanding the product and applying this simplification yields finally:

D==a; a; +az a + -+ +a, a,

This is the Laplace expansion. The a; are minors and the a; are their cofactors.

& Calculation of determinants using minors and cofactors

Consider the fourth order determinant:

a1 Qa2 a3 Aayg
az; Qazz Aazz Az
Q31 Aasz aszz Aasg
Qg1 Qg2 Qa3 Ay

We wish to calculate the determinant using the cofactor methods above. We will use
GrassmannAlgebra to assist with the computations, so we must declare the basis to be 4-
dimensional and the a; 4 to be scalars.

V,; DeclareExtraScalars[a ];

H Case 1: Calculation by expansion about the first row
ay = a1 € +aj32 €3 +a33 €3 +3a14 €45

az Az A0y = (a1 €1 + @z € +az3 €3 +az €4)
A (az; e; +az; e; +azz €3 +az, ;)
A (ag1 e +ag e +a43 €3 +agy €q);

Expanding this product:
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Glaz raz ray]
(az3 (-asz ag1 +azy agz) +
azy (asz @41 —azy ag3) +az (-asz agy +asz a43)) €1 rezx re3 +
(@24 (-a32 @41 +asz1 @q2) + @z (@34 @41 — @zl agq) +
a1 (-azg @42 +@32a44)) €17 €2 7€ +
(azq (-asz agqr +azy agz) +azsz (azg agy — asyp agq) +
az1 (-a3g @43 +a@zz agq)) €1 r€3A€4 +
(a24 (-a33 @42 + a3z @g3) + @23 (@34 @42 — @32 Ag4) +
Az (-azq @43 +a33a44)) €24 €3 1€y

By inspection of the basis elements in this result we see that both e; A e; A e3 and
e; A e3 a e, require a change of sign to bring them into the required cobasis form.

€1 A2 A3 == — €4
€1 A€2 A€y == €3
el Ae3 Ae4 ::—E_
€2 A3 ACy == €1

Reflecting this change of sign in the coefficients, the corresponding cofactors become:

a11 = (azs (-azz @z +aszz ags) +
az3 (@s3q @g2 —azz agq) +azz (-aszq @43 +azz agyg));

a12 = - (@24 (-aszz az1 + asy ags) +
a3 (@zg @41 - @szy Ag4) + @1 (-a3g @g3 +az3 A44));
a13 = (azs (-azz a4; +aszy aga) +
a2 (@sq @g1 —azy agq) +az; (-aszq @g2 +Aazz agq));
a14 = - (az23 (-aszz az1 + as; agz) +

~e

Az (@zz @z1 - aszy ag3) +az; (-asz azz +aszz ass3))
We can then calculate the determinant from:
D; = aj; a1 + @32 a1z +a33 @13 +aig A1g

aig (-azs (-asz az1 +asy asgz) -

azz (as3 @41 —asy ag3) —az (-ass azz +asz ass))

a3 (azq (-asz agy +asy azz) +azy (asg ag1 — as; ag)
az1 (-aszg agy +asz agy)) +

a2 (-azs (-asz as1 +asy as3) —azs (asg @41 —asy agg) -
az1 (-asg @g3 +aszz age)) +

a1 (aze (-asz agy +azz ag3) +azs (asg @42 —aszz agy) +
azz (-asg a43 +aszsz ags))

+
+

H Case 2: Calculation by expansion about the first two rows

Expand the product of the first and second rows.
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a; A0y = (@11 €1 +Aajz € +ai3 €3 +aig )
A (az1 e; +az ez +azz3 e3 +az eq);
Glay ~raz]

(-a1z az1 +ai; @z) €1 A€ + (-ayz @z +ay; azz) €1 A €3 +
(-a14 @21 +a@11 Az4) €1 A€g + (—ai3 Ay +Aa12 @23) €2 A €3 +
(-a14 @22 + @12 Ap4) €2 A€4 + (—A14 Q23 +A13 A24) €3 7€y

Denote the coefficients of these basis 2-elements by aj; .

a; = -aj;z a1 +aj; az2;
az = —ajz3 Az +ajxj az3;
az = —ajq A2 +Aaji1 a2;
ay = —a;3z azz +ajzz az3;
Qs = —aj;q4 @22 +QA32 Q247
Qe = —Qajq Q23 +A13 A24;

Expand the product of the third and fourth rows.

az Aay = (@31 € +azy € +azz €3 +azy €y)
A (aj1 e +a43 €3 +ay3 €3 +ay, €4);

Glaz ray]

(-as3z @41 +a31 a42) €1 A€ + (—azz @41 +Aaz1 ag3) €1 A €3 +
(-a3g4 @41 +a31 Q4q) €1 A €4 + (—Q33 @42 + 832 A43) €2 A €3 +
(-a3g4 @42 + @32 Q4q) €2 A€ + (—A34 @43 +A33 AQ44) €3 A €4

Denote the coefficients of these basis 2-elements by a; , making sure to correspond the correct
cofactors by corresponding the correct cobasis elements.

(-asz2 az1 +as; ag2);
as = - (-asz3z az1 +as; as3);
(-azq az1 +asz; agq);
(-as3 agz +asz as3);
2y = - (-asg az2 +asz a44) ;
(-asg ag3 +azz azs);

)
o
n

[
S
1]

)
w
n

[
faey
1]

We can then calculate the determinant from:
Dz =Qaj a; +az az +az az + a4 A, + as as + Ag ag

(-a14 @z3 +ai3 @zq) (-asz aq1 +asy a42) +

—Qi1g4 Q22 +A12 A2y asz ag1 - asyp a43) +
a3z ag2 +aszz a43)
a3q aq1 +aszi agq)
azg Ag2 — @z ag4) +
—azq ag3 + asz agy)

( ) (
(-aiq az1 +ai az) (
(-ai3 azz +aiz azz) (
( ) (
( ) (

+
+
—Qaj3 az1 +a azs
—Qajz az1 +aii azz
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B Verification of the calculations

Finally, we verify that these two results are the same and correspond to that given by the inbuilt
Mathematica function Det.

Expand [D; ] == Expand [D, ] == Det @@ Dg

True

Transformations of cobases

In this section we show that if a basis of the underlying linear space is transformed by a
transformation whose components are a;5 , then its cobasis is transformed by the induced
transformation whose components are the cofactors of the a; ;. For simplicity in what follows,
we use Einstein's summation convention in which a summation over repeated indices is
understood.

Let aj5 be a transformation on the basis e; to give the new basis €; . That is, £; = a;; e;.

Let ajj be the corresponding transformation on the cobasis e to give the new cobasis € .

——

Thatis, €5 == ajj ej.
Now take the exterior product of these two equations.
€inEk = (aipep) » (aKj @) = aip akj epaey

But the product of a basis element and its cobasis element is equal to the n-element of that basis.
That is, €; A € = 63k € and e, A €; = Sp5 e. Substituting in the previous equation gives:
— n _— n

dik € == @jp akj Opj ©
ik by ip kj PJ Y
Using the properties of the Kronecker delta we can simplify the right side to give:
dik € == ajj axj €
ik by ij kj .

We can now substitute € == D @ where D == Det [a;4 ] is the determinant of the
n n

transformation.
Sik D == ajj agj

This is precisely the relationship derived in the previous section for the expansion of a
determinant in terms of cofactors. Hence we have shown that axj == ay;j.

€i = ajj €5 & £ =ajj €5 2.30

In sum: If a basis of the underlying linear space is transformed by a transformation whose
components are a; j , then its cobasis is transformed by the induced transformation whose
components are the cofactors aj4 of the a;; .
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2.9 Solution of Linear Equations

Grassmann's approach to solving linear equations

Because of its encapsulation of the properties of linear independence, Grassmann was able to
use the exterior product to present a theory and formulae for the solution of linear equations
well before anyone else.

Suppose m independent equations in n (m < n) unknowns x; :
aj; X3 +QAjz X3 + e +a1p X =5 Q)

Az X3 + Ay Xp + -+ Q3 X, == Qo

Apl X1 + Qp2 X2 + e + Qppy Xpn == Qp
Multiply these equations by e; , e, -+, ey respectively and define
Cj == a;j € +azi € + -+ +apj €
Co == @a; €; +a3 €3 + - +ap €y
The €; and Cq are therefore 1-elements in a linear space of dimension m.

Adding the resulting equations then gives the system in the form:

x1C1+x2C2+---+xnCn ==Co 2.31

To obtain an equation from which the unknowns x; have been eliminated, it is only necessary
to multiply the linear system through by the corresponding C; .

If m = n and a solution for x; exists, it is obtained by eliminating X3 , ***, Xj_1, Xi41, ', Xn
that is, by multiplying the linear system through by C; A -« AC3_7 ACji,7 A --- A Cp:

X; Ci AC; A ACi_ 3 AC;,3 A-AaCy z=CoaCy A naCy 3 AC 1 A nCy

Solving for x; gives:

CoA(CqiAeeenC;_1AC; Aee AC
X == 0 (C1 i-1 i+l n) 2.32
Ci A (C1 A eoe ACi_l "Ci+1 A oee Acn)

In this form we only have to calculate the (n—1)-element C; A -« AC;_3 A Cj,1 A --- A~ C, ONCeE.

An alternative form more reminiscent of Cramer's Rule is:
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ClA...AC-_lACOAC- lA“-AC
x; = - i = 2.33
Cy ACy A+ AaCy

All the well-known properties of solutions to systems of linear equations proceed directly from
the properties of the exterior products of the Cj .

% Example solution

Consider the following system of 3 equations in 4 unknowns.
W-2x+3y+42-=
2w+7y-52 =

W+X+yY+2 ==

To solve this system, first declare the unknowns w, x, y and z as scalars, and then declare a
basis of dimension at least equal to the number of equations. In this example, we declare a 4-
space so that we can add another equation later.

DeclareExtraScalars|[{w, x, vy, z}]

{a, b,c¢c,d,e, £, 9, h,w, xX,v, 2, k, (_©_)?2InnerProductQ, _}
0

DeclareBasis [4]
{e1, ez, e3, €4}

Next define:

Cw=e1+2e2+e3;
Cx=-2e1+e3;
CY=3e1+7e2 + e3;

Cz=4e1—5e2 + e3;
Co=2e1+9e2+8e3;

The system equation then becomes:
wC, +xXCy +yCy +2C; ==Cg

Suppose we wish to eliminate w and z thus giving a relationship between x and y. To
accomplish this we multiply the system equation through by C,, A C, .

(WCy +XCy +YCy +2C;) AC,; AC; ==Co aCy A C,

Or, since the terms involving w and z will obviously be eliminated by their product with
Cy A C,, we have more simply:

(xCy +YCy) AC,;AC; ==Co ACy AL,
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Evaluating this with the GrassmannSimplify (&) function gives the required relationship
between x and y from the coefficient of the product of the introduced basis elements.

Gl (xcx"'ycy) AC, AC;] == G[CoACy AC,] // Simplify
(63 -27x+29y) e;rey;rez ==0

Had we had a fourth equation, say x = 3y + z == 7, and wanted to solve for x, we can
incorporate the new information into the above formulation and re-evaluate:

Gl x (cx+e4)’\cw’\(cy‘3e4)’\ (Cz +e4)] ==
Gl(Co+Tey) ACyn (Cy-3eq) A (Cy+eq)] // Simplify

0==(30+41x) e;rey;re3nrey

Or we can redefine the C; .

Cw=e1+2e2+e3;

Cix =-2e; +e3 +€y;
CY=3e1+7e2 +e3-3e4;
Cz=4e1—5e2 +e3 +ey;

Co=2e1+9e2+8e3+7e4;

In this case, since we will be using the product C, A Cy A C, twice, it makes sense to calculate
it just once:

Cuyz = g[cw’\cy’\cz]
729e1Ae2 AG3*38€1A€2 Ae4711e1Ae3 Ae4+16€2Ae3 N ey

The final result is then obtained from the formula:

G[Co AC ]
A Y Simplify
g[cx’\cwyz]
L 30
41

2.10 Simplicity

The concept of simplicity

An important concept in the Grassmann algebra is that of simplicity. Earlier in the chapter we
introduced the concept informally. Now we will discuss it in a little more detail.

An element is simple if it is the exterior product of 1-elements. We extend this definition to
scalars by defining all scalars to be simple. Clearly also, since any n-element always reduces to
a product of 1-elements, all n-elements are simple. Thus we see immediately that all O-elements,
1-elements, and n-elements are simple. In the next section we show that all (n—1)-elements are
also simple.
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In 2-space therefore, all elements of /O\, /1\, and /2\ are simple. In 3-space all elements of /O\, /1\, /2\
and /3\ are simple. In higher dimensional spaces elements of grade 2 < m < n—2 are therefore the

only ones that may not be simple. In 4-space, the only elements that may not be simple are those
of grade 2.

There is a straightforward way of testing the simplicity of 2-elements not shared by elements of
higher grade. A 2-element is simple if and only if its exterior square is zero. (The exterior square

of a is a A a.) Since odd elements anti-commute, the exterior square of odd elements will be
m m m

zero, even if they are not simple. An even element of grade 4 or higher may be of the form of
the exterior product of a 1-element with a non-simple 3-element: whence its exterior square is
zero without its being simple.

We will return to a further discussion of simplicity from the point of view of factorization in
Chapter 3: The Regressive Product.

All (n—1)-elements are simple

In general, (n—1)-elements are simple. We can show this as follows.

Consider first two simple (n—1)-elements. Since they can differ by at most one 1-element factor
(otherwise they would together contain more than n independent factors), we can express them

as a2 A fB; and a2 A B2 . Summing these, and factoring the common (n—2)-element gives a
n- n-

simple (n—1)-element.

a Af1+ a afy= a a(B1+B2)
n-2 n-2 n-2

Any (n—1)-element can be expressed as the sum of simple (n—1)-elements. We can therefore
prove the general case by supposing pairs of simple elements to be combined to form another
simple element, until just one simple element remains.

% Conditions for simplicity of a 2-element in a 4-space

Consider a simple 2-element in a 4-dimensional space. First we declare a 4-dimensional basis
for the space, and then create a general 2-element a. We can shortcut the entry of the 2-element
2

by using the GrassmannAlgebra function CreateBasisForm. The first argument is the grade
of the element required. The second is the symbol on which the scalar coefficients are to be
based. CreateBasisForm automatically declares the coefficients to be scalars by including
the new pattern a_ in the list of declared scalars.

V,4; a = CreateBasisForm[2, a]
2
a; €1 Ay +taxe; A3z +az3 €] A€y +tayg € Ae3 +ag € A€y +aAg €3 AN Ey

Since a is simple, a a a == 0. To see how this constrains the coefficients a; of the terms of a
2 2 2 2

we expand and simplify the product:
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Simplif
Q[gugt] // Simplify
2(a3a47a2a5+a1a6)elAeer3Ae4

Thus the condition that a 2-element in a 4-dimensional space be simple is that:

a3z adg — Az A + A3 Qg == 2.34

% Conditions for simplicity of a 2-element in a 5-space

The situation in 5-space is a little more complex.

Vs; a= CreateBasisForm[2, a]

a; ey A€y +axe; re3 +az e Arey +ayg €1 Ares +ag e re3z +
dg €2 N€4 +t a7 €2 A€ +ag €3 A€y +ag €3 Ae5 + ajg €4 AN €E5

glana] // simplify

2 ((a3 dg — Az ag + ax ag) €1 rex A3 Aney +
(a4 ds —az ay + ax a9) €1 Arey re3 Al +
(ag ag —asz ay; +aj; ajg) €1 A€ A€4 A€5 +
(ag ag —as ag +az ajg) €1 A€3 A €4 A€5 +
(a7 dg — dg Ag + asg al()) €y A3 A ey Ae5)

For a to be simple we require this product to be zero, hence each of the five coefficients must

be zero simultaneously. We can collect these five equations into a list A and obtain a solution to
them by using Mathematica's inbuilt Solve function:

A={a3a5—a2a5+a1a8==0,
a4a5—a2a7+a1a9==0, a4a5—a3a7+a1a10==0,
asag -as ag +az ajp == 0, aj ag - ag ag +as ayp == 0};
S = Solve[A, {ag, a9, aio}]
as as —az a az as —az a as ag —az a
{{ag%*35 26,a9%745 27,a10%746 37}}
ai ai ai

By inspection we see that these three solutions correspond to the first three equations.
Consequently, from the generality of the expression for the 2-element we expect any three
equations to suffice.

In summary we can say that a 2-element a in a 5-space is simple if any three of the following

equations is satisfied:
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a3 adg — djz Adg + A; Ag == 0, Ay ag — dz Ay + Aa; Qg == 0,
dyg dg — a3z azy + a; ajg == 0, 2.35
dg Qg — A3z ag + Az Ajg == 0, a7 Ag — dg A9 + A Ajg == o

2.11 Exterior Division

The definition of an exterior quotient

It will be seen in Chapter 4: Geometric Interpretations that one way of defining geometric
entities like lines and planes is by the exterior quotient of two interpreted elements. Such a
quotient does not yield a unique element. Indeed this is why it is useful for defining geometric
entities, for they are composed of sets of elements.

The exterior quotient of a simple (m+k)-element ak by another simple element 8 which is
m+ k

contained in a 1is defined to be the most general m-element contained in ak (¥, say) such that
m+ m

m+k
the exterior product of the quotient y with the denominator 3 yields the numerator ak.
m k m+
a
¥ = m+k — YAB = a 2.36
m <] m k m+k °
k

Note the convention adopted for the order of the factors.

In Chapter 9: Exploring Grassmann Algebras we shall generalize this definition of quotient to
define the general division of Grassmann numbers.

Division by a 1-element

Consider the quotient of a simple (m+1)-element a by a 1-element . Since a contains 3 we
m+1 m+1

can write itas a; A dy A -+ A ay A B. However, we could also have written this numerator in

the more general form:

(g +t1 B) A (azg +ta B) Aceen (an +tn B) AP

where the t; are arbitrary scalars. It is in this more general form that the numerator must be
written before 8 can be 'divided out'. Thus the quotient may be written:

Q1 AQg A+ AQp Af3

B

= (ay +t1 B) A (a2 +t2 B) Ao a (O + £y B) 2.37
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Division by a k-element

Suppose now we have a quotient with a simple k-element denominator. Since the denominator
is contained in the numerator, we can write the quotient as:
(g raz A aap) A (By a2 aceaBy)

(B1 AB2 A-eeaBy)

To prepare for the 'dividing out' of the 8 factors we rewrite the numerator in the more general
form:

(a1 +t11 Br+-+t1xBr) A (a2 +ta1 B1 +--+tak Bk) A
oA (Og +tpy Br + oo +tme Br) A (B1 ARy AeeeaBy)

where the t;4 are arbitrary scalars. Hence:

(a1 Az Aeeenay) A (ByaPaacenaBy)

(B1 A Bz A~ ABy) -

2.38
(ay +ty1 By + - +t1x Bx) A
(az +t21 By + -+ tak Bx) Ao a (Om + Emy By + o0 + tox Bk)
In the special case of m equal to 1, this reduces to:
aAPBiAByAac-rf3
22 sty By o+ e+ tx By 2.39
B AB2 A aBy
We will later see that this formula neatly defines a hyperplane.
B Special cases
In the special cases where a or f8 is a scalar, the results are unique.
m ok
apiaBaar--af
el £ =a 2.40
B1ABz2 A A By
bajraz a--ra
L O ap Ay A Ay 2.41
b
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3 The Regressive Product

3.1 Introduction

3.2 Duality
The notion of duality
Examples: Obtaining the dual of an axiom
Summary: The duality transformation algorithm

3.3 Properties of the Regressive Product
Axioms for the regressive product
The unit n-element
The inverse of an n-element

3.4 The Duality Principle
The dual of a dual
The Duality Principle
% Using the GrassmannAlgebra function Dual

3.5 The Common Factor Axiom
Motivation
The Common Factor Axiom
Extension of the Common Factor Axiom to general elements
Special cases of the Common Factor Axiom
% Application of the Common Factor Axiom

3.6 The Common Factor Theorem
Development of the Common Factor Theorem
Example: The decomposition of a 1-element
% Example: Applying the Common Factor Theorem
¥ Automating the application of the Common Factor Theorem

3.7 The Regressive Product of Simple Elements
The regressive product of simple elements
% The regressive product of (n—1)-elements
The cobasis form of the Common Factor Axiom
The regressive product of cobasis elements

3.8 Factorization of Simple Elements
Factorization using the regressive product
% Factorizing elements expressed in terms of basis elements
The factorization algorithm
Factorization of (n—1)-elements
% Obtaining a factorization of a simple m-element
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3.9 Product Formulae for Regressive Products
The Product Formula
The General Product Formula
% Exploring the General Product Formula
Decomposition formulae
Expressing an element in terms of another basis
Product formulae leading to scalar results

3.1 Introduction

Since the linear spaces A an A are of the same dimension ( ) = ( ) and hence are
m n-m m n—m

isomorphic, the opportunity exists to define a product operation (called the regressive product)
dual to the exterior product such that theorems involving exterior products of m-elements have
duals involving regressive products of (n—m)-elements.

Very roughly speaking, if the exterior product is associated with the notion of union, then the
regressive product is associated with the notion of intersection.

The regressive product appears to be unused in the recent literature. Grassmann's original
development did not distinguish notationally between the exterior and regressive product
operations. Instead he capitalized on the inherent duality and used a notation which, depending
on the grade of the elements in the product, could only sensibly be interpreted by one or the
other operation. This was a very elegant idea, but its subtlety may have been one of the reasons
the notion has become lost. (See the historical notes in Section 3.3.)

However, since the regressive product is a simple dual operation to the exterior product, an
enticing and powerful symmetry is lost by ignoring it. We will find that its 'intersection’
properties are a useful conceptual and algorithmic addition to non-metric geometry, and that its
algebraic properties enable a firm foundation for the development of metric geometry. Some of
the results which are proven in metric spaces via the inner and cross products can also be proven
using the exterior and regressive products, thus showing that the result is independent of
whether or not the space has a metric.

The approach adopted in this book is to distinguish between the two product operations by using
different notations, just as Boolean algebra has its dual operations of union and intersection. We
will find that this approach does not detract from the elegance of the results. We will also find
that differentiating the two operations explicitly enhances the simplicity and power of the
derivation of results.

Since the commonly accepted modern notation for the exterior product operation is the 'wedge'
symbol a, we will denote the regressive product operation by a 'vee' symbol v. Note however
that this (unfortunately) does not correspond to the Boolean algebra usage of the 'vee' for union
and the 'wedge' for intersection.
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3.2 Duality

The notion of duality

In order to ensure that the regressive product is defined as an operation correctly dual to the
exterior product, we give the defining axiom set for the regressive product the same formal
symbolic structure as the axiom set for the exterior product. This may be accomplished by
replacing a by v, and replacing the grades of elements and spaces by their complementary
grades. The complementary grade of a grade m is defined in a linear space of n dimensions to be
n—m.

A—>V a — A — 3.1
m m n-m

Note that here we are undertaking the construction of a mathematical structure and thus there is
no specific mapping implied between individual elements at this stage. In Chapter 5: The

Complement we will introduce a mapping between the elements of A and A which will lead to
m n-m
the definition of complement and interior product.

For concreteness, we take some examples.

Examples: Obtaining the dual of an axiom

E The dual of axiom A6

We begin with the exterior product axiom A 6:

The exterior product of an m-element and a k-element is an (m+k)-element.

{a en, Bea} = arBea
m m k k m k m+k
To form the dual of this axiom, replace » with v, and the grades of elements and spaces by their
complementary grades.
{a e A, B eA} = avp €
n-m n-m p_k n-k n-m p_k n- (m+k)
Although this is indeed the dual of axiom A 6, it is not necessary to display the grades of what
are arbitrary elements in the more complex form specifically involving the dimension » of the
space. It will be more convenient to display them as grades denoted by simple symbols like m

and k as were the grades of the elements of the original axiom. To effect this transformation
most expeditiously we first let m' = n—-m, k' = n—k to get

{aen, Ber} = avp e A
m' m' k' k' m' k' (m'+k')-n
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The grade of the space to which the regressive product belongs is n—(m+k) = n—((n—-m")+(n—k"))
= (m'+k")-n.

Finally, since the primes are no longer necessary we drop them. Then the final form of the

axiom dual to A 6, which we label V 6, becomes:

{a €A, BeA} = avp € A
m m k k m g m+k-n

In words, this says that the regressive product of an m-element and a k-element is an (m+k—n)-
element.

E The dual of axiom A 8

Axiom A 8 says:

There is a unit scalar which acts as an identity under the exterior product.
Sxists[l, le A] ta = 1lra
0 m m

For simplicity we do not normally display designated scalars with an underscripted zero.
However, the duality transformation will be clearer if we rewrite the axiom with :(I). in place of 1.

Sxists[l, le A] ta = 1lra
o o0 0 m 0 m
Replace A with v, and the grades of elements and spaces by their complementary grades.

Sxists[l, 1 eA] T a
n n n n-.

== lva
m n

n-m

Replace arbitrary grades m with n—m' (n is not an arbitrary grade).

Sxists[l, leA]: a = 1lva
n n n m' n m'

Drop the primes.

Sxists[l, leA] ta = 1lva
n n n m n m

In words, this says that there is a unit n-element which acts as an identity under the regressive
product.

E The dual of axiom A 10

Axiom A 10 says:

The exterior product of elements of odd grade is anti-commutative.

arB = (-1)"*Bara
m g k m

Replace a with v, and the grades of elements by their complementary grades.
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Replace arbitrary grades m with n—m', kK with n—k".
avp = (-1)@™) @k g4
m' k' k' m'
Drop the primes.

aVB - (_1) (n-m) (n-k) Bva
m k k m

In words this says that the regressive product of elements of odd complementary grade is anti-
commutative.

Summary: The duality transformation algorithm

The algorithm for the duality transformation may be summarized as follows:

1. Replace a with v, and the grades of elements and spaces by their complementary grades.
2. Replace arbitrary grades m with n—m', k with n—k'. Drop the primes.

3.3 Properties of the Regressive Product

Axioms for the regressive product

In this section we collect the results of applying the duality algorithm above to the exterior

product axioms A 6 to A 12. Axioms A 1to A 5 transform unchanged since there are no
products involved.

& V 6: The regressive product of an m-element and a k-element is an (m+k—n)-element.

{a en, Bea} = avBe A 3.
m m k k m k

& V 7: The regressive product is associative.
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& V 8: There is a unit n-element which acts as an identity under the regressive product.

Sxists[l,leA] ta = 1va 3.4
n n n m n m
& V 9: Non-zero n-elements have inverses with respect to the regressive product.
1 1 1
Exists[—, —€A] 11 = av—, ForAtt[a, a # 0 € A 3.5
a a n n n a n n n n
n n n
& V 10: The regressive product of elements of odd complementary grade is anti-
commutative.
3.6

- (_1) (n-m) (n-k) Bva
k m

avf
m  k

& V 11: Additive identities act as multiplicative zero elements under the regressive

product.

0 3.7
+m-

Sxists[g, 26{‘\] :E‘)vtx==k
m n

& V 12: The regressive product is both left and right distributive under addition.

(a+B)vw==avw+va

" noEomor 3.8
av(B+7) = avf3+avy

m r r m r m r

k

av(ap) = (aa)vp=a (gVE)
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The unit z-element

& The unit n-element is congruent to any basis n-element.

The duality algorithm has generated a unit n-element 1 which acts as the multiplicative identity

n
for the regressive product, just as the unit scalar 1 (or g.) acts as the multiplicative identity for

the exterior product (axioms A 8 and V 8).

We have already seen that any basis of /r} contains only one element. If the basis of /1\ is

{e1, ez, ---, en}, then the single basis element of A is congruentto e; A ez A --- a e, . If
the basis of /1\ is changed by an arbitrary (non—singular)nlinear transformation, then the basis of
/r} changes by a scalar factor which is the determinant of the transformation. Any basis of /r} may

therefore be expressed as a scalar multiple of some given basis, say e; A e3 A --- A ,. Hence
we can therefore also express 1 as some scalar multiple k of e; A ez A .- A ey
n

l==k e;rezr--ne, 3.10
n

Defining 1 any more specifically than this is normally done by imposing a metric onto the
n

space. This we do in Chapter 5: The Complement, and Chapter 6: The Interior Product. It turns

out then that 1 is the n-element whose measure (magnitude, volume) is unity.
n

On the other hand, for geometric application in spaces without a metric, for example the

calculation of intersections of lines, planes, and hyperplanes, it is inconsequential that we only

know 1 up to congruence, because we will see that if an element defines a geometric entity then
n

any element congruent to it will define the same geometric entity.

& The unit n-element is idempotent under the regressive product.

By putting a equal to 1 in the regressive product axiom V 8 we have immediately that:
m n

& n-elements allow a sort of associativity.

By letting a == a 1 we can show that a allows a sort of associativity with the exterior product.
n n n

(avg) y=av(e1)
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The inverse of an n-element

Axiom V 9 says that every (non-zero) n-element has an inverse with respect to the regressive
product. Suppose we have an n-element a expressed in terms of some basis. Then, according to

n
1.10 we can express it as a scalar multiple (a, say) of the unit n-element 1.
n

We may then write the inverse a~! of a with respect to the regressive product as the scalar
n n

multiple £ of 1.
a n

-1 1
a=al = a "= —1
n n n an

We can see this by taking the regressive product of a 1 with -‘_1: 1:
n n

-1 1
ava ==z (al)V(—l) =1vl1l=1
n n

n an n n n

If a is now expressed in terms of a basis we have:
n

b
a==belAezA---Aen::—1
n k n

Hence a! can be written as:
n
L,k k2
a ==—1:=—e1Ae2A"'Aen
n b n b

Summarizing these results:

1
a=al = a "= —1 3.13
n an

a==be;rey;ar--re, = QA" == —— @3 Aep AcsAeg 3.14
n n

Historical Note
In Grassmann's Ausdehnungslehre of 1862 Section 95 (translated by Lloyd C. Kannenberg) he
states:

If ¢ and r are the orders of two magnitudes A and B, and » that of the principal domain,
then the order of the product [A B] is first equal to g+r if g+r is smaller than n, and second
equal to g+r—n if g+r is greater than or equal to n.
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Translating this into the terminology used in this book we have:

If ¢ and r are the grades of two elements A and B, and #n that of the underlying linear
space, then the grade of the product [A B] is first equal to g+r if g+r is smaller than n, and
second equal to g+r—n if g+r is greater than or equal to n.

Translating this further into the notation used in this book we have:

[AB] < AAB p+d<n
P q

[AB] < AVB p+gqzn
P q

Grassmann called the product [A B] in the first case a progressive product, and in the second
case a regressive product.

In the equivalence above, Grassmann has opted to define the product of two elements whose
grades sum to the dimension # of the space as regressive, and thus a scalar. However, the more
explicit notation that we have adopted identifies that some definition is still required for the
progressive (exterior) product of two such elements.

The advantage of denoting the two products differently enables us to correctly define the
exterior product of two elements whose grades sum to n, as an n-element. Grassmann by his
choice of notation has had to define it as a scalar. In modern terminology this is equivalent to
confusing scalars with pseudo-scalars. A separate notation for the two products thus avoids this
tensorially invalid confusion.

We can see how then, in not being explicitly denoted, the regressive product may have become
lost.

3.4 The Duality Principle

The dual of a dual

The duality of the axiom sets for the exterior and regressive products is completed by requiring
that the dual of a dual of an axiom is the axiom itself. The dual of a regressive product axiom
may be obtained by applying the following algorithm:

1. Replace v with , and the grades of elements and spaces by their complementary grades.
2. Replace arbitrary grades m with n—m', k with n—k'. Drop the primes.

This differs from the algorithm for obtaining the dual of an exterior product axiom only in the
replacement of v with » instead of vice versa.

It is easy to see that applying this algorithm to the regressive product axioms generates the
original exterior product axiom set.

We can combine both transformation algorithms by restating them as:
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1. Replace each product operation by its dual operation, and the grades of elements and spaces
by their complementary grades.
2. Replace arbitrary grades m with n—m', k with n—k'. Drop the primes.

Since this algorithm applies to both sets of axioms, it also applies to any theorem. Thus to each
theorem involving exterior or regressive products corresponds a dual theorem obtained by
applying the algorithm. We call this the Duality Principle.

The Duality Principle

To every theorem involving exterior and regressive products, a dual theorem may be
obtained by:

1. Replacing each product operation by its dual operation, and the grades of elements and
spaces by their complementary grades.

2. Replacing arbitrary grades m with n—m', k with n—k', then dropping the primes.

E Example 1

The following theorem says that the exterior product of two elements is zero if the sum of their
grades is greater than the dimension of the linear space.

{a/\/3::0,m+k—n>0}
m ok

The dual theorem states that the regressive product of two elements is zero if the sum of their
grades is less than the dimension of the linear space.

{avB=0,n- (k+m) >0}
m ok
We can recover the original theorem as the dual of this one.

E Example 2

This theorem below says that the exterior product of an element with itself is zero if it is of odd
grade.

{cx Aa=0,me {OddIntegers}}
m m

The dual theorem states that the regressive product of an element with itself is zero if its
complementary grade is odd.

{cx va=0, (n-m) € {OddIntegers}}
m m
Again, we can recover the original theorem by calculating the dual of this one.

E Example 3

The following theorem that states that the exterior product of unity with itself any number of
times remains unity.
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lAalAaceenlra==a
m m

The dual theorem states the corresponding fact for the regressive product of unit n-elements 1.
n

lvlve..vliva-=-a
n n n m m

& Using the GrassmannAlgebra function Dual

The algorithm of the Duality Principle has been encapsulated in the function Dual in
GrassmannAlgebra. Dual takes an expression or list of expressions which comprise an axiom
or theorem and generates the list of dual expressions by transforming them according to the
replacement rules of the Duality Principle.

E Example 1

Our first example is to show how Dual may be used to develop dual axioms. For example, to

take the dual of axiom A 10 simply enter:

Dual[arf = (-1)"*Baa]
m g k m
avp == (71>(—k+n) (-m+n) Bva
m x k m
E Example 2

Before applying Dual to axiom A 8 however, it is necessary to designate 1 specifically as the
unit of /O\ (that is, g.), otherwise it will be treated as any other scalar.

Dual [Sxists[l, 1 eA] T a = 1Aa]
00 o0 m 0 m
8»(/‘5155[1, leA] ta==1va«a
n n n m n m
E Example 3

To apply Dual to an axiom involving more than one statement, collect the statements in a list.

For example, the dual of axiom A 9 is obtained as:

Dual[{&xists[cg'l, cg'l e{)\] : 1 == %Acg'l, ForALe [g&, cg;ég e{)\]}]

{SX/‘sts[ e/n\] t 1 == g(v ’ ?orﬂ//[g(, az0 eA]}

n n n

14

5Q |+
5Q |k
5Q |+

Note that in order to simplify the algorithm for Dual, we are purposely frustrating
Mathematica's inbuilt definition of Exists and ForAll by writing them in script.
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E Example 4

Our fourth example is to generate the dual of the Common Factor Axiom. This axiom will be
introduced in the next section.

CommonFactorAxiom =

{(a/\)’] V(BAY] == (GABAY)VY, m+k+p-n-== 0};
p p

Dual [CommonFactorAxiom]

{

Bvy
k p

avy
m p

A

avay) AY, -k-m+2n-p-== O}
m k p p

We can verify that the dual of the dual of the axiom is the axiom itself.

CommonFactorAxiom == Dual [Dual [CommonFactorAxiom] ]

True

E Example 5

Our fifth example is to obtain the dual of one of the product formulae derived in a later section.

Fola)va s fen) e comen n)s

n-1 n-1 n-1
Dual [F]
(O(VB)AX::( 1) ™ avBax+ansxvf
m  k m  k m k

F == Dual[Dual[F]]

True

B Setting up your own input to the Dual function

The GrassmannAlgebra function Dual depends on the syntax of the statements given it as
arguments. The following are some suggestions for setting up your own input to Dual.
¢ Scalars under the usual field multiplication should be declared as scalars.

Other symbols which you want to protect from change can be temporarily declared as scalars.
A scalar denoted as a 0-element should be expressly multiplied using the exterior product.
Separate statements should be combined into a list of statements.

The statements should not include anything which will evaluate when entered.

For example, summation signs should not use Mathematica's Sum function.

If you use simple concatenated symbols, Mathematica will assume multiplication and arrange

the order as it pleases. Be prepared for this.
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3.5 The Common Factor Axiom

Motivation

Although the axiom sets for the progressive and regressive products have been developed, it still
remains to propose an axiom explicitly relating the two types of products. This axiom will have
wide-ranging applications in the Grassmann algebra. We will find it particularly useful in the
derivation of theoretical results involving the interior product, the factorization of simple
elements, and in the calculation of geometric intersections.

The axiom effectively endows the dual exterior and regressive product structures with the
properties we would like associated with unions and intersections of elements and spaces.

The regressive product of two intersecting elements is equal to the regressive product of
their union and their intersection.

The formula we need is called the Common Factor Axiom. In this section we motivate its basic
form up to the determination of a (possible) scalar factor with a plausible argument. (If we had
been able to present a rigorous argument, then the axiom would instead have attained the status
of a theorem!)

Specifically, since axiom V 6 states that the regressive product of an m-element and a k-element
is an (m+k—n)-element, the formula should enable determination of that element as an exterior
product.

For concreteness, suppose we are in a 4-dimensional space with basis {e;, e;, e3, e4}.
Consider the regressive product (e; Ae; Ae3) v (e A ez aey) with the common factor

ey rez.Byaxiom V6, (e; ney; ae3) v (ey Ae3 aey) isa2-element. We will show that
this 2-element is a scalar multiple of the common factor e; A e;.

The basis of A is {el A€y, €1 A3, €] A€y, €3 A3, €3 Ay, €3 Ae4}.ThemOSt
2

general 2-element expressed in terms of this basis and which maintains the homogeneity of the
original expression (that is, displays the elements in products the same number of times) is:

a; (e3rezreszrey) v(eprey)
+a; (egaeyrezaey) v (e res)
+a3z (egaezrey;rez) v (e rey)
+as (ep1rezxrezaey) v (ezares)
+as (eprezxarezaez) v (ezarey)
+ag (e Aeyre3rey) v (es3arey)

Notice however that all but one of the terms in this sum are zero due to repeated factors in the 4-
element. Thus:

(e1rezrez) v(eyrezney) ==a, (epreyre3rey) v (eyrez)
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Here we see that the regressive product of two intersecting elements is (apart from a possible
scalar factor) equal to the regressive product of their union e; A e, A e3 A e, and their
intersection e; A es.
It will turn out (as might be expected), that a value of a, equal to 1 gives us the neatest results
in the subsequent development of the Grassmann algebra.

n

Furthermore since /A} has only the one basis element, the unit n-element 1 can be written

==k e; A e; a e3 A ey, where k is some scalar yet to be determined. Applying axiom V 8
n

then gives us:

(e1reznre3) v (ezrezney) = Sz

This is the formula for (e; Ae; Ae3) v (e3 A e3 aey) that we were looking for. But it only
determines the 2-element to within an undetermined scalar multiple.

The Common Factor Axiom

Let a, B, and y be simple elements with m+k+p = n, where n is the dimension of the space.
Then the Common Factor Axiom states that:

(cx/\y]v(ﬁ/\y) == (aABAy]vy m+k+p=n 3.15
mop k p

Thus, the regressive product of two elements a A ¥ and 3 A y with a common factor y is equal
m p k p p
to the regressive product of the 'union' of the elements a a B A y with the common factor ¥
m k p P
(their 'intersection').

If a and B still contain some simple elements in common, then the product a a B A ¥ is zero,
m k m k p

hence, by the definition above (cx A 7) v (/3 A 7) is also zero. In what follows, we suppose that
m p k p
a A BB Ay is not zero.

Since the union a A 8 A y is an n-element, we can write it as some scalar factor x, say, of the

unit n-element: a A B Aoy == xk 1. Hence by axiom V 8§ we derive immediately that the
m k p n
regressive product of two elements a A ¥ and B A y with a common factor y is congruent to that
m p k p p
factor.
(a/\w]v(ﬁl\w]sw m+k+p=n 3.16
m p k p o
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It is easy to see that by using the anti-commutativity axiom A 10, that the axiom may be
arranged in any of a number of alternative forms, the most useful of which are:
(a/\}')v(}’/\ﬁ) == (a/\}'/\ﬁ)v}’ m+k+p=n 3.17
mop p k m p k P
(yAa)v(yAB) == (yAaAB)vy m+k+p=n 3.18
p ™ p k p m k P

Historical Note
The approach we have adopted in this chapter of treating the common factor relation as an
axiom is effectively the same as Grassmann used in his first Ausdehnungslehre (1844) but

3, Section 5 in Kannenberg.) In the 1862 version Grassmann proves this relation from
another which is (almost) the same as the Complement Axiom that we introduce in Chapter
5: The Complement. Whitehead [ ], and other writers in the Grassmannian tradition follow
his 1862 approach.

The relation which Grassmann used in the 1862 Ausdehnungslehre is in effect equivalent to
assuming the space has a Euclidean metric (his Ergdnzung or supplement). However the
Common Factor Axiom does not depend on the space having a metric; that is, it is

completely independent of any correspondence we set up between A and A . Hence we
m n-m

would rather not adopt an approach which introduces an unnecessary constraint, especially

Euclidean.

differs from the approach that he used in his second Ausdehnungslehre (1862). (See Chapter

since we want to show later that his work is easily extended to more general metrics than the

Extension of the Common Factor Axiom to general elements

The axiom has been stated for simple elements. In this section we show that it remains valid for

general (possibly non-simple) elements, provided that the common factor remains simple.

Consider two simple elements a3 and a, . Then the Common Factor Axiom can be written:

m m
(alAY)V(BAY) == (alABAY)VY
m p k p m k p p

(az AY) v (/3/\7) == (az ABAY) vy
m p k p m k p p

Adding these two equations and using the distributivity of A and v gives:

(o waa) o)~ o) = ((e - ee) ~my)

200145



TheRegressiveProduct.nb 16

Extending this process, we see that the formula remains true for arbitrary a and B, providing ¥
is simple.

ary|v /3/\7) == (GABAY)VYE Y
(m p) (k ) m k p P P 3.19

m+k+p-ns==

This is an extended version of the Common Factor Axiom. It states that: the regressive product
of two arbitrary elements containing a simple common factor is congruent to that factor.

For applications involving computations in a non-metric space, particularly those with a
geometric interpretation, we will see that the congruence form is not restrictive. Indeed, it will
be quite elucidating. For more general applications in metric spaces we will see that the
associated scalar factor is no longer arbitrary but is determined by the metric imposed.

Special cases of the Common Factor Axiom

In this section we list some special cases of the Common Factor Axiom. We assume, without
explicitly stating, that the common factor is simple.

When the grades do not conform to the requirement shown, the product is zero.

(GAY)V(BAY) =0 m+k+p-n#0 3.20
mop k p

If there is no common factor (other than the scalar 1), then the axiom reduces to:

avp = (aA/s)v1 €A m+k-n = 3.21
m k m o

The following version yields a sort of associativity for products which are scalar.

(a/\ﬁ)v7==av(ﬁ/\7) €A m+k+p-n-== 3.22
m k P m k p 0

This may be proven from the previous case by noting that each side is equal to (a ABA 7) vl

E Dual versions of the Common Factor Axiom

The dual Common Factor Axiom is:

(avy)/\(ﬁvy) == (avﬁvy)/\y €A m+k+p-2n == 3.23
m p k p k
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The duals of the above three cases are:

((xv)’)/\(ﬁv}’) =0 m+k+p-2n#0 3.24
m p k p
anp = (av/3)1 €A m+k-n = 3.25
m k m k/ n n
(avB)Ay::aA(va) €A m+k+p-2n= 3.26
m P m k p n

& Application of the Common Factor Axiom

Suppose we have two general 2-elements X and Y in a 3-space and we wish to find a formula for
their 1-element intersection Z. Because X and Y are in a 3-space, we are assured that they are
simple.

X=XxX1e31re3+Xp €1 A3 +X3€3Ae3;

Y=yiei1re+y2€1r€3 +Y3€24€3;
We calculate Z as the regressive product of X and ¥:

Z == vyY

== (X1 €1 A€ +X3 € A€3 +X3 € Ae3)
V (Yiei1rez +Y2€1A€3 +Y3 € A€3)

Expanding this product, and remembering that the regressive product of identical basis elements
is zero, we obtain:

Z=(x1e14e)v(y2e14e3) + (x1e14€2) v (Y3€241€3)
+(x2e14e3) v(yiei14re2) + (X2e€14€3) v (Y3 €24€3)
+(X3exare3) v(yieinre) + (X3ez24e€3) v (Y2 €14€3)

In a 3 space, regressive products of 2-elements are anti-commutative since

(1) (@™ (nk) — 7y (3-2) (3-2) _ _1 Hence we can collect pairs of terms with the same
factors:

Z = (x3¥2-%2Y1) (e1+rez2) v (ep re3)
+(X1y3-%X3Y1) (e1re3) v (ez2 re3)
+(X2 ¥3 -X3Y2) (ey14re3) v (ezares)

We can now apply the Common Factor Axiom to each of these regressive products:

Z = (X1Y2-%2Y1) (e1r€e21r€3) ve;
+(X1¥y3-%X3Y1) (e1rexre3) ve;
+(X2¥3 -X3Y2) (e1re3re3) ves
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Finally, by putting k e; A e, A e3 == 1, we have Z expressed as a 1-element:
n

Z=E ((x1y2 -%2¥1) €1 + (X1 ¥3 -X3YV1) € + (X2¥3 -X3Y2) €3);

Thus, in sum, we have the general congruence relation for the intersection of two 2-elements in
a 3-space.

(x1 €1 A€2 +X3 €1 A€3 + X3 €2 A€3)
V (Yyi1ei1re3+Y €1 A€3 +Y3 €3 A€3) 3.27
(x1 V2 -%X2¥1) €1+ (X1 Y3 -X3Y1) € + (X2 Y3 -X3Y2) €3

H Check by calculating the exterior products

We can check that 2 is indeed a common element to X and ¥ by determining if the exterior
product of Z with each of X and ¥ is zero. We use GrassmannSimplify to do the check.

DeclareExtraScalars|[{x;, X2, X3, Y1, Y2, Y31}1];

GrassmannSimplify[{Z X, ZAY}]
{0, 0}

3.6 The Common Factor Theorem

Development of the Common Factor Theorem

The example in the previous section applied the Common Factor Axiom to two general
elements by expanding all the terms in their regressive product, applying the Common Factor
Axiom to each of the terms and then factoring the result. In the case one of the factors in the
regressive product is simple, as is often the case, and expressed as a product of 1-element
factors, there is usually a more effective way to determine a simple common factor. The formula
for doing this we call the Common Factor Theorem.

This theorem is one of the most important in the Grassmann algebra. We will see later that it has
a counterpart expressed in terms of exterior and interior products which forms the principal
expansion theorem for interior products.

Consider a regressive product a v 8 where a is given as a simple product of 1-element factors
m k m

and m+k = n+p, p > 0. Since the common factor (¥, say) is a p-element it can be expressed as a
p
linear combination of all the essentially different p-elements formed from the 1-element factors

of a:y == = a; a;, where the a; are defined by:

mop p P
m
A == al Aal == az Aaz SIS eee == av Aav VY == ( )
™ m-p p mp P m-p p b
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We can also express a and f3 in terms of y by:
A= a AY B=vwAr B
m m-p p k p k-p
By starting with the regressive product a v 8 and performing a series of straightforward
mo ok
algebraic manipulations using these definitions, we obtain the result required. Summation is
always over the index i.
avf = (a AY)V()’A /3] == ((x AY A ﬁ]v)’
mok m-P p P k-p m-P p k-p/ p
== ((XA J£; ) vy = (a/\ J£; ) v (Z‘,al al]
m k-p P m  k-p P
=3 |aj aa B)vai: (a,_a,_/\ai/\ B)Vai
m k-p P m-p p k-p P
=X aiA(Zai(xi]AB]V(Xi: (ai/\}’/\ B]vai
m-p P k-p P m-p p k-p P
= a3 A /3] v a;
m-p k P
In sum, we can write:
v
av ==Z(ai/\/3)vai p=m+k-n
ok g Koo 3.28
m
a == 0‘1’\0‘1 == az Aaz == eee == avAaV V::( )
™ m-p p m-p p m-p p p

An analogous formula may be obtained mutatis mutandis by factoring  rather than a. Hence 3
k m k

must now be simple.

avB == Z(aABi]vBi
m k m  k-p p

i=1

P k-p P k-p P k-p

E==/31AI31 = B2 A Bz = -+ = By A By V:z(k)

It is evident that if both elements are simple, expansion in factors of the element of lower grade

will be the more efficient.

When neither a nor B is simple, the Common Factor Rule can still be applied to the simple

m k
component terms of the product.

Multiple regressive products may be treated by successive applications of the formulae above.
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Example: The decomposition of a 1-element

The special case of the regressive product of a 1-element 8 with an n-element a enables us to

n
decompose B directly in terms of the factors of a. The Common Factor Theorem gives:
n

n

avp 5 (s n8) ven

i=1 n-1
where:
Q == 0] AOg A +++ AQlp == (—l)n_l (ag AQz Aeee Alj Aceenay) A0y
n

The symbol O; means that the ith factor is missing from the product. Substituting in the
Common Factor Theorem gives:

avBz ) (-1)™F ((@raozaweaDsaceacn) AB) vay

i=1
n
== Z (g A Aceendi_ 1 ABAQ G AreeAOy) VO3
i=1

Hence the decomposition formula becomes:

(a1 AazA---Aan) v/3 ==

n
Z (g A AceenaQi_ ) ABAQ G AreeAOy) VO3
i=1

Writing this out in full shows that we can expand the expression simply by interchanging 8
successively with each of the factors of ay A az A .-+ A a,, and summing the results.

(agaag Aceenay) vB == (fArdg as-nay) vag +
(arABAacsnan) vag + -+ (ayp Adz A--Afl) voy

We can make the result express more explicitly the decomposition of  in terms of the a; by
'dividing through' by a.
n

L all\azA---Aai_lABAai+lA...Aan
BZ a; 3.32
) al Aaz A ...Aan

Here the quotient of two n-elements has been defined previously as the quotient of their scalar
coefficients.
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% Example: Applying the Common Factor Theorem

In this section we show how the Common Factor Theorem generally leads to a more efficient
computation of results than repeated application of the Common Factor Axiom, particularly
when done manually, since there are fewer terms in the Common Factor Theorem expansion,
and many are evidently zero by inspection.

Again, we take the problem of finding the 1-element common to two 2-elements in a 3-space.
This time, however, we take a numerical example and suppose that we know the factors of at
least one of the 2-elements. Let:

§1==3ej1rex+2e3re3+3eznre;3
€2==(5ex+7e3) re;

We keep &1 fixed initially and apply the Common Factor Theorem to rewrite the regressive

product as a sum of the two products, each due to one of the essentially different rearrangements

of &5
E1vé€r = (§1re1)v(5ey+Te3)-(E1r(5ex+T7e3))ve;

The next step is to expand out the exterior products with £; . Often this step can be done by
inspection, since all products with a repeated basis element factor will be zero.

§1véz = (3exreznre;)v(S5ex+7e3) -
(10e1Ae3 A €3 +21e1Ae2 Ae3) v e;

Factorizing out the 3-element e; A e, A e3 then gives:
E1vEy == (egrezare3)v(-1lle; +15e; + 21 e3)

1
:=E (—1191+1592+2193) 5—11e1+15e2+21e3

Thus all factors common to both £; and &, are congruentto -11 e; + 15 e, + 21 e3.

& & Check using GrassmannSimplify

We can check that this result is correct by taking its exterior product with each of £; and &,.
We should get zero in both cases, indicating that the factor determined is indeed common to
both original 2-elements. Here we use GrassmannSimplify in its alias form g.

Gl(3ejre; +2e;re3+3e,re3)A(-11le; +15e; +21e3)]

0

G[(5e;+7e3) re;a(-11le; +15e; +21 e3)]

0

200145



TheRegressiveProduct.nb 22

% Automating the application of the Common Factor Theorem

The Common Factor Theorem is automatically applied to regressive products by
GrassmannSimplify. In the example of the previous section we could therefore have used
GrassmannSimplify directly to determine the common factor.

X=g[(3e1Ae2+2e1Ae3+3e2Ae3)V(5e2+7e3)Ae1]
€1 Ay A3 Vv (711e1+15e2+21e3)

If the resulting expression explicitly involves the basis n-element of the currently declared basis
we can use formula 3.10: 1 ==k e; rAe; a-.- Ao e, toeliminate any regressive products of

n
the basis n-element and replace them with scalar multiples of the congruence factor k.

1
— Qa
k m

1

(e1 A €3 A---Aen) vl zz= — 1lva =
m k n m

We can automate this step by using the GrassmannAlgebra function ToCongruenceForm:

ToCongruenceForm [X]

711e1+15e2+21e3
k

B Example: Multiple regressive products

Some expressions may simplify to a form in which there are regressive products of multiple
copies of the basis n-element. For example, the regressive product of three bivectors in a 3-
space is a scalar. To compute this scalar we first create three general bivectors X, ¥, and Z, by
using CreateBasisForm:

{X, ¥, 2} = CreateBasisForm[2, {x, vy, 2z}]

{X]_ €1 rey + Xy e re3 + X3 e Ae3,
Yi€i1r€e +Yre;jrne3 +Y3 e r"e3, 21 €1 A€ey +2Z) €1 Are3 + 23 €) Ae3}

Next, we compute the regressive product R, say, of these three bivectors by using
GrassmannSimplify.

R=G[XvYVvZ]

(X3 (-Y2 21 +Y122) +X2 (Y321 -Y123) +X1 (-Y3 22 +¥Y2 23))
€1 Aer A3 Vve] Aey Ae3\/1

We can convert this expression into one which more clearly portrays its scalar nature by using
ToCongruenceForm.

ToCongruenceForm[R]

X3 (-¥2 21 +¥Y1 22) +Xp (Y321 -V1 23) +X1 (-Y3 Z2 +¥2 23)
]]{2
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Or, we could have used ToCongruenceForm on the original regressive product to give the
same result.

ToCongruenceForm[XvYv Z]

X3 (-¥2 21 +¥Y1 22) +Xp (Y321 -Y1 23) +X1 (-Y3 Z2 +¥2 23)
]]{2

We see that this scalar is in fact proportional to the determinant of the coefficients of the
bivectors. Thus, if the bivectors are not linearly independent, their regressive product will be
Zero.

3.7 The Regressive Product of Simple Elements

The regressive product of simple elements

Consider the regressive product a v 8, where a and 8 are simple, m+k = n. The 1-element
m k m k
factors of a and 8 must then have a common subspace of dimension m+k-n = p. Let y be a
m k P
simple p-element which spans this common subspace. We can then write:

av ::(a/\y)v(ﬁ AY]::(GABAY]VYEY
m ok m-p p k-p p m-P k-p p P p

The Common Factor Axiom then assures us that since y is simple, then so is the original
p

product of simple elements a v 3.
m ok

In sum: The regressive product of simple elements is simple.

% The regressive product of (n—1)-elements

Since we have shown in Chapter 2: The Exterior Product that all (n—1)-elements are simple, and
in the previous subsection that the regressive product of simple elements is simple, it follows
immediately that the regressive product of any number of (n—1)-elements is simple.

E Example: The regressive product of two 3-elements in a 4-space is simple

As an example of the foregoing result we calculate the regressive product of two 3-elements in a
4-space. We begin by declaring a 4-space and creating two general 3-elements.

DeclareBasis [4]
{e1, e2, e3, €4}
X = CreateBasisForm[3, x]

X1 €1 rnexre3 +Xp €1 Aex rney +X3 €81 A3 Ay +Xy4 €2 A3 A€
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Y = CreateBasisForm[3, y]
Yi€ir€rA€3 +Y2€1 7€ €4 1Y3€1 AC31EC4 +Yy €3 rE31E

Note that the GrassmannAlgebra function CreateBasisForm automatically declares the
coefficients of the form x; and y; to be scalars by declaring the patterns x and y  to be
scalars. We can check this by entering Scalars and observing that the patterns have been
added to the default list of scalars.

Scalars

{a, b,c,d, e, £, g, h, k, (_©_) ?InnerProductQ, x ,vy , _}
0

Next, we calculate the regressive product of these two 3-elements. We can use

GrassmannSimplify since it will convert regressive products of basis elements.

Z=G[XvY]
(X2 y1-Xi1y2) e1r€  (X3Y1 -X1Y3)e1nre3
k k
(X3 Y2 ~X2¥3) €1r€ (X4¥1 -X1Y¥4) € 1r€3
k k
(X4 Y2 ~Xp2 Ya) €2 r€4  (X4¥Y3 -X3Y4) €31€4
k k

We want to extract the coefficients of these terms. Here we use the GrassmannAlgebra function
ExtractFlesh.

{A;, A,, A;, Ay, A5, Ag} = Z // ExtractFlesh

{ —X2¥1 +X1¥2 —X3¥1 +X1¥3 —X3¥2 +X2¥3
k ! k ! k !
—X4 Y1 +X1 ¥4 X4 Y2 + X2 Vs —X4 Y3 + X3 Y4 }
k ! k ! k

Finally we substitute these coefficients into the constraint equation for simplicity of 2-elements
in a 4-space discussed in Section 2.10, Chapter 2, to show that the constraint is satisfied.

Simplify[As; Ay - Ay As + A; Ag == 0]

True

The cobasis form of the Common Factor Axiom

The Common Factor Axiom has a significantly suggestive form when written in terms of
cobasis elements. This form will later help us extend the definition of interior product to
arbitrary elements.

We start with three basis elements whose exterior product is equal to the basis n-element.

€; AC; ACg == €1 A€y Aese A@y == 1 ==
i j s 1 2 n =

1
— 1
m k P k n

The Common Factor Axiom can be written for these basis elements as:
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(ei/\es)v(ej/\es) == (eiAejAes)ves, m+k+p=n 3.33
m k p p

From the definition of cobasis elements we have that:

e; reg = (-1)™k e;

m o x
€5 ACg == €
k P 0

eg == € Aej
P m k

ei AejAes == 1,
m k p

Substituting these four elements into the Common Factor Axiom above gives:

(-1)"*ejve; =1v (e;re;)
k m m k

Or, more symmetrically, by interchanging the first two factors:

eivej=1v(ejre;) = —ejre; 3.34
ok m m

It can be seen that in this form the Common Factor Axiom does not specifically display the
common factor, and indeed remains valid for all basis elements, independent of their grades.

In sum: Given any two basis elements, the cobasis element of their exterior product is
congruent to the regressive product of their cobasis elements.

The regressive product of cobasis elements

In Chapter 5: The Complement, we will have cause to calculate the regressive product of
cobasis elements. From the formula derived below we will have an instance of the fact that the
regressive product of (n—1)-elements is simple, and we will determine that simple element.

First, consider basis elements e; and e, of an n-space and their cobasis elements e; and e; .
The regressive product of e; and e, is given by:

e1vey == (e2r€3Ar:-r€y) v (-€14r€3A:48;)
Applying the Common Factor Axiom enables us to write:
e1vey == (epre3r€3Aa€y) Vv (€3A:-ha€y)

We can write this either in the form already derived in the section above:
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ey vey = l1v(eyprey)
or, by writing k 1 == 1 as:
n
e1vey = — (e14r€2)
SLYERE oo NVELAE2
Taking the regressive product of this equation with e3 gives:
ei1veaves = — (ei1re) ves =
g R
- 1v( ) ( )
— 1lv €] Aej Ae3 == —_— €] A€ Ae3
k k?2

Continuing this process, we arrive finally at the result:

(eprAey Acccney) 3.35

A special case which we will have occasion to use in Chapter 5 is where the result reduces to a
1-element.

(—l)j_l e; vey V-..VDjV...ven == (—l)n_l ej 3.36

- = 27 Kn-2

In sum: The regressive product of cobasis elements of basis 1-elements is congruent to the
cobasis element of their exterior product.

In fact, this formula is just an instance of a more general result which says that: The regressive
product of cobasis elements of any grade is congruent to the cobasis element of their exterior
product. We will discuss a result very similar to this in more detail after we have defined the
complement of an element in Chapter 5.

3.8 Factorization of Simple Elements

Factorization using the regressive product

The Common Factor Axiom asserts that in an n-space, the regressive product of a simple m-
element with a simple (n—m+1)-element will give either zero, or a 1-element belonging to them
both, and hence a factor of the m-element. If m such factors can be obtained which are
independent, their product will therefore constitute (apart from a scalar factor easily determined)
a factorization of the m-element.
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Let a be the simple element to be factorized. Choose first an (n—m)-element B whose product
m

n-m
with a is non-zero. Next, choose a set of m independent 1-elements 83 whose products with
m
B are also non-zero.
n-m
A factorization a4 of a is then obtained from:
m
Q=a0; AQz A+ Aly a; ==av(BjA/3) 3.37
m m n-m

The scalar factor a may be determined simply by equating any two corresponding terms of the
original element and the factorized version.

Note that no factorization is unique. Had different B been chosen, a different factorization
would have been obtained. Nevertheless, any one factorization may be obtained from any other
by adding multiples of the factors to each factor.

If an element is simple, then the exterior product of the element with itself is zero. The
converse, however, is not true in general for elements of grade higher than 2, for it only requires
the element to have just one simple factor to make the product with itself zero.

If the method is applied to the factorization of a non-simple element, the result will still be a
simple element. Thus an element may be tested to see if it is simple by applying the method of
this section: if the factorization is not equivalent to the original element, the hypothesis of
simplicity has been violated.

B Example: Factorization of a simple 2-element

Suppose we have a 2-element a which we wish to show is simple and which we wish to
2

factorize.

A=VAWH+HVAX+VAY+VAZ+WAZ+XAZ+YAZ
2

There are 5 independent 1-elements in the expression for CZXI Vv, W, X, ¥, Z, hence we can choose
n to be 5. Next, we choose B (= B) arbitrarily as xayaz, 81 as v, and B, as w. Our two

n-m 3
factors then become:

ay

av (VAXAYAZ)
2

av (81 +8)

az

av (WAXAYAZ)
2

g (62 08)

In determining a; the Common Factor Theorem permits us to write for arbitrary 1-elements §
and ¢

(EAY) vV (VAXAYAZ) == (EAVAXAYAZ) VY- (YAVAXAYAZ)VE

Applying this to each of the terms of a gives:

a; = - (WAVAXAYAZ) VV+ (WAVAXAYAZ)VZ=V-2
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Similarly for a; we have the same formula, except that w replaces v.
(EAth) v (WARAYAZ) = (EAWAXAYAZ) V- (UAWARAYAZ) VE

Again applying this to each of the terms of g gives:

O = (VAWAXAYAZ) VW+ (VAWAXAYAZ) VX +
(VAWAXAYAZ) VY + (VAWAXAYAZ) VZEW+X+Y +2

Hence the factorization is congruent to:
ai A0y = (V-2Z) A (W+X+y+2)

Verification by expansion of this product shows that this is indeed the factorization required.

% Factorizing elements expressed in terms of basis elements

We now take the special case where the element to be factorized is expressed in terms of basis
elements. This will enable us to develop formulae from which we can write down the
factorization of an element (almost) by inspection.

The development is most clearly apparent from a specific example, but one that is general
enough to cover the general concept. Consider a 3-element in a 5-space, where we suppose the
coefficients to be such as to ensure the simplicity of the element.

A ==Qa) €] A€ A3 +Qaz €] A€ A€y +a3 €1 A€ AEjg
3

+dy €1 A3 A€y +aA5 €] A3 AC5 +Ag €1 A €4 Aes
+Ad7 €2 A€3 A€4 +Qg €3 A3 A5 +a9g €2 A €4 AEj
+aj10 €3 A €4 A €5

Choose B; == e;, B3 == €5, B3 == e3, B == €4 A e5, then we can write each of the factors
2

Bi A B as acobasis element.
2

Bi1AB ==€; regre5 ==€3 Ae3
2

B2 A/23:: €); A€y Aeg == —e; Ae3

I33 AB == e3 Ae4Ae5 == elAez
2

Consider the cobasis element e, a e3, and a typical term of a v ey A ez, which we write as
S21C3 3 =22%3

(aej rej aeg) vey aez. The Common Factor Theorem tells us that this product is zero if
e; A e; A e does not contain e, a e3. We can thus simplify the product a v e,  e3 by
3 =2°73

dropping out the terms of a which do not contain e, A e3. Thus:
3
aveyares == (A1 €1 A€y A€3 +A7 €3 A3 A€, +A3 €2 AC3 AC5) VEY ALCS
3VE22°53 =23

Furthermore, the Common Factor Theorem applied to a typical term (e; Ae3 aej) vez ae3
of the expansion in which both e; » e3 and e, A e3 occur yields a 1-element congruent to the
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remaining basis 1-element e; in the product. This effectively cancells out (up to congruence)
the product e; A e3 from the original term.

(e2re3nej) vey aes = ((ezre3) A (e2r€3)) ve; =e;

Thus we can further reduce a v e; A e3 to give:
3 —=27=3
;] EAaAveyAez =a; e; +ay €4 + ag €5
3 =21°3

Similarly we can determine other factors:
Q =EAVv-€] A3 = Q) €3 — Ay €4 — as €5
3 —1I=3
Q3 = AaAve; Ae; =aj €3 +aj; e, +as es
3 —L1-=2
It is clear from inspecting the product of the first terms in each 1-element that the product
requires a scalar divisor of a2 . The final result is then:

1
a = —— A1 AQ02 AQ3
3 a12

== —2- (a1 e; +a7 €4 + ag e5)A

a;
(aiex-ageg -ases) A (ag ez +az e4 +az es)

H Verification and derivation of conditions for simplicity

We verify the factorization by multiplying out the factors and comparing the result with the
original expression. When we do this we obtain a result which still requires some conditions to
be met: those ensuring the original element is simple.

First we declare a 5-dimensional basis and create a basis form for a. Using
3

CreateBasisForm automatically declares all the coefficients to be scalar.

Vs; g = CreateBasisForm[3, a]

a; €1 A€ A3 + Ay €1 A Ay +a3z €] Aey Al +
Ay €1 €3 A€y + A €1 A3 Ay +aAg €1 A€y Ay +
Ay €2 €3 Aey +tag €2 A3 A€e5 +ag €2 A4 A€e55 +ajg €3 Aey A e

To effect the multiplication of the factored form we use GrassmannSimplify (in its
shorthand form).
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A=G[— (a1 e1+aj e, +ages) A
3 a12

(a1 €2 - a5 €4 - as €s5) A (a1 €3 + 3, €4 + a3 €5) |

a; €1 A€y Ae3 + Ay €1 Aey Aey +
a3z €1 rex Aeg + Ay €1 A3 Aey +as €1 Ae3 Al +
(—az ag +az as) € A€y A€
ai

+ay7 € A€3 A€y +ag € Ae3 Aeg +

(*8.3 ay + ajz ag) €y A€y AEejg + (*8.5 ay + ay ag) €3 A ey A Eeg
ai ai

For this expression to be congruent to the original expression we clearly need to apply the
simplicity conditions for a general 3-element in a 5-space. Once this is done we retrieve the
original 3-element a with which we began. Simplicity conditions will be discussed in the next

section.
é\/- {az as -az a; »aj ag, a ag -az a; »a; ag, a4 ag - as a7 - a ao}

a; €1 A€ A3 +Ay €1 Ay Ay +a3z €1 Ay Al +
Ay €1 re3 A€y +ag €1 A3 Ae5 +ag €1 A€y Aerp +
Ay €2 €3 Aey +ag €2 A3 A€e5 +ag €2 A4 A€e55 +ajg €3 Aey A e

In sum: A 3-element in a 5-space of the form:

dj; €)1 A€z Ae3 +ay €] A€ Ay +a3 €1 A€ Aes +
Ay €1 A3 A€y +as €] A3 Ae5 +ag €1 A4 Ae5 +
A7 €2 A3 A€, +tAaAg €3 A3 A€e5 +Qag €3 A€4 A€5 +ajg0 €3 A4 AEe5

whose coefficients are constrained by the relations:

Az 4g — Az Ay — a; ag =0
dz Ag — dz Ay — a; ag =0
agag-asaj-ajap=0

is simple, and has a factorization of:

1

a12

(ape; +ajeys+ages)a(age; -aze, -ases) A (a; ez +a € +as e€s)

The factorization algorithm

In this section we take the development of the previous sections and extract an algorithm for
writing down a factorization by inspection.

Suppose we have a simple m-element expressed as a sum of terms, each of which is of the form
a xaya---a 2z, where a denotes a scalar and the x, y, ---,2 are symbols denoting 1-element
factors.
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E To obtain a 1-element factor of the m-element

* Select an (m—1)-element belonging to at least one of the terms, for example ya---a z.
* Drop any terms not containing the selected (m—1)-element.

* Factor this (m—1)-element from the resulting expression and eliminate it.

¢ The 1-element remaining is a 1-element factor of the m-element.

B To factorize the m-element

* Select an m-element belonging to at least one of the terms, for example X Aya---a z.

* Create m different (m—1)-elements by dropping a different 1-element factor each time. The
sign of the result is not important, since a scalar factor will be determined in the last step.

¢ Obtain m independent 1-element factors corresponding to each of these (m—1)-elements.

* The original m-element is congruent to the exterior product of these 1-element factors.

¢ Compare this product to the original m-element to obtain the correct scalar factor and hence
the final factorization.

B Example 1: Factorizing a 2-element in a 4-space

Suppose we have a 2-element in a 4-space, and we wish to apply this algorithm to obtain a
factorization. We have already seen that such an element is in general not simple. We may
however use the preceding algorithm to obtain the simplicity conditions on the coefficients.

Q==a; €1 A€ +az €] A3 + A3z €1 A€, +Qy €3 A3 +das €3 A€, +Ag €3 A€y
2

* Select a 2-element belonging to at least one of the terms, say e; a e; .
* Drop e, to create e; . Then drop e; to create e, .

e Selecte;.
* Drop the terms as e; A e3 + as €3 A e, + ag €3 A €4 since they do not contain e; .
e Factor e; from a; e; Ae; +a; e; A e3 + as e; A e, and eliminate it to give factor a; .

Q] == Q) €3 +ajz €3 + asz €,

¢ Select e, .
e Drop the terms a; e; Ae3 + az €1 A e, + ag €3 A €, since they do not contain e, .
* Factor e; from a; e; Ae; + a4 €3 A e3 + as €, A e, and eliminate it to give factor a, .

Oz == — A1 €1 +ag €3 + ag €4
* The exterior product of these 1-element factors is
a; A0y == (aj €3 +ae3 + azeyg) A(-ay;e; +ag ez +as ey)

== aj (al €)1 A€ + Az €1 Ae3 + az €1 Aey +

—Qa3z dg + az as
dg €z A3 + ag €3 A ey + €3 A€y
a;

* Comparing this product to the original 2-element a gives the final factorization as
2

1
a=— (ajey;+azez+ aze,) A (-a;e; +ag €3 +as €,;)
2 a;
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Provided that the simplicity conditions on the coefficients are satisfied:
aj Qg + A3z Qg — Az as ==

In sum: A 2-element in a 4-space may be factorized if and only if a condition on the
coefficients is satisfied.

a; €1 A€z +az e; Ae3 + az €1 Aey +
Ay €3 A3 +QAg €3 A€, + g €3 A€y
1 3.38
== — (a1 e1-aze3-asey) A(arex +aze; +azey),
a;
— a3a4-a2a5+a1a5==0

B Example 2: Factorizing a 3-element in a S-space

This time we have a numerical example of a 3-element in 5-space. We wish to determine if the
element is simple, and if so, to obtain a factorization of it. To achieve this, we first assume that
it is simple, and apply the factorization algorithm. We will verify its simplicity (or its non-
simplicity) by comparing the results of this process to the original element.

a == —3e1Ae2 Ae3-4e1Ae2 A€y +
3

1291 A €3 AEeg +3e1 A €3 Ae4-3e1 A3 Aeg +
8ejregres +b6e3re3r0e,-18ey 0305 +12€3 04 465

* Select a 3-element belonging to at least one of the terms, say e; A e; a ej.
* Drop e; to create e, A e3. Drop e, to create e; A e3. Drop e3 to create e; A ej.

e Select e; A e3.
* Drop the terms not containing it, factor it from the remainder, and eliminate it to give a; .

a1§-3e1+6e4-18e5E—e1+2e4-6e5

e Selecte; A e3.
* Drop the terms not containing it, factor it from the remainder, and eliminate it to give a; .

a253e2+3e4—3e55 €2 + €4 - €5

e Selecte; A ey.
* Drop the terms not containing it, factor it from the remainder, and eliminate it to give as .

as E—3e3—4e4+12e5
* The exterior product of these 1-element factors is:
QA1 AOQy AO3 == (— (=31 +2e4-6e5) A (62 + €4 -e5) A (-3e3 —4e4 +12€5)

% Multiplying this out (here using GrassmannSimplify) gives:
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g[(—e1+2e4—6e5)A(e2+e4—e5)A(-3e3—4e4+12e5)]

3e1AezAe3+4e1Aeer4flzelAezAe5*
3e1Ae3Ae4+3e1Ae3Ae578e1Ae4Ae5f
662Ae3Ae4+1862Ae3Ae5*1263Ae4Ae5

e Comparing this product to the original 3-element a verifies a final factorization as:
g:: (e1-2e34+6e5)A(exg+eg-e5) A (-3e3-4e4+12e€5)

This factorization is, of course, not unique. For example, a slightly simpler factorization could
be obtained by subtracting twice the first factor from the third factor to obtain:

Q= (e1-2e4+6e5)n(ex+eg-6€5) A (-3e3-2eg)

Factorization of (n—1)-elements

The foregoing method may be used to prove constructively that any (n—1)-element is simple by
obtaining a factorization and subsequently verifying its validity. Let the general (n—1)-element
be:

n
0‘==Zaiei, a; #0
n-1 £ -

i=1

where the e; are the cobasis elements of the e; .

Choose B == e; and B4 == e; and apply the Common Factor Theorem to obtain (for j =1):
1

a v (eyprey) = (cx Aej) ve - ( a Ael) v ejy
n-1 n-1 n-1

n n
== Z aj €éji Aej|ve; - Z a; €j A€1| Vvey
i=1 i=1
n-1
= (-1) (ajevel—alevej)
n n
n-1
= (-1)"'ev (a1 - a1 €5)
Factors of a are therefore of the form aj e; - a; e4,j= 1, so that a is congruent to:
n-1 n-

a = (azep -aje;) a(aze; -ay;ez) a-a(age; -a; ey)

The result may be summarized as follows:

a e +az €3 + - +an €n
= (aze;-aje)r(aze;-ay;ez) a-a(age; -ae,), 3.39
a1¢0
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B < Example: Application to 4-space

We check the validity of the formula above in a 4-space. Without loss of generality, let a; be
unity.

Glearezrep -aze1 A€30€5+a3€1 A€ A€ -84 €1 A€ AR ==
-(aze;-ey)a(aze; -e3) a(age; -ey)l

True

% Obtaining a factorization of a simple m-element

E For simple m-elements

For m-elements known to be simple we can use the GrassmannAlgebra function Factorize
to obtain a factorization. Note that the result obtained from Factorize will be only one
factorization out of the generally infinitely many possibilities. However, every factorization
may be obtained from any other by adding scalar multiples of each factor to the other factors.

We have shown above that every (n—1)-element in an n-space is simple. Applying Factorize
to a series of general (n—1)-elements in spaces of 4, 5, and 6 dimensions corroborates the
formula derived in the previous section.

In each case we first declare a basis of the requisite dimension by entering V,, and then create a
general (n—1)-element X with scalars a; using the GrassmannAlgebra function
CreateBasisForm.

& A 3-element in a 4-space:

V4; X = CreateBasisForm[3, a]

a] €1 A€ A3 +Ay €1 AEx Ay +tAa3 €1 A3 Ay +t Ay €2 A3 Ay

Factorize [X]

(a1 e3+azeq) r(-ar€x+azey) ~(ay € +ayey)

at

& A 4-element in a 5-space:

Vs5; X = CreateBasisForm[4, a]

a; €1 A€ A3 A€y +tay €1 Ay A3 Ay +
A3z €1 rex A€z Al +t Ay €1 Are3 Ay Al +as € A3 AEey AEej
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Factorize [X]

(ay €4 +azes) ~n (-age3+azes) ~(ay e +azges) A (-aye; +as es)

ai

E For non-simple m-elements

If Factorize is applied to an element which is not simple, the element will simply be
returned.

Factorize[xay +uav]

UAV+XAY

E For contingently simple m-elements

If Factorize is applied to an element which may be simple conditional on the values taken
by some of its scalar coefficients, the conditional result will be returned.

& A 2-element in a 4-space:

V4; X = CreateBasisForm[2, a]
a; €1 A€z +taxej; Ae3 +az ] Ay +ayg €2 A3 +ag €2 A€y + ag €3 A ey

X; = Factorize[X]

asas -aj a
If[M+a6 ==0,
ai
(ap €x +az ez +azey) A (-aye; +ay €3 +as ey)

ai

14
a; €1 A€y +t+ax €1 A3 +Aaz €1 A€y +t Ay € Ae3 +aAg € A€y + ag €3 Ae4]

The Mathematica I£ function has syntax I£[Q, T, F ], where Q is a predicate, T is the result if
Q is true, F is the result if Q is false. Hence the above may be read: if the simplicity condition is
satisfied, then the factorization is as given, else the element is not factorizable.

If we are able to assert the condition required, that ag is equal to - %35— , then the 2-

1
element is indeed simple and the factorization is valid. Substituting this condition into the T
statement, yields true for the predicate, hence the factorization is returned.
az asg -az as
X /. ag > - ———
a
(a1 ey +az ez +azeq) ~(-are +age3+asey)
ai
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& A 2-element in a 5-space:

Vs5; X = CreateBasisForm[2, a]

a; €1 A€y +tax e A3 +Aaz €1 A€4 +ay €1 A€y +ag € Ae3 +
dg €2 N€4 +t+ a7 €2 A€5 +ag €3 A€y +ag €3 Ae5 + ajg €4 AN Ej

X; = Factorize[X]

a3z as —az ag
ai
Q4 85 — A a7 +ag == 0 && A4 8¢ — a3 a7
ai ai
(ajep; +aes+azeg+ages) A (-a; e +as ez +ag €4 +ay €s)
ag !
a; €1 rey +ax e; A3 +az ;] Ay +ayg €1 Arey +ag €z re3 +

If| +ag == 0 &&

+ ajg == O,

dg €2 N€4 + a7 €2 A€ +ag €3 A€y + ag €3 Ae5+a10e4Ae5]

In this case of a 2-element in a 5-space, we have a predicate involving three conditions on the
coefficients to satisfy before obtaining a simple factorizable element.

X, /.
Az as —az ag s as - az ay g ag —az ay
{asﬁ-—-r ag > - —mmm, aw-’-—-}
a; a; a;
(a1 €y +ay €3 +a3z €4 +ay e5) A (7a1 €1 +dg €3 + ag €4 + ay e5)
aj

% Determining if an element is simple

To determine if an element is simple, we can use the GrassmannAlgebra function SimpleQ. If
an element is simple SimpleQ returns True. If it is not simple, it returns False. If it may be
simple conditional on the values taken by some of its scalar coefficients, SimpleQ returns the

conditions required.

We take the same examples as we discussed in the section on factorization.

E For simple m-elements

& A 3-element in a 4-space:

V4; X = CreateBasisForm[3, a]

a]; €1 A€ A3 +aAy €1 AEx Ay +tAa3 €1 A3 Ay +t Ay €2 A3 Ay

SimpleQ[X]

True
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& A 4-element in a 5-space:

Vs5; X = CreateBasisForm[4, a]

a; €1 A€ A3 A€y +t Ay €1 Ay A3 Ay +
A3z €1 rex A€z Al +t Ay €1 A3 Ay Al +as € A3 AEey AEej

SimpleQ[X]

True

E For non-simple m-elements
If SimpleQ is applied to an element which is not simple, the element will simply be returned.
SimpleQ[x Ay +uav]

False

E For contingently simple m-elements

If SimpleQ is applied to an element which may be simple conditional on the values taken by
some of its scalar coefficients, the conditional result will be returned.

& A 2-element in a 4-space:

V4; X = CreateBasisForm[2, a]

a; €1 A€z +taxej; Are3 +az ;] Ay +ayg €2 A3 +ag €2 A€y +ag €3 A ey

SimpleQ[X]

a3z dg — Az as +ag==0
ai

asz 34-az as

If we are able to assert the condition required, that + ag == 0, then the 2-element is

indeed simple. '

aza, -aza
SimpleQ[X /. ag > - i

]

a;

True

& A 2-element in a 5-space:

Vs5; X = CreateBasisForm[2, a]

a; €1 A€y +tax e; A3 +az €1 A€4 +ay €1 A€y +ag € Ae3 +
dg €2 N€4 +t a7 €2 A€ +ag €3 A€y +ag €3 Ae5 + ajp €4 AN E5
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SimpleQ[X]

az as — az aeg

ai
a, as —aj a a, ag —az a
4 35 2 7+a9::0&& 4 3¢ 3 7+am::

ai ai

+ag == 0 &&

In this case of a 2-element in a 5-space, we have three conditions on the coefficients to satisfy
before being able to assert that the element is simple.

3.9 Product Formulae for Regressive Products

The Product Formula

The Common Factor Theorem forms the basis for many of the important formulae relating the
various products of the Grassmann algebra. In this section, some of the more basic formulae
which involve just the exterior and regressive products will be developed. These in turn will be
shown in Chapter 6: The Interior Product to have their counterparts in terms of exterior and
interior products. The formulae are usually directed at obtaining alternative expressions (or
expansions) for an element, or for products of elements.

The first formula to be developed (which forms a basis for much of the rest) is an expansion for
the regressive product of an (n—1)-element with the exterior product of two arbitrary elements.
We call this (and its dual) the Product Formula.

Let x1 be an (n—1)-element, then:
n-

(gng) vm = (gvm) ~er cvman (v x) 3.41

n-1 n-1

To prove this, suppose initially that a and 8 are simple and can be expressed as
m k

O == 0 A+ Al and B == By A --- A By . Applying the Common Factor Theorem gives
m k

(anB) v x = ((ornnom) » (Brn-enBi)) v %,

= 2 (-1 (s a x ) v (01 aceaDs aveactn) A (ByasaBr))
i=1 n-1

.z (-1)m+i-1 (Bj . x)v ((Qg A nOg) A (By Aeee Al Ao ABy))
j=1 n-1

= (av %) A (B aB) + (1™ (@ranam) A (BY x )

Here we have used formula 3.13.

This result may be extended in a straightforward manner to the case where a and 3 are not
m k

simple: since a non-simple element may be expressed as the sum of simple terms, and the
formula is valid for each term, then by addition it can be shown to be valid for the sum.
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We can calculate the dual of this formula by applying the GrassmannAlgebra function Dual:

musi[[gog] + 3, (g 1) o+ 07 g g 5]

n-1 n-1 n-1

(O(VB)AX:: (-1) ™ oavBaR+oaxvf
m  k m k

which we rearrange slightly to make it more readable as:

(gvg) m == {grx) g 1 gv (g ax) 3.42

Note that here x is a 1-element.

The General Product Formula

If x is of a grade higher than 1, then similar relations hold, but with extra terms on the right-
hand side. For example, if we replace x by x; a x5 and note that:

(vg) » xanme) = ((gvp) ) nee

then the right-hand side may be expanded by applying the Product Formula [3.42] successively
to obtain:

) o = (gt onm o g o)

DT ((gam) v (gam) - (gam) v (gam))

Continued reapplication of this process expresses for simple x the expression (a v /3) AX as
P m kx/ p

the sum of 2P terms.

avp)ax = 3 (-1)F (»-m) z arxi|v|Bax;
(ave)

p r==0 i== m p.r k r
3.44
(7)
X == xl A xl == x2 A x2 S eee == xv A xv ’ VY ==
P r p-r r p-r r p-r r

We call formula 3.44 the General Product Formula.

The dual of the General Product Formula may be obtained following the duality algorithm, or
by using the Dual function. Input to the Dual function requires the summations to be
expressed in such a way as to frustrate Mathematica interpreting them as the Sum function. To
make the formula more readable we have modified the actual dual by replacing r with n—r.
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(gA/E)vx: T o(-1)mr 3 (avxi]A(Bvxi)

o r==0 i==1 \m p.r k n-r
3.45
n-p
X == xl v xl == x2 v x2 == eee == xv v xv 7 VY == ( )
p n-r p+r n-r p+r n-r p+r r

These formulae apply only for simple x, but may be extended to the non-simple case by
p

application to each component of a non-simple x.
p

% Exploring the General Product Formula

The development of the General Product Formula [3.44] from the Product Formula [3.42] is a
good example of how Mathematica and GrassmannAlgebra may be used to explore and create
new results. The code below is typical of how you can combine functions from Mathematica
(for example Fold) with functions from GrassmannAlgebra.

ToProductFormulal (o_vfB3_)rx_,n_]:=
Module[ {S,F},S=Scalars;DeclareExtraScalars[{Grade[a],n}];
ExpandProductFormula[X ,y ]:=
SimplifySigns[Expand[FactorScalars[ExpandProducts[X y]]
/. ((u_vv_)rz_>(urz)vv+(-1)"(n-Grade[a]) uv(vaz))1]1;
F=Fold[ExpandProductFormula,avf3,List@@CreateVariableForm[x]];
DeclareScalars[S];F]

To get some immediate information from Mathematica on the syntax of functions to use, you
can type in a question mark ? followed by the name of the function.

? ToProductFormula

ToProductFormula[ (avf3) rx,n] expands the product (avf3)sx in terms
of the simple factors of x. The elements o and 3 may be
expressed as graded symbols with symbolic or numeric grade.
The element x must be either a simple element or a graded
symbol with a numeric grade. The expansion is independent
of the dimension of the currently declared space, but
requires the specification of a symbol n for this dimension.

B Example: The General Product Formula for a 3-element

We take the example of the General Product Formula for a 3-element.
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ToProductFormula [ (a v /3) AX, n]
m k 3

(71>m+n VB AX] AXy AX3 + QAKX VEAXZAX3+

x

m ok m

AXpgVPBAX] AX3 +0AX3VBAX] AKXy +
k m k

04
m
( 1>m+n 1)m+n

AAX] AXy Vv BAaXs+ (- AAX] AX3VBAXy +
m k m k

(-1)™P aaxy AX3VBAX] + AKX AXy AX3 V]
m k m k
This output is not particularly easy to read, as Mathematica adopts the precedence that the

exterior product has over the regressive product, and hence does not show the parentheses.
Replacing the parentheses and grouping terms manually gives:

(OKVB) A (X1 AXp AX3)
m ok
= (D)™ av (EAxlez Ax3)
(o) (g nm)-

e« fgrms )« (o) (gem o)
e ((gam ) g
(gemnm) - [g2m) «(goma ) g2}
+(g/\x1 A Xg Ax3) v

B

k

The decomposition formula

In the General Product Formula [3.43], putting k equal to n—m permits the left-hand side to be
expressed as a scalar multiple of x and hence expresses a type of 'decomposition' of x into
p p

components.
(a/\xi)v(ﬁ Axi)
P v m p-r n-m r
x= 2 (-1)*(®™ 3z
poox=0 1= (av B ) 3.47
m n-m
(7)

x::xlel::szxz:: oo ::xv/\xv, VY ==
p r p-r r p-r r p-r r

The first and last terms of this sum, those for which r =0 and r = p are:
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e el
Re — P om G 2 P om 3.48
p av f av f

m n-m m n-m

g2 p o (op)
X == m n-m+ m n-m 3.49
av f av f
m n-m m n-m

In Chapter 4: Geometric Interpretations we will explore some of the geometric significance of
these formulae, especially the decomposition formula. The decomposition formula will also find
application in Chapter 6: The Interior Product.

Expressing an element in terms of another basis

The Common Factor Theorem may also be used to express an m-element in terms of another
basis with basis n-element 8 by expanding the product 8 v a.
n n m

Let the new basis be {81, -+, Bn} and let B == B1 A +-- A By, then the Common Factor
n

Theorem permits us to write:

Bva = 1:1 (Bi AO‘) v Bi

n m n-m m m
n
wherev:( )and/3== B1 ABy = Bz ABz === B, A,
m n n-m m n-m m n-m m

We can visualize how the formula operates by writing a and 8 as simple products and then
m k
exchanging the B; with the a; in all the essentially different ways possible whilst always

retaining the original ordering. To make this more concrete, suppose n is 5 and m is 2:

(BrAB2AB3ABaABs) vag Aay ==

(g Aaz2 A3 ABaaBs) v (B1aB2)

+(ag A2 A0
+(ay A B2 A B3
+(ay A B2 A B3
+(Brrag ray
+(B1Aaag B3
+(B1Ara1 A B3

ABaAaBs) v (B14aB3)

Aaz
A By
A By
Aaz

A Ba

+(B1AaB2rag Aay
+(BrAaBaarag APy
+(B1AaB2AB3ray
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Now let (/3 i A a) == b; f3, where the b; are scalars, and substitute into the above equation to
n-m m n
give the required expression for a.
m

v
a== X b; Bi 3.50

i=1 m

E Example: Expressing a 3-element in terms of another basis

Consider a 4-space with basis {e;, ez, e3, e;} and let:
X=2ej;re3re3-3ej1re3re+-2€3A€3A8€,

be a 3-element expressed in terms of this basis.

Suppose now that we have another basis related to the e basis by:

el==2e1+3e3
ez==5e3-e4

€3 ==€; - €3

€g == €1 + €3 +e3 + e,y

We wish to express X in terms of the new basis. Instead of inverting the transformation to find
the e; in terms of the €; , substituting for the e; in X, and simplifying, we can almost write the
result required by inspection.

X==(e1arX)v(exnreznrey) - (€2 rX) v (€1 r€3r€Ey) +
(ez3aX) v (ejr€zrey) - (g rX) v (ep A€Ex AER)

= (5e1reyrezarey) v (exreEzney) -
(2e1rexrezney) v(eErrnEzngy) +
(-2e;Aeyrae3znrey) v (€] A€ExAEY) -
(-e1rexrezney) v (€1 A€ A€E3)

But from the transformation we find that €; A €3 A €3 A €4 == 19 e; A €3 A e3 A e4 Whence X
is:

5 2 2 1
== —— €2 AE3 AEL — — €1 ANE3 AEyL — — €1 AEZQ AEL + — €] ANEQ AE3
9 19 19 19

E Expressing a 1-element in terms of another basis

For the special case of a 1-element, the scalar coefficients b; in formula 3.49 can be written
more explicitly, and without undue complexity, resulting in a decomposition of a in terms of n
independent elements 8; equivalent to expressing a in the basis fB; .

a::Z( /31A/32A"'AaA"'AI3n )BJ. 3.51
o \BiAaB2Aa--ABiAcaPn
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Here the denominators are the same in each term but are expressed this way to show the
positioning of the factor a in the numerator.

H The symmetric expansion of a 1-element in terms of another basis

For the case m = 1, B v a may be expanded by the Common Factor Theorem to give:
n

v .
(Bl AI32 A“-ABn) va == .zl (—l)n_l (Bl A--./\Di A.../\Bn Aa) v/31
i=
or, in terms of the mnemonic expansion in the previous section:

(BrAB2AB3AaAfBp) va

= (@A AB3Aa--Afn) v
+(BraaaBzacafy) vBz
+(BrAaBzarana--aBy) vB3

4 eee

+(BrAaBaAB3zAacra) vpy

Putting a equal to B¢, this may be written more symmetrically as:

igo (-l)i (BoABrAeaADO;AeeenafBy) vB; =0 3.

E Example: A relationship between four 1-elements which span a 3-space

Suppose Bo, B1, B2, B3 are four dependent 1-elements which span a 3-space, then formula
3.50 reduces to the identity:

(B1aB2AB3) vBo- (BoArB2arB3) vB:
+(BoarB142B3) vBa - (BorB14AB2) vB3 =0

Product formulae leading to scalar results

A formula particularly useful in its interior product form to be derived later is obtained by

application of the Common Factor Theorem to the product (aj A «+-aap) v ( B1 V-V B )
n-1 n-1
where the a; are 1-elements and the B; are (n—1)-elements.
n-1
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(@y awaap) v (B v v B )

n-1 n-1

== ((Ou/\.../\am) V/3j] v ((_l)j—l B1 v v V---v/3m)

n-1 n-1 n-1

(z (-1 (aivﬁj] (alA---ADiA---Aam)] v

n-1

((_l)j-l B1 v vy v...vlgm)

n-1 n-1

-3 (-1 (aiv,gj] ((on neee a Dy weee ) v (By v v Dy v v B ) )

n-1 n-1 n-1

By repeating this process one obtains finally that:

(Ol1A'"ACXm)V(/31 V"'VBm) ::Det[a,-_vﬁj] 3.54

n-1 n-1 n-1

where Det [ai v B; ] is the determinant of the matrix whose elements are the scalars a; v 35 .
n-1 n-1

For the case m = 2 we have:
(ay raz) v (tl‘3_11 Vt/‘3_21) = (Oll Vt/‘3_11) (Olz Vt/‘3_21) - (Oll v r/‘3_21) (az Vt/‘3_11)

Although the right-hand side is composed of products of scalars, if we want to obtain the correct
dual we need to use the exterior product instead of the usual field multiplication for these scalars.

Dual[
(a1 raz) v (/31 V/32) = (a1VI31) A (Ol2VI32) - (Ol1VI32) A (azvﬁl)]
n-1 n-1 n-1 n-1 n-1 n-1
(0(1 (e?) ) ABrABa == a1 ~B1v az ABz - a1 ~AfBav az AfB1
-1l+n -1+n -1l+n -1l+n -1l+n -1l+n

Formula 3.54 is of central importance in the computation of inner products to be discussed in
Chapter 6.
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4 Geometric Interpretations

[
4.1 Introduction

4.2 Geometrically Interpreted 1-elements
Vectors
Points
% A shorthand for declaring standard bases
% Example: Calculation of the centre of mass

4.3 Geometrically Interpreted 2-elements
Simple geometrically interpreted 2-elements
The bivector
The bound vector
% Sums of bound vectors

4.4 Geometrically Interpreted m-Elements
Types of geometrically interpreted m-elements
The m-vector
The bound m-vector
Bound simple m-vectors expressed by points

4.5 Decomposition into Components
The shadow
Decomposition in a 2-space
Decomposition in a 3-space
Decomposition in a 4-space
Decomposition of a point or vector in an n-space

4.6 Geometrically Interpreted Spaces
Vector and point spaces
Coordinate spaces
Geometric dependence
Geometric duality

4.7 m-planes
m-planes defined by points
m-planes defined by m-vectors
m-planes as exterior quotients
The operator 9

4.8 Line Coordinates
% Lines in a plane
% Lines in a 3-plane
Lines in a 4-plane
Lines in an m-plane
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4.9 Plane Coordinates
% Planes in a 3-plane
Planes in a 4-plane
Planes in an m-plane

4.10 Calculation of Intersections
% The intersection of two lines in a plane
% The intersection of a line and a plane in a 3-plane
% The intersection of two planes in a 3-plane
% Example: The osculating plane to a curve

4.1 Introduction

In Chapter 2, the exterior product operation was introduced onto the elements of a linear space
/1\, enabling the construction of a series of new linear spaces /n} possessing new types of
elements. In this chapter, the elements of /1\ will be interpreted, some as vectors, some as points.
This will be done by singling out one particular element of /1\ and conferring upon it the

interpretation of origin point. All the other elements of the linear space then divide into two
categories. Those that involve the origin point will be called (weighted) points, and those that do
not will be called vectors. As this distinction is developed in succeeding sections it will be seen
to be both illuminating and consistent with accepted notions. Vectors and points will be called
geometric interpretations of the elements of /1\

Some of the more important consequences however, of the distinction between vectors and
points arise from the distinctions thereby generated in the higher grade spaces A. It will be
m

shown that a simple element of A takes on two interpretations. The first, that of a multivector

m
(or m-vector) is when the m-element can be expressed in terms of vectors alone. The second,
that of a bound multivector is when the m-element requires both points and vectors to express it.
These simple interpreted elements will be found useful for defining geometric entities such as
lines and planes and their higher dimensional analogues known as multiplanes (or m-planes).
Unions and intersections of multiplanes may then be calculated straightforwardly by using the
bound multivectors which define them. A multivector may be visualized as a 'free' entity with
no location. A bound multivector may be visualized as 'bound' through a location in space.

It is not only simple interpreted elements which will be found useful in applications however. In
Chapter 8: Exploring Screw Algebra and Chapter 9: Exploring Mechanics, a basis for a theory
of mechanics is developed whose principal quantities (for example, systems of forces,
momentum of a system of particles, velocity of a rigid body etc.) may be represented by a
general interpreted 2-element, that is, by the sum of a bound vector and a bivector.

In the literature of the nineteenth century, wherever vectors and points were considered
together, vectors were introduced as point differences. When it is required to designate physical
quantities it is not satisfactory that all vectors should arise as the differences of points. In later
literature, this problem appeared to be overcome by designating points by their position vectors
alone, making vectors the fundamental entities [Gibbs 1886]. This approach is not satisfactory
either, since by excluding points much of the power of the calculus for dealing with free and
located entities together is excluded. In this book we do not require that vectors be defined in
terms of points, but rather, postulate a difference of interpretation between the origin element
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and those elements not involving the origin. This approach permits the existence of points and
vectors together without the vectors necessarily arising as point differences.

In this chapter, as in the preceding chapters, /1\ and the spaces A do not yet have a metric. That
m

is, there is no way of calculating a measure or magnitude associated with an element. The
interpretation discussed therefore may also be supposed non-metric. In the next chapter a metric
will be introduced onto the uninterpreted spaces and the consequences of this for the interpreted
elements developed.

In summary then, it is the aim of this chapter to set out the distinct non-metric geometric
interpretations of m-elements brought about by the interpretation of one specific element of /1\

as an origin point.

4.2 Geometrically Interpreted 1-elements

Vectors

The most common current geometric interpretation for an element of a linear space is that of a
vector. We suppose in this chapter that the linear space does not have a metric (that is, we
cannot calculate magnitudes). Such a vector has the geometric properties of direction and sense
(but no location), and will be graphically depicted by a directed and sensed line segment thus:

Graphic showing an arrow.

This depiction is unsatisfactory in that the line segment has a definite location and length whilst
the vector it is depicting is supposed to possess neither of these properties. Nevertheless we are
not aware of any more faithful alternative.

A linear space, all of whose elements are interpreted as vectors, will be called a vector space.
The geometric interpretation of the addition operation of a vector space is the parallelogram rule.

Since an element of /1\ may be written aax where a is a scalar, then the interpretation of arx as

a vector suggests that it may be viewed as the product of two quantities.

1. A direction factor x.
2. An intensity factor a.

The term 'intensity' was coined by Alfed North Whitehead [ ]. The sign of a may be associated
with the sense of the vector. Of course this division of vector into direction and intensity factors
is arbitrarily definable, but is conceptually useful in non-metric spaces. In a non-metric space,
two vectors may be compared if and only if they have the same direction. Then it is their scalar
intensities that are compared. Intensity should not be confused with the metric quantity of length
or magnitude.
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Points

In order to describe position in space it is necessary to have a reference point. This point is
usually called the origin.

Rather than the standard technique of implicitly assuming the origin and working only with
vectors to describe position, we find it important for later applications to augment the vector
space with the origin as a new element to create a new linear space with one more element in its
basis. For reasons which will appear later, such a linear space will be called a bound vector
space.

The only difference between the origin element and the vector elements of the linear space is
their interpretation. The origin element is interpreted as a point. We will denote it in
GrassmannAlgebra by O, which we can access from the palette or type as [escldsOlest] (double-
struck capital O). The bound vector space in addition to its vectors and its origin now possesses
a new set of elements requiring interpretation: those formed from the sum of the origin and a
vector.

P==20+x

It is these elements that will be used to describe position and that we will call points. The vector
x is called the position vector of the point P.

It follows immediately from this definition of a point that the difference of two points is a vector:
Pl —Pz == (O+x1) - (O+X2) = X; - X3

Remember that the bound vector space does not yet have a metric. That is, the distance between
two points (the measure of the vector equal to the point difference) is not meaningful.

The sum of a point and a vector is another point.
P+y=0+xX+y=0+ (x+Yy)

and so a vector may be viewed as a carrier of points. That is, the addition of a vector to a point
carries or transforms it to another point.

A scalar multiple of a point (of the form a p or aap) will be called a weighted point. Weighted
points are summed just like a set of point masses is deemed equivalent to their total mass
situated at their centre of mass. For example:

Zmi P; ::Zmi (O +x3) == (Zmi) (O+ %my xi)

Zm;

This equation may be interpreted as saying that the sum of a number of mass-weighted points
> m; p; is equivalent to the centre of gravity O + M— weighted by the total mass > m; .

As will be seen in Section 4.4 below, a weighted point may also be viewed as a bound scalar.

Historical Note
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Sir William Rowan Hamilton in his Lectures on Quaternions [Hamilton 1853] was the first to
introduce the notion of vector as 'carrier' of points.

... I regard the symbol B-A as denoting "the step from B to A": namely, that step by
making which, from the given point A, we should reach or arrive at the sought point B; and
so determine, generate, mark or construct that point. This step, (which we always suppose
to be a straight line) may also in my opinion be properly called a vector; or more fully, it
may be called "the vector of the point B from the point A": because it may be considered as
having for its office, function, work, task or business, to transport or carry (in Latin
vehere) a moveable point, from the given or initial position A, to the sought or final
position B.

% A shorthand for declaring standard bases

Any geometry that we do with points will require us to declare the origin © as one of the
elements of the basis. We have already seen that a shorthand way of declaring a basis

{e1, ez, ---, e, } is by entering V. Declaring the augmented basis

{0, e1, ez, ---, ey} can be accomplished by entering P,, . These are double-struck capital
letters subscripted with the integer n denoting the desired 'vectorial' dimension of the space. For
example, entering V3 or P3:

V3

{e1, ez, e3}
P3

{Or €1, €2y e3}

We may often precede a calculation with one of these followed by a semi-colon. This
accomplishes the declaration of the basis but for brevity suppresses the confirming output. For
example:

P,; BasisA[]

{1,0,e;,e,,0nre;,0nrey,e1r€e, 0ne;rey}

% Example: Calculation of the centre of mass

Suppose a space P53 with basis {O, e;, ez, e3} and a set of masses M; situated at points
P; . It is required to find their centre of mass. First declare the basis, then enter the mass points.

P3

{OI €1, €2, e3}

200145



Geometriclnterpretations.nb

M; =2P;; P,=0+e; +3e;-4e3;
M, =4Py; P, =0+2e; -3 -2e3;
M3 =7P3; P3=0-5e; +3e;-6ej;
My =5P,; P, =0+4e; +2e; -9e3;

We simply add the mass-weighted points.

4
M= )M

i=1

5(®+4e1+2e279e3)+7 (@*561+3€2*6€3>+
2 (®+e1+3e274e3)+4 (@+2€1*€2*2€3)

Simplifying this gives a weighted point with weight 18, the scalar attached to the origin.
M= Simplify[M]
180-5e; +33 e, -103 e;3

Taking the weight out as a factor, that is, expressing the result in the form mass X point

M = WeightedPointForm[M]

1

18 (o
" 18

(—5e1+33e2—103e3))

Thus the total mass is 18 situated at the point O + Tlg‘ (-5e; +33e; -103 e3).

4.3 Geometrically Interpreted 2-Elements

Simple geometrically interpreted 2-elements

It has been seen in Chapter 2 that the linear space /2\ may be generated from /1\ by the exterior
product operation. In the preceding section the elements of /1\ have been given two geometric

interpretations: that of a vector and that of a point. These interpretations in turn generate various
other interpretations for the elements of /2\

In /2\ there are at first sight three possibilities for simple elements:

1. xay (vector by vector).
2. Pax (point by vector).
3. P; A P, (point by point).

However, P; a P, may be expressed as P; o (P, - P;) which is a point by a vector and thus
reduces to the second case.

There are thus two simple interpreted elements in /2\:

1. xay (the simple bivector).
2. Pax (the bound vector).
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H A note on terminology

The term bound as in the bound vector Pax indicates that the vector x is conceived of as bound
through the point P, rather than fo the point P, since the latter conception would give the
incorrect impression that the vector was located at the point P. By adhering to the terminology
bound through, we get a slightly more correct impression of the 'freedom' that the vector enjoys.

The term 'bound vector' is often used in engineering to specify the type of quantity a force is.

The bivector

Earlier in this chapter, a vector x was depicted graphically by a directed and sensed line
segment supposed to be located nowhere in particular.

Graphic showing an arrow with symbol x attached.

In like manner a simple bivector may be depicted graphically by an oriented plane segment also
supposed located nowhere in particular.

Graphic showing a parallelogram constructed from two vectors x and y with common tails.
The symbol xay is attached to the parallelogram.

Orientation is a relative concept. The plane segment depicting the bivector yax is of opposite
orientation to that depicting xay.

Graphic showing a parallelogram yax .

The oriented plane segment or parallelogram depiction of the simple bivector is misleading in
two main respects. It incorrectly suggests a specific location in the plane and shape of the
parallelogram. Indeed, since xay == xa (x+y), another valid depiction of this simple bivector
would be a parallelogram with sides constructed from vectors x and x+y.

Graphic showing parallelograms xay and xa (x+y) superimposed.

In the following chapter a metric will be introduced onto /1\ from which a metric is induced onto
/2\. This will permit the definition of the measure of a vector (its length) and the measure of the

simple bivector (its area).

The measure of a simple bivector is geometrically interpreted as the area of the parallelogram
formed by any two vectors in terms of which the simple bivector can be expressed. For
example, the area of the parallelograms in the previous two figures are the same. From this point
of view the parallelogram depiction is correctly suggestive, although the parallelogram is not of
fixed shape. However, a bivector is as independent of the vector factors used to express it as any
area is of its shape. Strictly speaking therefore, a bivector may be interpreted as a portion of an
(unlocated) plane of any shape. In a metric space, this portion will have an area.
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Earlier in the chapter it was remarked that a vector may be viewed as a 'carrier' of points.
Analogously, a simple bivector may be viewed as a carrier of bound vectors. This view will be
more fully explored in the next section.

A sum of simple bivectors is called a bivector. In two and three dimensions all bivectors are
simple. This will have important consequences for our exploration of screw algebra in Chapter 7
and its application to mechanics in Chapter 8.

The bound vector

In mechanics the concept of force is paramount. In Chapter 9: Exploring Mechanics we will
show that a force may be represented by a bound vector, and that a system of forces may be
represented by a sum of bound vectors.

It has already been shown that a bound vector may be expressed either as the product of a point
with a vector or as the product of two points.

Ple:=P1A(P2_P1) ::PlAP2 Pz ==P1+x

The bound vector in the form P; a x defines a line through the point P; in the direction of x.
Similarly, in the form P; a P it defines the line through P; and P, .

Graphic showing

1. A line through a point parallel to a vector.
2. A line through two points.

Both lines are parallel.

It is an important property of the Grassmann algebra that any point on this line may be used to
represent the bound vector. Since if P and P* are any two points in the line, P-P* is a vector of
the same direction as x so that:

(P—P*)Ax==0 = PaAax=P*aAx

A bound vector may thus be depicted by a line, a point on it, and a vector parallel to it. For
compactness, we will usually depict the vector of the bound vector as lying in the line.

Graphic showing a line through a point with an arrow in the line (not attached to the point).

This graphical depiction is misleading in that it suggests that the vector x has a specific
location, and that the point P is of specific importance over other points in the line. Nevertheless
we are not aware of any more faithful alternative.

It has been mentioned in the previous section that a simple bivector may be viewed as a 'carrier'
of bound vectors. To see this, take any bound vector Pax and a bivector whose space contains
x. The bivector may be expressed in terms of x and some other vector, y say, yielding yax.
Thus:

PAax+yaxz= (P+y) Ax=P“aAx

Graphic showing a simple bivector added to a bound vector to give another bivector.
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The geometric interpretation of the addition of such a simple bivector to a bound vector is then
similar to that for the addition of a vector to a point, that is, a shift in position.

% Sums of bound vectors

A sum of bound vectors £ P; a x; (except in the case = x; == 0) may always be reduced to the
sum of a bound vector and a bivector, since, by choosing an arbitrary point P, & P; A x; may
always be written in the form:

ZP;iAx; =PA(Zx;) +3 (Py -P) ax; 4.1

If = x; == 0 then the sum is a bivector. This transformation is of fundamental importance in our
exploration of mechanics in Chapter 8.

E Example: Reducing a sum of bound vectors

In this example we verify that a sum of any number of bound vectors can always be reduced to
the sum of a bound vector and a bivector. Note however that it is only in two or three vector
dimensions that the bivector is necessarily simple. We begin by declaring the bound vector
space of three vector dimensions, P53 .

P35
{Or €1, €2,y e3}
Next, we define, enter, then sum four bound vectors.
B1=P1ax;; P =0+e; +3e;-4e;3; X =e; —-e3y
/32=P2AX2; P2=¢D+2e1-e2—2e3; Xy =€e; —ez +e3;

/33=P3AX3; P3=¢D-5e1+3e2—6e3; x3=2e1+3e2;
/34=P4AX4; P4=¢D+4e1+2e2—9e3; x4=5e3;

B=ZI31

i=1
(®+4e1+2e279e3)A(5e3)+(075e1+3e276e3)A(2e1+3e2)+

(®+e1+3e274e3) A (e17e3) + (@+2€1*€2*2€3) A (elfez +e3)

By expanding these products, simplifying and collecting terms, we obtain the sum of a bound
vector (through the origin) O A (4 e; + 2 e; + 5 e3) and a bivector

-25e; re; +39e; re3 +22 e, Ae3. Wecan use GrassmannSimplify to do the
computations for us.

G[B]
Or(de;+2e3+5e3) —25e;re3 +39%9e1re3+22e) re3

We could just as well have expressed this 2-element as bound through (for example) the point
O + e;. To do this, we simply add e; A (4 e; + 2 e; + 5 e3) to the bound vector and
subtract it from the bivector to get:
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(O+e1)r(4e;1 +2e3+5e3) -27e1re3 +34e; re3+22e3 €3

4.4 Geometrically Interpreted m-elements

Types of geometrically interpreted m-elements

In A the situation is analogous to that in /2\ A simple product of m points and vectors may
m

always be reduced to the product of a point and a simple (m—1)-vector by subtracting one of the
points from all of the others. For example, take the exterior product of three points and two
vectors. By subtracting the first point, say, from the other two, we can cast the product into the
form of a bound simple 4-vector.

PAPy AP AXAYy=PA (P -P)A (P -P) AXAYy

There are thus only two simple interpreted elements in A:
m
I. X3 A X3 A---Xy (the simple m-vector).
2. PAXy A---Xy (the bound simple (m—1)-vector).
A sum of simple m-vectors is called an m-vector and the non-simple interpreted elements of A
m

are sums of m-vectors.

If a is a (not necessarily simple) m-vector, then P a a is called a bound m-vector.
m m

A sum of bound m-vectors may always be reduced to the sum of a bound m-vector and an
(m+1)-vector.

These interpreted elements and their relationships will be discussed further in the following
sections.

The m-vector

The simple m-vector, or multivector, is the multidimensional equivalent of the vector. As with a
vector, it does not have the property of location. The m-dimensional vector space of a simple m-
vector may be used to define the multidimensional direction of the m-vector.

A simple m-vector may be depicted by an oriented m-space segment. A 3-vector may be
depicted by a parallelepiped.

Graphic showing a parallelepiped formed from three vectors.

The orientation is given by the order of the factors in the simple m-vector. An interchange of
any two factors produces an m-vector of opposite orientation. By the anti-symmetry of the
exterior product, there are just two distinct orientations.

In Chapter 6: The Interior Product, it will be shown that the measure of a 3-vector may be
geometrically interpreted as the volume of this parallelepiped. However, the depiction of the
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simple 3-vector in the manner above suffers from similar defects to those already described for
the bivector: namely, it incorrectly suggests a specific location and shape of the parallelepiped.

A simple m-vector may also be viewed as a carrier of bound simple (m—1)-vectors in a manner
analogous to that already described for the bivector.

A sum of simple m-vectors (that is, an m-vector) is not necessarily reducible to a simple m-

vector, except in A, A, A, A.
0 1 n-1 n

The bound m-vector

The exterior product of a point and an m-vector is called a bound m-vector. Note that it belongs

to A . A sum of bound m-vectors is not necessarily a bound m-vector. However, it may in
m+1

general be reduced to the sum of a bound m-vector and an (m+ 1)-vector as follows:

ZPiAO:ni ==Z(P+Bi)Aofni ==PAZO:ni+ZI31Aami 4.2

The first term P a Z a; is a bound m-vector providing Z a; # 0 and the second term is an
m m

(m+1)-vector.

When m = 0, a bound 0-vector or bound scalar paa (= ap) is seen to be equivalent to a
weighted point.

When m = n, any bound n-vector is but a scalar multiple of © A €; A €3 a --- a e, for any basis.

The graphical depiction of bound simple m-vectors presents even greater difficulties than those
already discussed for bound vectors. As in the case of the bound vector, the point used to
express the bound simple m-vector is not unique.

In Section 4.6 we will see how bound simple m-vectors may be used to define multiplanes.

Bound simple m-vectors expressed by points

A bound simple m-vector may always be expressed as a product of m+1 points.
Let P; = Pg + X;, then:

PoAX1 AX2 A AXp
==Pg A (Py -Pg) A (P2 —=Pg) A-- A (Py - Pg)
== POAP1 APzA---APm

Conversely, as we have already seen, a product of m+1 points may always be expressed as the
product of a point and a simple m-vector by subtracting one of the points from all of the others.

The m-vector of a bound simple m-vector Py A Py A Py a -+« A Py may thus be expressed in
terms of these points as:

(P1 -=Pg) A (P2 —Pg) A-+- A (Py - Pop)
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A particularly symmetrical formula results from the expansion of this product reducing it to a
form no longer showing preference for Pg .

(P1 -Pg) A (Py =Pg) Ao r (Py - Pg) ==

Z (_l)i POAPIA“'ADiA...APm
i=0

Here O; denotes deletion of the factor P; from the product.

4.5 Decomposition into Components

The shadow

In Chapter 3 we developed a formula which expressed a p-element as a sum of components, the
element being decomposed with respect to a pair of elements a« and B which together span the

m n-m
whole space. The first and last terms of this decomposition were given as:
(@x)v 8 av(xnp)
m p n-m m P n-m
X —— e e ——,—,——
P av f av 3
m n-m m n-m

Grassmann called the last term the shadow of x on a excluding B .
p m n-m

It can be seen that the first term can be rearranged as the shadow of x on B excluding a.
p m

n-m
A

m p n-m n-m P m

av f va

m n-m n-m m

If p =1, the decomposition formula reduces to the sum of just two components, x, and xgz,
where x, lies in a and x5 liesin B .

We now explore this decomposition with a number of geometric examples, beginning with the
simplest case of decomposing a point on a line into a sum of two weighted points in the line.
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Decomposition in a 2-space

E Decomposition of a vector in a vector 2-space

Suppose we have a vector 2-space defined by the bivector a a . We wish to decompose a
vector x in the space to give one component in a and the other in 8. Applying the
decomposition formula gives:

av (xap) (xvﬁ)
a

xa == ==
avf avf
Bv A v
Xp = (x a) ::(x a)B
Bva Bva

Graphic of two vectors o and 3 in a plane with a third vector X between them, showing its
decomposition in the directions of @ and .

The coefficients of a and 8 are scalars showing that x, is congruent to a and xg is congruent to
B. If each of the three vectors is expressed in basis form, we can determine these scalars more
specifically. For example:

X==X3€; +Xp€3; a==a; e; +ajz ey, /3==b1e1+b2e2

xvp (x1e1 +x3e3) v (by e +by e;)

avp (aye; +azez) v (by e +bye;)

(x1 bz -x2b;) egve; (%1 by -x; by)

(a1 by -—az by) er1ve; (a1 by —az b;)

Finally then we can express the original vector x as the required sum of two components, one in
a and one in f3.

(x1 by -x3 b1) o (x1 a2 -x3 a;)
(a1 by —az b;) (by az -by a;3)

E Decomposition of a point in a line

These same calculations apply to decomposing a point P into two component weighted points
congruent to two given points Q and R in a line. Let:

P==-0O+pe;; Q0==0O0+qe;; R==0+re;;

Graphic of two points Q and R in a line with a third point P between them. Q and R are
shown with weights attached.

The decomposition may be obtained by following the process mutatis mutandis. Alternatively
we may substitute directly into the formula above by making the correspondence: e; -» O,
e, -» e;, whence:
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X1 1, xp»>p,a;-»>1,a,-»>q,b;»1, b >r

The resulting formula gives the point P as the sum of two weighted points, scalar multiples of
the points Q and R.

(r- p) . (a-p)
(r-q) (ga-r)

E Decomposition of a vector in a line

We can also decompose a vector x into two component weighted points congruent to two given
points Q and R in a line. Let:

X=—ae;; 0==0+qe;; R==0+re;;

The decomposition formula then shows that the vector x may be expressed as the difference of
two points, each with the same weight representing the ratio of the vector x to the parallel
vector Q-R.

e ()

Graphic of two points Q and R in a line with a vector x between them. Q and R are shown
with weights attached.

Decomposition in a 3-space

E Decomposition of a vector in a vector 3-space

Suppose we have a vector 3-space represented by the trivector a A 8 A y. We wish to
decompose a vector x in this 3-space to give one component in a » 3 and the other in y.
Applying the decomposition formula gives:

(aaB) v (xay)
(aaB) vy

xaAB ==

YV (xaaap)

X ==
Y ¥v (aaB)

Graphic of two vectors o and 3 in a planar direction with a third vector y in a third
direction. A vector x is shown with two components, one in the planar direction and the
other in the direction of 7.

Because xaaaf is a 3-element it can be seen immediately that the component x,, can be
written as a scalar multiple of y where the scalar is expressed either as a ratio of regressive
products (scalars) or exterior products (n-elements).

(XV(GAB)) (aABAx)
x), == —_— Y:: —_— Y
YV (aaB) arBay
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The component x4,z Will be a linear combination of a and 8. To show this we can expand the
expression above for x,,5 using the Common Factor Axiom.

_(aaB)vi(xay)  (aaxay)vB  (Baxay)va
asB == == -

(aaB) vy (aaB) vy (aaB) vy

Rearranging these two terms into a similar form as that derived for x, gives:

XABAY AAXAY
e (22022) o (2523)
arfB Ay arfB Ay

Of course we could have obtained this decomposition directly by using the results of the
decomposition formula [3.51] for decomposing a 1-element into a linear combination of the
factors of an n-element.

XABAY AAXAY arfaAx
o (5T (252) o (22225
asrfBary arfB Ay arfBay

E Decomposition of a point in a plane

Suppose we have a plane represented by the bound bivector © A @ A R. We wish to decompose a
point P in this plane to give one component in the line represented by © A Q and the other as a
scalar multiple of R. Applying the decomposition formula derived in the previous section gives:

PAQAR OAPAR OAQAP
P - (__] 0+ (__] 0+ (__] R
OAQAR OAQAR OAQAR

From this we can read off immediately the components Pp,.g and Pgr we seek. Pg.q is the
weighted point:

PAQAR OAPAR
e (2222 o (22222
AQAR PAQAR

whilst the weighted point located at R is:

OAQAP
PR == (—-—) R
OAQAR

Graphic of a line and points P and R external to it. A line joins R and P and intersects L.

Decomposition in a 4-space

E Decomposition of a vector in a vector 4-space

Suppose we have a vector 4-space represented by the trivector a A B Ay A 6. We wish to
decompose a vector x in this 4-space. Applying the decomposition formula [3.51] gives:

X ==
XABAyaAd AAXAYAD aABAxAd aABAyax
rvreor] A Fvresr) L v rerrl Al Pl

arBaryad arBAayad

arBaAyad aABAyad
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For simplicity we write x as:
x==aa+bB+cy+déd
where the coefficients a, b, ¢, and d are defined by the first equation above.

We can rearrange these components in whatever combinations we require. For example if we
wanted the decomposition of x into three components, one parallel to a, one parallel to 3, and
one parallel to ya & we would simply write:

X=Xg +Xg +Xyas == (@) + (bB) + (cy+d9)

Of course, as we have seen in many of the examples above, decomposition of a point or vector
in a 4-space whose elements are interpreted as points or vectors follows the same process: only
the interpretation of the symbols differs.

Decomposition of a point or vector in an n-space

Decomposition of a point or vector in a space of n dimensions is generally most directly
accomplished by using the decomposition formula [3.51] derived in Chapter 3: The Regressive
Product. For example the decomposition of a point can be written:

n alAazA"'APA"'Aan
:=Z aj 4.5
i—]_ al Aaz A...Aai A oee Aan

As we have already seen for the 4-space example above, the components are simply arranged in
whatever combinations are required to achieve the decomposition.

4.6 Geometrically Interpreted Spaces

Vector and point spaces

The space of a simple non-zero m-element a has been defined in Section 2.3 as the set of 1-

elements x whose exterior product with a is zero: {x PaAX == 0} .
If x is interpreted as a vector v, then the vector space of a is defined as {v PAAV = 0} .
If x is interpreted as a point P, then the point space of a is defined as {P Paa P == 0} .

The vector space of a simple m-vector is an m-dimensional vector space. Conversely, the m-
dimensional vector space may be said to be defined by the m-vector.

The point space of a bound simple m-vector is called an m-plane (sometimes multiplane). Thus
the point space of a bound vector is a 1-plane (or line) and the point space of a bound simple
bivector is a 2-plane (or, simply, a plane). The m-plane will be said to be defined by the bound
simple m-vector.
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The geometric interpretation for the notion of set inclusion is taken as 'to lie in'. Thus for
example, a point may be said to lie in an m-plane.

The point and vector spaces for a bound simple m-element are tabulated below.

m Pa a Point space Vector space

0 bound scalar point

1 bound vector line 1 —dimensional vector space

2 bound simple bivector plane 2 —dimensional vector space

m | bound simple m—vector | m—plane m —dimensional vector space
n—11] bound (n — 1) —vector | hyperplane | (n — 1) —dimensional vector space

n bound n—vector n—plane n —dimensional vector space

Two congruent bound simple m-vectors P a a anda P a a define the same m-plane. Thus, for

example, the point O+x and the weighted point 20+2x define the same point.

E Bound simple m-vectors as m-planes

We have defined an m-plane as a set of points defined by a bound simple m-vector. It will often
turn out however to be more convenient and conceptually fruitful to work with m-planes as if
they were the bound simple m-vectors which define them. This is in fact the approach taken by
Grassmann and the early workers in the Grassmannian tradition (for example, [Whitehead ],
[Hyde ]and [Forder ]). This will be satisfactory provided that the equality relationship we
define for m-planes is that of congruence rather than the more specific equals.

Thus we may, when speaking in a geometric context, refer to a bound simple m-vector as an m-
plane and vice versa. Hence in saying II is an m-plane, we are also saying that all a I (where a
is a scalar factor, not zero) is the same m-plane.

Coordinate spaces

The coordinate spaces of a Grassmann algebra are the spaces defined by the basis elements.

The coordinate m-spaces are the spaces defined by the basis elements of A. For example, if /1\
m

has basis {O, e1, ez, e3},thatis, we are working in the bound vector 3-space P3, then the
Grassmann algebra it generates has basis:

P3; BasisA[]

{1, 0, e1,e,e3,0re,0nrey, Dnez, €1 r€, € r€3, € ~€3,
Oreprney, Ore; nez3, Onreyrez, egreznesy, Onre; rey Ae3}

Each one of these basis elements defines a coordinate space. Most familiar are the coordinate m-
planes. The coordinate 1-planes © A e;, 0 A €5, O A e3 define the coordinate axes, while the
coordinate 2-planes O A e; A e;,D A e; A e3, 0 A ey A e3 define the coordinate planes.
Additionally however there are the coordinate vectors e; , €5, €3 and the coordinate bivectors
€1 Ae3,e] Ae3,e3 Ae3.

Perhaps less familiar is the fact that there are no coordinate m-planes in a vector space, but
rather simply coordinate m-vectors.
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Geometric dependence

In Chapter 2 the notion of dependence was discussed for elements of a linear space. Non-zero 1-
elements are said to be dependent if and only if their exterior product is zero.

If the elements concerned have been endowed with a geometric interpretation, the notion of
dependence takes on an additional geometric interpretation, as the following table shows.

X1 A Xy == X3, X, are parallel (co—directional)
P, APy == 0 P, , P, are coincident

X1, X5, X3 are co—2—directional (or parallel)
P, , P,, P3 are collinear (or coincident)

X1 AXy AX3 ==
Pl APZ AP3 ==

Xy, *++, Xn are co—k—directional, k < m
Py, -+, Py are co—k—planar, k <m—1

xl A---Axm ==

O O oo

Pl A---APm ==

Geometric duality

The concept of duality introduced in Chapter 3 is most striking when interpreted geometrically.
Suppose:

P defines a point

L defines a line

b defines a plane
v defines a 3-plane

In what follows we tabulate the dual relationships of these entities to each other.

E Duality in a plane

In a plane there are just three types of geometric entity: points, lines and planes. In the table
below we can see that in the plane, points and lines are 'dual’ entities, and planes and scalars are
'dual' entities, because their definitions convert under the application of the Duality Principle.

LEPlApz PEL1VL2
7t =Py APy AP3 15L1VL2VL3
nt=LAP 1=PvL

E Duality in a 3-plane

In the 3-plane there are just four types of geometric entity: points, lines, planes and 3-planes. In
the table below we can see that in the 3-plane, lines are self-dual, points and planes are now
dual, and scalars are now dual to 3-planes.
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LEPlApz

L= vm

7('EP1AP2 AP3

P =7y v, v

VEPlApz AP3AP4

l=mvmyvaz v

w=LAP P=Lvr
VELlALz lEleLz
V=naAP l1=Pvnm

E Duality in an n-plane

From these cases the types of relationships in higher dimensions may be composed
straightforwardly. For example, if P defines a point and H defines a hyperplane ((n—1)-plane),
then we have the dual formulations:

|HEP1AP2A-“APn_1 P=H; vHy v..-vH, ;

4.7 m-planes

In the previous section m-planes have been defined as point spaces of bound simple m-vectors.
In this section m-planes will be considered from three other aspects: the first in terms of a
simple exterior product of points, the second as an m-vector and the third as an exterior quotient.

m-planes defined by points

Grassmann and those who wrote in the style of the Ausdehnungslehre considered the point more
fundamental than the vector for exploring geometry. This approach indeed has its merits. An m-
plane is quite straightforwardly defined and expressed as the (space of the) exterior product of
m+1 points.

II == Pg AP; APy A e APy

m-planes defined by m-vectors

Consider a bound simple m-vector Pg A X3 A X3 A -+ A Xy . Its m-plane is the set of points P
such that:

PAPgAX] AXy Acee AXy ==

This equation is equivalent to the statement: there exist scalars a, ag, aj , not all zero, such
that:

aP+agPp+Za; x;==0

And since this is only possible if a == —ag (since for the sum to be zero, it must be a sum of
vectors) then:

a(P-Pg) +Za;x;3 =0
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or equivalently:
(P-Pg) AX; AXg A aXy =0

We are thus lead to the following alternative definition of an m-plane: an m-plane defined by the
bound simple m-vector Pg A X3 A X A -+ A Xy 1S the set of points:

{P: (P—Po)Axlez Acee AXpy == 0}

This is of course equivalent to the usual definition of an m-plane. That is, since the vectors
(P-Pgy),x1, X3, -, Xy are dependent, then for scalar parameters t; :

(P—Po) =t; X1+ 2 X + o+t Xy 4.6

m-planes as exterior quotients

The alternative definition of an m-plane developed above shows that an m-plane may be defined
as the set of points P such that:

PAX) AXp Ao AXp == PgAX) AXy A AXpy

'Solving' for P and noting from Section 2.11 that the quotient of an (m+1)-element by an m-
element contained in it is a 1-element with m arbitrary scalar parameters, we can write:

PoAX) AX2 AcceAXp
== == Pop+t; X1+ t3 X3 +-- +ty X
xlez’\""\xm

PoAX1 AX2AeeAXp
= 4.7
xlezA""\xm

The operator o

We can define an operator d which takes a simple (m+1)-element of the form
Po A P; A Py A ... A Py and converts it to an m-element of the form
(P1-Pg) A (P2 ~Pg) A-een (Py-Pog).

The interesting property of this operation is that when it is applied twice, the result is zero.
Operationally, 82 == 0. For example:

0 (P) ==

8 (PpAaP;) =P; -Py
(P -Pg) ==1-1 =

6(P0 AP]_ APz) == Pl APz +P2 APO+P0 AP1
6(P1AP2+P2 APO+POAP1) == Pz—P1+Po—P2 +P1—Po ==

Remember that P; A P, + Py A Pg + Pg A Py is simple since it may be expressed as
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(P1 -Pg) A (P2 —Pg) == (P -P1) A (Pg -P1) == (Pp -P3) A (P1 -P3)

This property of nilpotence is shared by the boundary operator of algebraic topology and the
exterior derivative. Furthermore, if a product with a given 1-element is considered an operation,
then the exterior, regressive and interior products are all likewise nilpotent.

4.8 Line Coordinates

We have already seen that lines are defined by bound vectors independent of the dimension of
the space. We now look at the types of coordinate descriptions we can use to define lines in
bound spaces (multiplanes) of various dimensions.

For simplicity of exposition we refer to a bound vector as 'a line', rather than as 'defining a line'.

% Lines in a plane

To explore lines in a plane, we first declare the basis of the plane: P, .
P3
{(D r €1, €2 }

A line in a plane can be written in several forms. The most intuitive form perhaps is as a product
of two points O+x and O+y where x and y are position vectors.

L= (0+x)A(0+y)

Graphic of a line through two points specified by position vectors.

We can automatically generate a basis form for each of the position vectors x and y by using
the GrassmannAlgebra CreateVector function.

{X = CreateVector[x], Y = CreateVector[y]}
{e1x; +e2 X, €1 Y1 +€2 Y2}

L= (0+X)A(0+Y)
L=(0+e1xX3+e3X2)A(0+e1y1 +€2Y2)

Or, we can express the line as the product of any point in it and a vector parallel to it. For
example:

L=z (0+X)A(Y-X)=(0O+Y)A(¥Y-X)//Simplify

L= (0+e1x1+e2X2) (€1 (-X1+Y1) +€ (X2 +Y¥Y2)) =
(O+ey1y1+e2y2) A (e1 (-X1 +y1) +€2 (-X2 +¥2))

Graphic of a line through a point parallel to the difference between two position vectors.
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Alternatively, we can express L without specific reference to points in it. For example:
L=0OA(ae;+bey) +ce;re;,

The first term © o (a e; + b ey) is a vector bound through the origin, and hence defines a line
through the origin. The second term c e; a e, is a bivector whose addition represents a shift in
the line parallel to itself, away from the origin.

Graphic showing a line through the origin plus a shift due to the addition of a bivector. Don't
draw the basis vectors at right angles.

We know that this can indeed represent a line since we can factorize it into any of the forms:

* A line of gradient -g through the point with coordinate -;— on the O A e; axis.

c
L= (O+-k—,e1)/\(ae1 +bey)

Graphic of a line through a point on the axis with given gradient.

* A line of gradient -g through the point with coordinate - -‘ai on the O A e, axis.

c
L= (O——ez)/\(ael +bejy)
a

Graphic of a line through a point on the axis with given gradient.

* Or, a line through both points.

L= —

ab(
(o}

0-—e)rfor L e)
- — ey | A0+ —e
a2 b1

Of course the scalar factor a—c]?- is inessential so we can just as well say:

c c
L= (O——ez)A(O+—e1)
a b

Graphic of a line through a point on each axis.

¢ Information required to express a line in a plane

The expression of the line above in terms of a pair of points requires the four coordinates of the
points. Expressed without specific reference to points, we seem to need three parameters.
However, the last expression shows, as expected, that it is really only two parameters that are
necessary (viz y=m x + c).
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% Lines in a 3-plane

Lines in a 3-plane PP3 have the same form when expressed in coordinate-free notation as they
do in a plane P, . Remember that a 3-plane is a bound vector 3-space whose basis may be
chosen as 3 independent vectors and a point, or equivalently as 4 independent points. For
example, we can still express a line in a 3-plane in any of the following equivalent forms.

L= (0+x)A(0+y)
L= (0+x)A(y-x)
L= (0+y)a(Y-Xx)
L=0A(Y-X)+XAy

Here, x and y are independent vectors in the 3-plane.

The coordinate form however will appear somewhat different to that in the 2-plane case. To
explore this, we redeclare the basis as P53 .

P3

{O, e1, ez, €3}

{X = CreateVector[x], Y = CreateVector|[y]}

{e1 X +e; X, +e3X3, €1 Y1 +€2¥Y2+€3Y3}

L= (0+X)A(0+Y)

L= (0+e;1 X3 +€e3Xp+e3X3)r(0+e1y1+e€3¥Y2 +€3Y3)
Multiplying out this expression gives:

L= g[(O+e1x1+e2Xx2+e3%X3) A (0+e1y1+e2Y2+e€3Y¥3)]

L=0nr(ey (-X1 +Y1) +t€2 (=X +¥Y2) +€3 (X3 +¥3)) +
(-X2 Y1 +X1Y2) €1 r€3 +
(-X3 Y1 +X1¥3) €1r€3+ (X3 Y2 +X2Y¥3) € r€e3

The scalar coefficients in this expression are sometimes called the Pliicker coordinates of the
line.

Alternatively, we can express L in terms of basis elements, but without specific reference to
points or vectors in it. For example:

L=OA(ae;+bey+cesz) +dejre; +eezrez+fe;nes

The first term O o (a e; + b e, + c e3) is a vector bound through the origin, and hence
defines a line through the origin. The secondtermde; re; +ee; ae3; + fe; aej isa
bivector whose addition represents a shift in the line parallel to itself, away from the origin. In
order to effect this shift, however, it is necessary that the bivector contain the vector

(ae; + bey +ce3). Hence there will be some constraint on the coefficients d, e, and £. To
determine this we only need to determine the condition that the exterior product of the vector
and the bivector is zero.
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Gl(ae; +bey+cez)a(dejre; +eeznre; + feg rne;) ==0]

(cd+ae-bf)e re;rez3 ==0

Alternatively, this constraint amongst the coefficients could have been obtained by noting that
in order to be a line, L must be simple, hence the exterior product with itself must be zero.

L=OA(ae;+bey+ces) +dejrez; +eezresz+fe;anes;
G[L AL = 0]
2 (cd+ae-bf)Ore;reyne; ==0

Thus the constraint that the coefficients must obey in order for a general bound vector of the
form L to be a line in a 3-plane is that:

cd+ae-bf =
This constraint is sometimes referred to as the Pliicker identity.

Given this constraint, and supposing neither a, b or ¢ is zero, we can factorize the line into any
of the following forms:

f e

= |0+ —e1+ —ey|Ar(ae; +bey; +ce3)
c c
d f

L= |0-—e;-—e3|a(ae;+bey +ce3)
a a

o d e ( b )

== + —€e; - —e3| A (ae; + e + Cej3
b b

Each of these forms represents a line in the direction of a e; + b e; + ¢ e3 and intersecting a
coordinate plane. For example, the first form intersects the O a e; A e, coordinate plane in the
point © + -‘f? e; + -:— e, with coordinates (-‘f? ,-:— ,0).

The most compact form, in terms of the number of scalar parameters used, is when L is
expressed as the product of two points, each of which lies in a coordinate plane.

ac d f f e
L=——(O——ez-—e3)/\(®+—e1+—e2);
a a c c

We can verify that this formulation gives us the original form of the line by expanding the
product and substituting the constraint relation previously obtained.

G[L] /. (cd+ae- fb)
Or (ae;+bey+ces) +dejrney;+fejnes+eey nes

Similar expressions may be obtained for L in terms of points lying in the other coordinate
planes. To summarize, there are three possibilities in a 3-plane, corresponding to the number of
different pairs of coordinate 2-planes in the 3-plane.
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L= (0O+x;€e;+x3€3)A(0O+yye; +y3 €3)
L= (0O+x1e1+x2€3) A (0+2;e;1 +23e3) 4.8

L= (O+Yzez +y3e3)A(O+zle1+z3e3)

Graphic of a line through 3 points, one in each coordinate plane.

E Information required to express a line in a 3-plane

As with a line in a 2-plane, we find that a line in a 3-plane is expressed with the minimum
number of parameters by expressing it as the product of two points, each in one of the
coordinate planes. In this form, there are just 4 independent scalar parameters (coordinates)
required to express the line.

B Checking the invariance of the description of the line

We can use GrassmannAlgebra to explore the invariance of how a line is expressed. Again,
suppose we are in a 3-plane.

P
{Or €1, €2,y e3}

Define a line L as the exterior product of two points, one in the O a e; A e, coordinate plane
and one in the © A e; A e3 coordinate plane.

L=(0O+x3e;+x2€e3)A(0+yze; +y3es);
Declare the coordinates as scalars.
DeclareExtraScalars[{xi1, X2, Y2, ¥3}];

Verify that the intersection of the line with the first coordinate plane does indeed give a point
congruent to the first point.

P; =G[Lv (DAre; rnez)] // ToCongruenceForm

(O +e1 X3 +€ X2) V3
k

Next determine the (weighted) point in the line in the third coordinate plane (the coordinate
plane which did not figure in the original definition of the line).

P, = G[Lv (DAre; ne3)] // ToCongruenceForm

O (X2 -Y2) —€1 X1 V2 +€3 X3 V3
k

We can now confirm that the exterior product of these two points is still congruent to the
original specification of the line by expanding the quotient of the two expressions and showing
that it reduces to a scalar.
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ScalarQ [Simplify [FactorScalars [ExpandProducts [ Q[;;_[;]Pz]_ ] ] ] ]

True

Lines in a 4-plane

Lines in a 4-plane PP, have the same form when expressed in coordinate-free notation as they
do in any multiplane.

To obtain the Plucker coordinates of a line in a 4-plane, express the line as the exterior product
of two points and multiply it out. The resulting coefficients of the basis elements are the Plucker
coordinates of the line.

Additionally, from the results above, we can expect that a line in a 4-plane may be expressed
with the least number of scalar parameters as the exterior product of two points, each point lying
in one of the coordinate 3-planes. For example, the expression for the line as the product of the
points in the coordinate 3-planes O re; aey; ae3 and O re; A e3 Aey s

L=(0O+x3e3+X3€e3+X%x3€3) A (0+yze;+¥Y3e€3+V4€y)

Lines in an m-plane

The formulae below summarize some of the expressions for defining a line, valid in a
multiplane of any dimension.

Coordinate-free expressions may take any of a number of forms. For example:

L= (0+x)A(0+Yy)
L= (0+x)A(y-x)
L= (0+y)a(Y-Xx)
L=0A(Y-X)+XAyY

A line can be expressed in terms of the 2m coordinates of any two points on it.

L=(0O+x1;€e1+X3€y+++Xpep)A(O+y;€1 +Y2€5+:++Vn€n) 4.10

When multiplied out, the expression for the line takes a form explicitly displaying the Plucker
coordinates of the line.

L=0A((y1-%x1)e1+ (Y2-%2) € +--+ (¥Ym - Xn) €n)
+(X1yY2-X2Yy1) €e14r€2 + (X1 Y3 -X3Y1) €1 r€3 + 4.11
(X1 Va-Xgy1) e1r€g + -+ (Xp_1 ¥m — Xn Ym-1) ©m-1 A €p
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Alternatively, a line in an m-plane © A €1 A €3 A --- A €, can be expressed in terms of its
intersections with two of its coordinate (m—1)-planes, © A €1 A --- A0; A --- A €, and
O Aeyp A-- Alj A -+ ey say. The notation O; means that the ith element or term is missing.

L
(O+x3 ey +--+0;+-+Xpey) A (O+yr1 €+ +0j + - +¥n €n)

This formulation indicates that a line in m-space has at most 2(m—1) independent parameters
required to describe it.

It also implies that in the special case when the line lies in one of the coordinate (m—1)-spaces, it
can be even more economically expressed as the product of two points, each lying in one of the
coordinate (m—2)-spaces contained in the (m—1)-space. And so on.

4.9 Plane Coordinates

We have already seen that planes are defined by simple bound bivectors independent of the
dimension of the space. We now look at the types of coordinate descriptions we can use to
define planes in bound spaces (multiplanes) of various dimensions.

% Planes in a 3-plane

A plane II in a 3-plane can be written in several forms. The most intuitive form perhaps is as a
product of three non-collinear points O+x, O+y and O+z, where x, y and z are vectors.

II=(0+x)A(0D+y) A (0 +2)

Graphic of a plane with the preceding definition.

Or, we can express it as the product of any two different points in it and a vector parallel to it
(but not in the direction of the line joining the two points). For example:

II=(0+x)A(0+y) A (2-X)

Graphic of a plane with the preceding definition.

Or, we can express it as the product of any point in it and any two independent vectors parallel
to it. For example:

I=(0+%x)A(y-X)a(z2-X)

Graphic of a plane with the preceding definition.

Or, we can express it as the product of any line in it and any point in it not in the line. For
example:
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I=La (0O +X)

Graphic of a plane with the preceding definition.

Or, we can express it as the product of any line in it and any vector parallel to it (but not parallel

to the line). For example:

DI=LaA(2-Xx)

Graphic of a plane with the preceding definition.

Given a basis, we can always express the plane in terms of the coordinates of the points or
vectors in the expressions above. However the form which requires the least number of
coordinates is that which expresses the plane as the exterior product of its three points of
intersection with the coordinate axes.

II=(0O+ae;) A (D+bez) A (D +ce3)

Graphic of a plane with the preceding definition.

If the plane is parallel to one of the coordinate axes, say O A e3 , it may be expressed as:
II=(0O+ae;) A (D+bey) re3

Whereas, if it is parallel to two of the coordinate axes, say O A e and O A e3, it may be
expressed as:

II=(0O+ae;) reyaes

If we wish to express a plane as the exterior product of its intersection points with the
coordinate axes, we first determine its points of intersection with the axes and then take the
exterior product of the resulting points. This leads to the following identity:

M= (Iv(0nrey)) (v (Oaez))a (Iv(Oare;))

E Example: To express a plane in terms of its intersections with the coordinate
axes

Suppose we have a plane in a 3-plane defined by three points.
P3;I=(0D+e;+2e3+5e3)A (0D-e1+9e3)A(0D-T7e;+6e3 +4e3)
(O+e;+2e,+5e3) A (0O-e1+9e3) A (0O-Te; +6e; +4e3)

To express this plane in terms of its intersections with the coordinate axes we calculate the
intersection points with the axes.

G[Ov (Drey)]

(DAel NEpy A3 Vv (13@+329€1)
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G[Ov (Orez)]

(DAel NEpy A3 Vv (38@+329€2)

G[Ov (Ores)]

(DAel NEpy A3 Vv (48@+329€3)

We then take the product of these points (ignoring the weights) to form the plane.

329 e; 329 e, 329 e3
II= (O+—-—)A(O+—-—)A(O+——)
13 38 48

To verify that this is indeed the same plane, we can check to see if these points are in the
original plane. For example:

ﬂl_)]

g[ma (o +
13

0

Planes in a 4-plane

From the results above, we can expect that a plane in a 4-plane is most economically expressed
as the product of three points, each point lying in one of the coordinate 2-planes. For example:

M= (0O+x;€; +X3€3) A (O+yz€e3 +y3€3) A (0+23€3+24€,)

If a plane is expressed in any other form, we can express it in the form above by first
determining its points of intersection with the coordinate planes and then taking the exterior
product of the resulting points. This leads to the following identity:

= (Iv(Dregarez)) a(llv (Darezarez)) a(Ilv (ODrezarey))

Planes in an m-plane

A plane in an m-plane is most economically expressed as the product of three points, each point
lying in one of the coordinate (m—2)-planes.

II = (O+x1 €1 + - +Xj €5 +--+Xj, €5, +-0 + Xy em)

A (O + Yl el + oo + Y13 ei3 + oo + Y14 ei4 + oo + Ym em)
223 713 ol Ml
A (O +21€1 +--+2j, €5, +-+32Zj, €5, + -+ 2Zp em)
=5 15, —6 76
Here the notation x; e; means that the term is missing from the sum.
foit et

This formulation indicates that a plane in an m-plane has at most 3(m—2) independent scalar
parameters required to describe it.
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4.10 Calculation of Intersections

% The intersection of two lines in a plane

Suppose we wish to find the point P of intersection of two lines Lj and Ly in a plane. We have
seen in the previous section how we could express a line in a plane as the exterior product of
two points, and that these points could be taken as the points of intersection of the line with the
coordinate axes.

First declare the basis of the plane, and then define the lines.
Py
{(D r €1, €2 }

L
L;

(OD+ae;) A (OD+bey);
(OD+ce1) A (0OD+dey);

Next, take the regressive product of the two lines and simplify it.

G[L; vL;]

Oreireyv ((bc-ad)0O+ac (b-d)e;+b (-a+c)dey)
This shows that the intersection point P is given by:

ac (b-d) bd (c-a)
P=0+ e; + e
bc-ad bc-ad

~e

To verify that this point lies in both lines, we can take its exterior product with each of the lines
and show the result to be zero.

G[{L1 AP, Ly aP}]

{0, 0}

In the special case in which the lines are parallel, that is b ¢ - a d = 0, their intersection is no
longer a point, but a vector defining their common direction.

% The intersection of a line and a plane in a 3-plane

Suppose we wish to find the point P of intersection of a line L and a plane II in a 3-plane. We
express the line as the exterior product of two points in two coordinate planes, and the plane as
the exterior product of the points of intersection of the plane with the coordinate axes.

First declare the basis of the 3-plane, and then define the line and plane.
P3

{OI €1, €2, e3}
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L= (0O+ae; +be;) A (O+cez; +de3);
I=(0+ee;)rA(O+fezx)Aa(0D+ge3);

Next, take the regressive product of the line and the plane and simplify it.

G[L vII]

Oreireyrneszv ((def- (be-ce+af)g)O+ae (df+ (c-£f)g) e+
f (be(d-g)+c(-a+e)g)e,-d(be+ (a-e) f) ges)

This shows that the intersection point P is given by:

ae (df+ (c-£) g)
P=0+ e +
def-(be-ce+af)g

f (be(d-g) +c (-a+e)g) d(be+ (a-¢e) f) g
e

def-(be-ce+af)g 2 def-(be-ce+af)g

To verify that this point lies in both the line and the plane, we can take its exterior product with
each of the lines and show the result to be zero.

GI{LAP, IAP}]
{0, 0}

In the special case in which the line is parallel to the plane, their intersection is no longer a
point, but a vector defining their common direction. When the line lies in the plane, the result
from the calculation will be zero.

% The intersection of two planes in a 3-plane

Suppose we wish to find the line L of intersection of two planes II; and II; in a 3-plane.
First declare the basis of the 3-plane, and then define the planes.

P3

{O, e1, ez, €3}

Il = (0O+ae;) A (D+bey) A (0O+ce3);
I, = (O+ee;) A (O+fey) A (O+ge3);

Next, take the regressive product of the two lines and simplify it.

G[O; vII ]

Orejpreynresv
(Or (ae (cf-bg)e; +bf (-ce+ag)e,+c (be-af)ge;) +abe
f(-c+g)e;re;+ace (b-f)ge;res+bec (-a+e) fge; nes)

This shows that the line of intersection L is given by:
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L=0OAr(ae(cf-bg)e;+bf (ag-ce)e,+cg(be-af)e;)
+tabef (g-c)e;re;
+taceg (b-f) e; re3
+bcfg(e-a)e;nre;z;

To verify that this line lies in both planes, we can take its exterior product with each of the
planes and show the result to be zero.

G[{Il; AL, T3 aL}]
{0, 0}

In the special case in which the planes are parallel, their intersection is no longer a line, but a
bivector defining their common 2-direction.

% Example: The osculating plane to a curve

¢ The problem

Show that the osculating planes at any three points to the curve defined by:

P==0+ue; +u? e, +ul e3

intersect at a point coplanar with these three points.

¢ The solution

”

The osculating plane II to the curve at the point P is given by I == P A P o P, where u is a scalar

parametrizing the curve, and P and P are the first and second derivatives of P with respect to u.

”

II=PAPAP;

P=0+ue; +u? (=P +ud es;

s

P=e1+2ue2+3u2e3;

”
P=2e;+6ues;

We can declare the space to be a 3-plane and the parameter u (and subscripts of it) to be a
scalar, and then use GrassmannSimplify to derive the expression for the osculating plane
as a function of u.

P3; DeclareExtraScalars[{u, u }]; g[I]
20re1r€3 +6UDANE] Ae3+6u2tDAe2 A €3 +2ud e rep nes

Now select any three points on the curve P; , P, and P3.
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P1=¢D+u1e1+u12e2+u13e3;
P2=O+u2e1+u22e2+u23e3;
P3=O+u3e1+u32e2+u33e3;

The osculating planes at these three points are:

II; =tDAe1Ae2+3u1®Ae1Ae3+3u12®Ae2 A €3 +u13 €] A€ Ae3;
II, =¢DAe1Ae2+3u2®Ae1Ae3+3u22¢DAe2 A 3 +U23 €] A€z Ae3;
II3 =tDAe1Ae2+3u3®Ae1Ae3+3u32tDAe2 A €3 +'U.33 €] A€z Ae3;

The point of intersection of these three planes may be obtained by calculating their regressive
product.

G[I; vII; vI3]

OrejrneynezvOnre;reynezv (90 (up —uy) (up —uz) (upz —uz) +
3e; (up —uyz) (up -—uz) (-up —uz -uz) (uz -uz) -
9e3u; (u;p —uz) uz (u; -—uz) (uz -usz) uz +
3ey (up —uyz) (up -—uz) (uz —uz) (-upuz-u; (uy +usz)))

This expression is congruent to the point of intersection which we write more simply as:

0=

1
O+-3— (u1 + Uy +'U.3) e1+-; (u1 Uz + Uz us + us u1) ey + (u1 uz U3) e3;

Finally, to show that this point of intersection Q is coplanar with the points P; , P, , and P3, we
compute their exterior product.

G[P1 AP3 AP3 A Q]
0

This proves the original assertion.
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[
5.1 Introduction

5.2 Axioms for the Complement
The grade of a complement
The linearity of the complement operation
The complement axiom
The complement of a complement axiom
The complement of unity

5.3 Defining the Complement
The complement of an m-element
The complement of a basis m-element
Defining the complement of a basis 1-element
Determining the value of k

5.4 The Euclidean Complement
Tabulating Euclidean complements of basis elements
Formulae for the Euclidean complement of basis elements

5.5 Complementary Interlude
Alternative forms for complements
Orthogonality
Visualizing the complement axiom
The regressive product in terms of complements
Relating exterior and regressive products
% Entering a complement in GrassmannAlgebra

5.6 The Complement of a Complement
The complement of a cobasis element
The complement of the complement of a basis 1-element
The complement of the complement of a basis m-element
The complement of the complement of an m-element

5.7 Working with Metrics
¥ The default metric
¥ Declaring a metric
% Declaring a general metric
% Calculating induced metrics
¥ The metric for a cobasis
% Creating tables of induced metrics
% Creating palettes of induced metrics

5.8 Calculating Complements
% Entering a complement
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% Converting to complement form
% Simplifying complements
% Creating tables and palettes of complements of basis elements

5.9 Geometric Interpretations
The Euclidean complement in a vector 2-space
% The Euclidean complement in a plane
% The Euclidean complement in a vector 3-space

5.10 Complements in a vector subspace of a multiplane
Metrics in a multiplane
The complement of an m-vector
The complement of an element bound through the origin
The complement of the complement of an m-vector
The complement of a bound element
% Calculating with free complements
Example: The complement of a screw

5.11 Reciprocal Bases
Contravariant and covariant bases
The complement of a basis element
The complement of a cobasis element
The complement of a complement of a basis element
The exterior product of basis elements
The regressive product of basis elements
The complement of a simple element is simple

5.12 Summary

5.1 Introduction

Up to this point various linear spaces and the dual exterior and regressive product operations
have been introduced. The elements of these spaces were incommensurable unless they were
congruent, that is, nowhere was there involved the concept of measure or magnitude of an
element by which it could be compared with any other element. Thus the subject of the last
chapter on Geometric Interpretations was explicitly non-metric geometry; or, to put it another
way, it was what geometry is before the ability to compare or measure is added.

The question then arises, how do we associate a measure with the elements of a Grassmann
algebra in a consistent way? Of course, we already know the approach that has developed over
the last century, that of defining a metric tensor. In this book we will indeed define a metric
tensor, but we will take an approach which develops from the concepts of the exterior product
and the duality operations which are the foundations of the Grassmann algebra. This will enable
us to see how the metric tensor on the underlying linear space generates metric tensors on the
exterior linear spaces of higher grade; the implications of the symmetry of the metric tensor; and
how consistently to generalize the notion of inner product to elements of arbitrary grade.

One of the consequences of the anti-symmetry of the exterior product of 1-elements is that the
exterior linear space of m-elements has the same dimension as the exterior linear space of (n—m)-
elements. We have already seen this property evidenced in the notions of duality and cobasis
element. And one of the consequences of the notion of duality is that the regressive product of
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an m-element and an (n—m)-element is a scalar. Thus there is the opportunity of defining for
each m-element a corresponding 'co-m-element' of grade n—m such that the regressive product of
these two elements gives a scalar. We will see that this scalar measures the square of the
'magnitude' of the m-element or the (n—m)-element, and corresponds to the inner product of
either of them with itself. We will also see that the notion of orthogonality is defined by the
correspondence between m-elements and their 'co-m-elements'. But most importantly, the
definition of this inner product as a regressive product of an m-element with a 'co-m-element' is
immediately generalizable to elements of arbitrary grade, thus permitting a theory of interior
products to be developed which is consistent with the exterior and regressive product axioms
and which, via the notion of 'co-m-element', leads to explicit and easily derived formulae
between elements of arbitrary (and possibly different) grade.

The foundation of the notion of measure or metric then is the notion of 'co-m-element'. In this
book we use the term complement rather than 'co-m-element'. In this chapter we will develop the
notion of complement in preparation for the development of the notions of interior product and
orthogonality in the next chapter.

The complement of an element is denoted with a horizontal bar over the element. For example

a,x+yand xayaredenoted a , X +y and X A y.
m m

Finally, it should be noted that the term 'complement' may be used either to refer to an operation
(the operation of taking the complement of an element), or to the element itself (which is the
result of the operation).

Historical Note

Grassmann introduced the notion of complement (Ergdnzung) into the Ausdehnungslehre of
1862 [Grassmann 1862]. He denoted the complement of an element x by preceding it with a
vertical bar, viz Ix. For mnemonic reasons which will become apparent later, the notation for the
complement used in this book is rather the horizontal bar: x . In discussing the complement,
Grassmann defines the product of the n basis elements (the basis n-element) to be unity. That is
[e1 e2 -+ ey] == 1 or, in the present notation, €; A €5 A --- A €, == 1. Since Grassmann
discussed only the Euclidean complement (equivalent to imposing a Euclidean metric

gij = 635 ), this statement in the present notation is equivalent to "1 == 1. The introduction of
such an identity, however, destroys the essential duality between /n} and n/_\m which requires

rather the identity 1 == 1. In current terminology, equating €; A €3 A «:- A €, to 1is
equivalent to equating n-elements (or pseudo-scalars) and scalars. All other writers in the
Grassmannian tradition (for example, Hyde, Whitehead and Forder) followed Grassmann's
approach. This enabled them to use the same notation for both the progressive and regressive
products. While being an attractive approach in a Euclidean system, it is not tenable for general
metric spaces. The tenets upon which the Ausdehnungslehre are based are so geometrically
fundamental however, that it is readily extended to more general metrics.
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5.2 Axioms for the Complement

The grade of a complement

¢ 1 : The complement of an m-element is an (n—m)-element.

AEAN = ad € A 5.
m m m -

n-m

The grade of the complement of an element is the complementary grade of the element.

The linearity of the complement operation

¢ 2 : The complement operation is linear.

aa+bpB =aa+bB=aad+b 5.
m k

For scalars a and b, the complement of a sum of elements (perhaps of different grades) is the
sum of the complements of the elements. The complement of a scalar multiple of an element is
the scalar multiple of the complement of the element.

The complement axiom

¢ 3 : The complement of a product is the dual product of the complements.

arf =avp 5.
m k m k
avp =aArfB 5.
m k m k

Note that for the terms on each side of the expression 5.3 to be non-zero we require m+k < n,
while in expression 5.4 we require m+k = n.

Expressions 5.3 and 5.4 are duals of each other. We call these dual expressions the complement
axiom. Note its enticing similarity to de Morgan's law in Boolean algebra.
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This axiom is of central importance in the development of the properties of the complement and
interior, inner and scalar products, and formulae relating these with exterior and regressive
products. In particular, it permits us to be able to consistently generate the complements of basis
m-elements from the complements of basis 1-elements, and hence via the linearity axiom, the
complements of arbitrary elements.

We may verify that these are dual formulae by applying the GrassmannAlgebra Dual function
to either of them. For example:

Dual[aAB ==&v/§]
m k m k

A

83Q

VB::
k

83 Q

~

The forms 5.3 and 5.4 may be written for any number of elements. To see this, let 8 ==y A &

k p d
and substitute for B in expression 5.3:
k
OAYAD =GV YAd =aA VYV

In general then, expressions 5.3 and 5.4 may be stated in the equivalent forms:
aABA---A)’::_a—v_B—V---V_Y— 5.5
ava---v)’::_a—A_B—A---A_Y— 5.6
m k P m k P

In Grassmann's work, this axiom was hidden in his notation. However, since modern notation
explicitly distinguishes the progressive and regressive products, this axiom needs to be
explicitly stated.

The complement of a complement axiom

¢ 24 : The complement of the complement of an element is equal (apart from a possible
sign) to the element itself.

== (-1)%a 5.7
m m

Axiom 1 says that the complement of an m-element is an (n—m)-element. Clearly then the
complement of an (n—m)-element is an m-element. Thus the complement of the complement of
an m-element is itself an m-element.

In the interests of symmetry and simplicity we will require that the complement of the
complement of an element is equal (apart from a possible sign) to the element itself. Although
consistent algebras could no doubt be developed by rejecting this axiom, it will turn out to be an
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essential underpinning to the development of the standard metric concepts to which we are
accustomed. For example, its satisfaction will require the metric tensor to be symmetric.

It will turn out that, again for compliance with standard results, the index ¢ is m(n—m), but this
result is more in the nature of a theorem than an axiom.

The complement of unity

¢ 5 : The complement of unity is equal to the unit n-element.

_T:: =k €1 A3 Ar Ay 5.8
n

This is the axiom which finally enables us to define the unit n-element. This axiom requires that
in a metric space the unit n-element be identical to the complement of unity. The hitherto
unspecified scalar constant k may now be determined from the specific complement mapping
or metric under consideration.

The dual of this axiom is:

=

::1
0

Hence taking the complement of expression 5.8 and using this dual axiom tells us that the
complement of the complement of unity is unity. This result clearly complies with axiom 4 .

=1==T== 5.9
n

We can now write the unit n-element as 1 instead of 1 in any Grassmann algebras that have a
n

metric. For example in a metric space, 1 becomes the unit for the regressive product.
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5.3 Defining the Complement

The complement of an m-element

To define the complement of a general m-element, we need only define the complement of basis
elements, since by the linearity axiom 2 , we have that for a a general m-element expressed as
m

a linear combination of basis m-elements, the complement of a is the corresponding linear
m

combination of the complements of the basis m-elements.

a::Zaiei = T::Zaiéi— 5.11
m m m m

The complement of a basis m-element

To define the complement of an m-element we need to define the complements of the basis m-
elements. The complement of a basis m-element however, cannot be defined independently of
the complements of basis elements in exterior linear spaces of other grades, since they are
related by the complement axiom. For example, the complement of a basis 4-element may also
be expressed as the regressive product of two basis 2-elements, or as the regressive product of a
basis 3-element and a basis 1-element.

el Aez Ae3 Ae4 == el Aez Ve3 Ae4 == elAez Ae3 VEZ

The complement axiom enables us to define the complement of a basis m-element in terms only
of the complements of basis 1-elements.

€1 A€y A A€y =€ VEy Ve Ve, 5.12

Thus in order to define the complement of any element in a Grassmann algebra, we only need to
define the complements of the basis 1-elements, that is, the correspondence between basis 1-
elements and basis (n—1)-elements.

Defining the complement of a basis 1-element

The most general definition we could devise for the complement of a basis 1-element is a linear
combination of basis (n—1)-elements. For example in a 3-space we could define the complement
of e; as alinear combination of the three basis 2-elements.

El—:: djz €1 A€z +aj3z3 €1 Ae3 + az3z €2 A€e3

However, it will be much more notationally convenient to define the complements of basis 1-
elements as a linear combination of their cobasis elements. Hence in a space of any number of
dimensions we can write:
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j=1

For reasons which the reader will perhaps discern from the choice of notation, we extract the
scalar factor k as an explicit factor from the coefficients of the complement mapping.

n
EI::]ngijEi 5.13
j=1

This then is the form in which we will define the complement of basis 1-elements.

The scalar k and the scalars g;4 are ar this point entirely arbitrary. However, we must still
ensure that our definition satisfies the complement of a complement axiom 4 . We will see that
in order to satisfy 4, some constraints will need to be imposed on k and g; ; . Therefore, our
task now in the ensuing sections is to determine these constraints. We begin by determining k
in terms of the g; .

Determining the value of k

A consideration of axiom 5 in the form 1 == 1 enables us to determine a relationship
between the scalar k and the g; .

::_T == ]k el AezA"'Aen

==k e A€z A---re,
== ]k EIVEZ—V--'VEE
=k k" |gijl exveyveeven

1
= k ]kn Igljl Fl— (elAezA...Aen)

= k? |gi5| 1

Here, we have used (in order) axioms 5, 2, 3, the definition of the complement [5.13], and
formula 3.35. The symbol |g;; | denotes the determinant of the g; 4 .

Thus we have shown that the scalar k is related to the coefficients gj5 by:
1
t
A 1gi; |

However, it is not the sign of k that is important, since we can always redefine the ordering of
the basis elements to ensure that k is positive (or in a 1-space change the sign of the only basis
element). For simplicity then we will retain only the positive sign of k.

k ==

When the determinant {g;; | is negative, k will be imaginary. This is an important case, which
can be developed in either of two ways. Either we allow the implications of an imaginary k to
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propagate through the algebra, and in consequence maintain a certain simplicity of structure in

the resulting formulae, or we can reformulate our approach to allow 1 == (-1)% 1, where the
parity of sis evenif {gjj | is positive, and odd if it is negative. This latter approach would add
a factor (-1)*° to many of the axioms and formulae developed from this chapter on. Because
of the introductory nature of the book however, we have chosen to adopt the former approach,
allowing readers less versed in the algebra to be undistracted by the extra complexities of
pseudo-Riemannian metrics.

From this point on then, we take the value of k to be the reciprocal of the positive square root
of the determinant of the coefficients of the complement mapping g5 .

This relation clearly also implies that the array [gi5] is required to be non-singular.

5.4 The Euclidean Complement

Tabulating Euclidean complements of basis elements

The Euclidean complement of a basis m-element may be defined as its cobasis element.
Conceptually this is the simplest correspondence we can define between basis m-elements and
basis (n—1)-elements. In this case the matrix of the metric tensor is the identity matrix, with the
result that the 'volume' k of the basis n-element is unity. We tabulate the basis-complement
pairs for spaces of two, three and four dimensions.

H Basis elements and their Euclidean complements in 2-space

A | BASTIS | COMPLEMENT
/0\ 1 e rep

/l\ e; e,

/l\ e, -e;

/2\ e; rey 1
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H Basis elements and their Euclidean complements in 3-space

I N e N I S T = o

o>

wi>

BASIS COMPLEMENT
1 €1 A€y Ae3
e €y A e3
e; - (ey1re3)
es3 e A ey

e1 A ey e3

e1 Ae3 -3

€y ne3 e

€1 Aey Ae3 1

H Basis elements and their Euclidean complements in 4-space

= > = = R

WS WS> WS> WS> N> NS NS> NS o>

-

BASIS COMPLEMENT
1 €1 AEex A3 Aey
e €2 A3 Aey
ey —(elAe3Ae4)
e3 €1 AEo A ey
ey —(elAeer3)
e A ey €3 A ey
e es -(e2rey)
€1 A€y ey A e3
€y A e3 €1 A ey
€) A ey -(e1re3)
€3 A ey €1 ~€e2
€1 Aey Ae3 ey
€] rey Aey -€3
€] re3 Aey e2
€y Ane3 Aey -e;
€1 A€y Ae3 Ay 1
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Formulae for the Euclidean complement of basis elements

In this section we summarize some of the formulae involving Euclidean complements of basis
elements. In Section 5.10 below these formulae are generalized for the general metric case.

The complement of a basis 1-element is its cobasis (n—1)-element. For a basis 1-element e;
then we have:

€ == ej; == (-1)i Yl ey aceenDOgaeeney 5.15

This simple relationship extends naturally to complements of basis elements of any grade.

e;: == e;
. . 5.16
This may also be written:
€, AAaer, = (-1)% ey A aly, A aldy A aey 5.17

where Ky = Z$=1 i, + -;— m (m + 1) and the symbol O means the corresponding element is
missing from the product.

In particular, the unit n-element is now the basis n-element:

1l ==e;reyr--nrne, 5.18

and the complement of the basis n-element is just unity.

==€] A€3 A - Ay 5.19

This simple correspondence is that of a Euclidean complement, defined by a Euclidean metric,
simply given by gj5 == 84, with consequence that k == 1.

gij == 613 = 1 5.20

Finally, we can see that exterior and regressive products of basis elements with complements
take on particularly simple forms.

e; A€y =835 1 5.21
m m
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e ve; = bij 5.22
m m

These forms will be the basis for the definition of the inner product in the next chapter.

We note that the concept of cobasis which we introduced in Chapter 2: The Exterior Product,
despite its formal similarity to the Euclidean complement, is only a notational convenience. We
do not define it for linear combinations of elements as the definition of a complement requires.

5.5 Complementary Interlude

Alternative forms for complements

As a consequence of the complement axiom and the fact that multiplication by a scalar is
equivalent to exterior multiplication (see Section [2.4]) we can write the complement of a scalar,
an m-element, and a scalar multiple of an m-element in several alternative forms.

H Alternative forms for the complement of a scalar

From the linearity axiom 2 we have @ & == a "a , hence:
m m

E::a_f::a 1==aAT

The complement of a scalar can then be expressed in any of the following forms:

_5::],Aa::—fv_a::],/\_a::1_5::aA_T::a_T 5.23

E Alternative forms for the complement of an m-element

T::lAa:TvT::lAT)T::l_OT 5.24
m m m m m

H Alternative forms for the complement of a scalar multiple of an m-element

|

]
8 Q

==aAd=ava =asd=aa 5.25
m m
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Orthogonality

The specific complement mapping that we impose on a Grassmann algebra will define the
notion of orthogonality for that algebra. A simple element and its complement will be referred
to as being orthogonal to each other. In standard linear space terminology, the space of a simple
element and the space of its complement are said to be orthogonal complements of each other.

This orthogonality is total. That is, every 1-element in a given simple m-element is orthogonal
to every 1-element in the complement of the m-element.

Visualizing the complement axiom

We can use this notion of orthogonality to visualize the complement axiom geometrically.

Consider the bivector xay. Then X Ay is orthogonal to xay. Butsince ¥Ay == X vy this
also means that the intersection of the two (n—1)-spaces defined by x and 7y is orthogonal to
xay. We can depict it in 3-space as follows:

Graphic showing three pictures

1) A bivector labeled X with vector x orthogonal to it.

2) A bivector labeled 7~ with vector y orthogonal to it.

3) The bivectors shown intersecting in a vector that is orthogonal to the bivector x y.
Ref IMB p60

The regressive product in terms of complements

All the operations in the Grassmann algebra can be expressed in terms only of the exterior
product and the complement operations. It is this fact that makes the complement so important
for an understanding of the algebra.

In particular the regressive product (discussed in Chapter 3) and the interior product (to be
discussed in the next chapter) have simple representations in terms of the exterior and
complement operations.

We have already introduced the complement axiom as part of the definition of the complement.

Taking the complement of both sides, noting that the degree of a v 8 is m+k—n, and using the
m ok

complement of a complement axiom gives:

avfl = _(x—/\_/3— == (_1)(m+k-n) (n- (m+k-n)) av
m k m k a 3
Or finally:
avf = (_1)(m+k) (m+k-n) ﬁ s 26
m k m s
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Relating exterior and regressive products

The exterior product of an m-element with the complement of another m-element is an n-
element, and hence must be a scalar multiple of the unit n-element 1 . Hence:

arfB=al e aafB =al-=a
m m m m
= (_l)m(n-m) B ra=a < (—l)m(n_m)?/\_a—::a
m m m m
L —3 /3v_a—::a
m m
aA73—== a_].— L —1 /3v_a—::a 5.27
m m m m

5.6 The Complement of a Complement

The complement of a cobasis element

In order to determine any conditions on the g3 required to satisfy the complement of a
complement axiom in Section 5.2, we only need to compute the complement of a complement
of basis 1-elements and compare the result to the form given by the axiom.

The complement of the complement of this basis element is obtained by taking the complement
of expression 5.13 for the case i = 1.

n
Si=k) a8
j=1

In order to determine &z, we need to obtain an expression for the complement of a cobasis
element of a 1-element €5 . Note that whereas the complement of a cobasis element is defined,

the cobasis element of a complement is not. To simplify the development we consider, without
loss of generality, a specific basis element e .

First we express the cobasis element as a basis (n—1)-element, and then use the complement
axiom to express the right-hand side as a regressive product of complements of 1-elements.

E:: €3 A€3 A A€y ==€3 VEe3 Ve vEe,
Substituting for the €3 from the definition [5.13]:

€1 =k (g21 €1 +922 €2 + - +92p €n)
Vk (g31 €1 +932 €2 + - +93n €n)
\Y/

Vk (9n1 €1 +9n2 €2 + *** + Gnn ©n)
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Expanding this expression and collecting terms gives:

n
E:: kn-l Zglj (_1)]—1 elvezv“'VDj v.nvga

j=1

In this expression, the notation O; means that the jth factor has been omitted. The scalars g 4

are the cofactors of g; 5 in the array g;4 . Further discussion of cofactors, and how they result
from such products of (n—1) elements may be found in Chapter 2. The results for regressive
products are identical mutatis mutandis to those for the exterior product.

By equation 3.36, regressive products of the form above simplify to a scalar multiple of the
missing element.
(_ 1) n-1 ej

j-1
-1)I "t e;vey veeevO; veeeve, =
(-1) 1ver 2 n —

The expression for €; then simplifies to:

n
L= (-1 k ) gy e
j=1

The final step is to see that the actual basis element chosen (e; ) was, as expected, of no
significance in determining the final form of the formula. We thus have the more general result:

n
&1 = (_1)“-11ng_ij_ej 5.28
j=1

Thus we have determined the complement of the cobasis element of a basis 1-element as a
specific 1-element. The coefficients of this 1-element are the products of the scalar k with
cofactors of the g5, and a possible sign depending on the dimension of the space.

Our major use of this formula is to derive an expression for the complement of a complement
of a basis element. This we do below.

The complement of the complement of a basis 1-element

Consider again the basis element e; . The complement of e; is, by definition:

n
e =k Zgij ej
j=1

Taking the complement a second time gives:
_ n
S=k)9uE
j=1

We can now substitute for the €5 from the formula derived in the previous section to get:
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n

n
& = (-1 K? E 9i5 ) g3k ex
k=1

31

In Chapter 2 that the sum over j of the terms g;; gkx; was shown to be equal to the determinant
1935 | whenever i equals k and zero otherwise. That is:

n
Zgij Ik == 19ij | Six
j=1

Note that in this sum, the order of the subscripts is reversed in the cofactor term compared to
that in the expression for €y .

Thus we conclude that if and only if the array gs5 is symmetric, that is, gj4 == g5i , can we
express the complement of a complement of a basis 1-element in terms only of itself and no
other basis element.

&1 = (-1)" 1 k% |gij| Sik ek == (-1)" 1 k? |gij| e;

Furthermore, since we have already shown in Section 5.3 that k2 1gij | == 1, we also have
that:

&= (-1 ey

In sum: In order to satisfy the complement of a complement axiom for m-elements it is
necessary that g;4 == g5; . For 1-elements it is also sufficient.

Below we shall show that the symmetry of the g;5 is also sufficient for m-elements.

The complement of the complement of a basis m-element

Consider the basis m-element e; A €5 a --- A e, . By taking the complement of the complement
of this element and applying the complement axiom twice, we obtain:

el AezA“-Aem == el Vez V-“Vem == elAezA"'Aem

But since g—i— = (-1)"! e; we obtain immediately that:

€] A€ A +ev A€ == (—l)m (n-1) €1 A€ A s A€
But of course the form of this result is valid for any basis element e; . Writing (-1)™ 1) ipn
m

the equivalent form (-1)™ (™™ we obtain that for any basis element of any grade:

= (-1)m (™ g 5.29

m m
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The complement of the complement of an m-element

Consider the general m-element a == = a; e; . By taking the complement of the complement of
m

m
this element and substituting from equation 5.18, we obtain:
= .. 5T .- L (_1)R () o . (_1)® (n-m)
g--Zalil--Zal(l) e = (-1) a
1 1

Finally then we have shown that, provided the complement mapping g5 is symmetric and the
constant k is such that Ik?2 1gij | == 1, the complement of a complement axiom is satisfied by
an otherwise arbitrary mapping, with sign (-1)™ ™

?:: (—l)m(n_m) (04 5.30
m m

B Special cases

The complement of the complement of a scalar is the scalar itself.

The complement of the complement of an n-element is the n-element itself.

T =a 5.32
n n

The complement of the complement of any element in a 3-space is the element itself, since
(-1)™ 3= s positive for m equal to 0, 1, 2, or 3.

Alternatively, we can say that & == a except when a is of odd degree in an even-dimensional
m m m

space.

5.7 Working with Metrics

% The default metric

In order to calculate complements and interior products, and any products defined in terms of
them (for example, Clifford and hypercomplex products), GrassmannAlgebra needs to know
what metric has been imposed on the underlying linear space /1\ Grassmann and all those

writing in the tradition of the Ausdehnungslehre tacitly assumed a Euclidean metric; that is, one
in which g;4 == ;5 . This metric is also the one tacitly assumed in beginning presentations of
the three-dimensional vector calculus, and is most evident in the definition of the cross product
as a vector normal to the factors of the product.
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The default metric assumed by GrassmannAlgebra is the Euclidean metric. In the case that the
GrassmannAlgebra package has just been loaded, entering Metric will show the components
of the default Euclidean metric tensor.

Metric
{{1, 0, 0}, {0, 1,0}, {0, 0, 1}}

These components are arranged as the elements of a 3x3 matrix because the default basis is 3-
dimensional.

Basis
{e1, ez, e3}
However, if the dimension of the basis is changed, the default metric changes accordingly.
DeclareBasis[{0, i, j, k}]
{0, 1, 3, k}
Metric
{{1, o, 0, 0}, {0, 1, 0,0}, {O,0,1, 0}, {O,0,0,1}}

We will take the liberty of referring to this matrix as the metric.

% Declaring a metric

GrassmannAlgebra permits us to declare a metric as a matrix with any numeric or symbolic
components. There are just three conditions to which a valid matrix must conform in order to be
a metric:

1) It must be symmetric (and hence square).

2) Its order must be the same as the dimension of the declared linear space.

3) Its components must be scalars.

It is up to the user to ensure the first two conditions. The third is handled by GrassmannAlgebra
automatically adding any symbols in the matrix not already declared as scalars to the list of
declared scalars.

E Example: Declaring a metric
We return to 3-space (by entering V3 ), create a 3x3 matrix M, and then declare it as the metric.

Vvs; M= {{1, 0, v}, {0, -1, 0}, {v, O, -1}}; MatrixForm[M]

1 0 v
0o -1 o0
v 0 -1

DeclareMetric[M]

{{1, 0, v}, {0, -1, 0}, {v, 0, -1}}
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We can verify that this is indeed the metric by entering Metric.
Metric
{{1, 0, v}, {0, -1, 0}, {v, 0, -1}}

And verify that v has indeed been added to the list of declared scalars by entering Scalars.
Scalars

{a, b, c¢c,d,e, £, g, h, k, v, (_©_ ) ?2InnerProductQ, _}
0

% Declaring a general metric

For theoretical calculations it is sometimes useful to be able to quickly declare a metric of
general symbolic elements. We can do this as described in the previous section, or we can use
the GrassmannAlgebra function DeclareMetric[g] where g is a symbol. We will often use
the 'double-struck' symbol g for the kernel symbol of the metric components.

V3; G = DeclareMetric[g]; MatrixForm[G]

91,1 91,2 91,3
91,2 U2,2 92,3
g1,3 92,3 03,3

Note that GrassmannAlgebra has automatically declared the pattern for these components to be
scalars (rather than the components themselves). This means that any symbol of the form g; |,
is considered a scalar (for example ga,g ).

ScalarQ[ga,s]

True

You can test to see if a symbol is a component of the currently declared metric by using
MetricOQ.

MetricQ[{g2,3, 923/ 93,4}]

{True, False, False}

& Calculating induced metrics

The GrassmannAlgebra function for calculating the metric induced on A by the metric in /1\ is
m

MetricA[m].

B Example: Induced general metrics

Suppose we are working in 3-space with the general metric defined above. Then the metrics on
/O\, /1\, /2\, /3\ can be calculated by entering:
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Vs3; DeclareMetric[g];
MetricA[O]

1

M; = MetricA[l]; MatrixForm[M; ]

91,1 91,2 91,3
91,2 92,2 92,3

g1,3 92,3 03,3

M, = MetricA[2]; MatrixForm[M; ]

*gf,z +d1,1 92,2 -91,2 91,3 t 91,1 92,3 ~-91,392,2 +91,2 92,3
-d1,2 91,3 t 91,1 92,3 *95,3 +d1,1 93,3 -41,3 92,3 + 91,2 93,3
-91,3 92,2 t91,2 92,3 ~-91,392,3 +401,2 93,3 *95,3 +d2,2 93,3

MetricA[3]

*95,3 g2,2 + 2 91,2 91,3 92,3 — 01,1 93,3 - g%,z g3,3 +d1,1 92,2 03,3
The metric in /3\ is of course just the determinant of the metric in /1\
We can also give MetricA several grades for which to calculate the metric. For example:
MetricA[ {1, 3}]
{{{91,1+ 91,2, 91,3} {O1,2+ 92,2+ 92,3}, {01,3+ 02,3/, U3,3}}/
*95,3 g2,2 +2d1,2 91,3 92,3 — 01,1 93,3 *gi,z 03,3 + 01,1 02,2 03,3}
E Example: Induced specific metrics
We return to the metric discussed in a previous example.

vs;; M= {{1, O, v}, {0, -1, O}, {v, O, -1}};
DeclareMetric[M]; MatrixForm[M]

1 0 v
-1 0
0 -1

MetricA[ {1, 2, 3}]

{{{x, 0, v}, {0, -1, 0}, {v, 0, -1}},
{{-1, 0, v}, {0, -1-v*, 0}, {v, 0, 1}}, 1+v*}
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E Verifying the symmetry of the induced metrics

It is easy to verify the symmetry of the induced metrics in any particular case by inspection.
However to automate this we need only ask Mathematica to compare the metric to its transpose.
For example we can verify the symmetry of the metric induced on /3\ by a general metric in 4-

space.
V4; DeclareMetric[g]; M3 = MetricA[3]; M; == Transpose [M3]

True

% The metric for a cobasis

In the sections above we have shown how to calculate the metric induced on A by the metric
defined on A Because of the way in which the cobasis elements of A are naturally ordered

alphanumerlcally, their ordering and signs will not generally correspond to that of the basis

elements of A . The arrangement of the elements of the metric tensor for the cobasis elements
of A will therrlé?ore differ from the arrangement of the elements of the metric tensor for the basis
elemments of A . The metric tensor of a cobasis is the tensor of cofactors of the metric tensor of
the basis. Henriéne we can obtain the tensor of cofactors of the elements of the metric tensor of /n}

by reordering and resigning the elements of the metric tensor induced on A .
n-m

As an example, take the general metric in 3-space discussed in the previous section. We will
show that we can obtain the tensor of the cofactors of the elements of the metric tensor of /1\ by

reordering and resigning the elements of the metric tensor induced on /2\

The metric on A is given as a correspondence G; between the basis elements and cobasis
1

elements of /1\

e; e; A ez g1,1 91,2 91,3
(=F) =k G; -(e1 Ae3) H Gy = | 91,2 92,2 92,3
es3 € A e g1,3 92,3 93,3

The metric on A is given as a correspondence G, between the basis elements and cobasis
2

elements of /2\

€1 A ey e3
eire3 | =kGy | -e|;
€3 Ae3 e;
Gy =
2
-9g1,2 + 91,1 92,2 -91,291,3 +91,192,3 -91,3 92,2 +01,2 92,3
2
-91,2 91,3 +01,1 92,3 -91,3 + 91,1 93,3 -J1,3 92,3 +91,2 93,3
2
-91,3 92,2 +901,292,3 -91,3 92,3 +01,2 33,3 -9g2,3 +92,2 93,3
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We can transform the columns of basis elements in this equation into the form of the preceding
one with the transformation T which is simply determined as:

0O 0 1
T=|0 -1 of;
1 0 O
€] A ey €3 Ae3 e3 e;
T|eire; |=|-(e1re3) |; T|-ex|=]|ex];
€y Ae3 €] A ey (=31 e3

And since this transformation is its own inverse, we can also transform G, to T G, T. We now
expect this transformed array to be the array of cofactors of the metric tensor G; . We can easily
check this in Mathematica by entering the predicate

Simplify[G;.(T.G.T) == Det[G;] IdentityMatrix[3]]

True

& Creating tables of induced metrics

You can create a table of all the induced metrics by declaring a metric and then entering
MetricTable.

V37 M= {{11 ol V}l {ol ‘11 0}! {Vl 0! ‘1}};
DeclareMetric[M]; MetricTable

AN METRIC
A 1
0
1 0 Y
A -1 0
1
v 0 -1
-1 0 Y
Ao -1-v% 0
Y 0 1
A 1+ v2
3
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V4; MetricTable

A METRIC
/0\ 1
1 0 0 O
01 0 O
/1\ 0 01 0
0 0 01
1 0 0 00 O
01 0 0 0 O
A001000
2|0 0 01 0 O
0 0 0 01 O
0 0 0 0 01
1 0 0 O
01 0 O
/3\ 0 0 1 0
0 0 01
A 1
4

& Creating palettes of induced metrics

You can create a palette of all the induced metrics by declaring a metric and then entering
MetricPalette.

V3; DeclareMetric[g]; MetricPalette

A METRIC
/0\ 1
91,1 91,2 91,3
/l\ g1,2 92,2 92,3
91,3 92,3 U3,3
—g%,z +9J1,1 92,2 -91,2 91,3 * 91,1 92,3 ~9Y1,3 92,2 + 01,2 U2,3
/2\ -91,2 91,3 + 91,1 02,3 —95,3 +d1,1 03,3 -91,3 92,3 + 91,2 O3,3
-91,3 92,2 + 91,2 92,3 ~9Y1,3 92,3 +J1,2 U3,3 —95,3 + 32,2 93,3
- -92 302,2+291,2 91,3 92,3 - 01,1 95,3 - U1, 93,3 + 01,1 02,2 U3,3

Remember that the difference between a table and a palette is that a table can be edited, whereas
a palette can be clicked on to paste the contents of the cell. For example, clicking on the metric
for /3\ gives:
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2 2 2
-91,3 U2,2 + 2 91,2 91,3 92,3 - 91,1 92,3 — 91,2 93,3 +T1,1 U2,2 U3,3

5.8 Calculating Complements

% Entering a complement

To enter the expression for the complement of a Grassmann expression X in
GrassmannAlgebra, enter GrassmannComplement [X]. For example to enter the expression
for the complement of xay, enter:

GrassmannComplement [x A y]
XAy

Or, you can simply select the expression xay and click the ﬂ button on the
GrassmannAlgebra palette.

Note that an expression with a bar over it symbolizes another expression (the complement of the
original expression), not a GrassmannAlgebra operation on the expression. Hence no
conversions will occur by entering an overbarred expression.

GrassmannComplement will also work for lists, matrices, or tensors of elements. For
example, here is a matrix:

M= {{aeijrey, bey}, {-be,, ce3re;}}; MatrixForm[M]

ae;rep be;
-be, ceznre;

And here is its complement:

M // MatrixForm

ae; e, be,

-be ce; ~Ae
2 3 1

& Converting to complement form

In order to see what a Grassmann expression, or list of Grassmann expressions, looks like when
expressed only in terms of the exterior product and complement operations, we can use the
GrassmannAlgebra operation ToComplementForm. Essentially, this operation takes an
expression and repeatedly uses rules to replace any regressive products by exterior products and
complements. This operation also works on other products, like the interior product, which will
be defined in later chapters. Note that the signs will be calculated using the dimension of the
currently declared basis.

For example here is a pair of expressions in 3-space:
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Vi;
X={(eirrey) v(eanrez)v(ezrer), (eprexre3)v(errezares)ver};

ToComplementForm[X]

{1 re;re3Ae3rAE3r€1, €1 A€ AC3AE ACy rE3 AC]}

E Converting symbolic expressions

ToComplementForm may also be used with elements of symbolic grade. Note that the sign
of the result will depend on the dimension of the space, and for it to calculate correctly the
grades must be declared scalars.

For example, here is a symbolic expression in 3-space. The grades a, b, and c are by default
declared scalars. Since the sign (-1)™ G™ js positive for all elements in a 3-space we have a
result independent of the grades of the elements.

V3; ToComplementForm [cx vBvYy
a b ¢

o Q
>
o™
>
Q

However, in a 4-space, the sign depends on the grades.
V4; ToComplementForm [cx vBv 7]
a b ¢

(7 1) at+b+c

o Qi
>
o
>
Q

H Converting to complement form in an arbitrary dimension

It is possible to do calculations of this type in spaces of arbitrary dimension by declaring a
symbolic dimension with DeclareSymbolicDimension[n] (make sure n has been
declared a scalar). However, be aware that few functions (particularly those involving basis
elements) will give a correct result because the linear spaces in GrassmannAlgebra are by
default assumed finite. Remember to redeclare a finite basis when you have finished using the
arbitrary dimension!

DeclareExtraScalars [w]; DeclareSymbolicDimension [w]

w
ToComplementForm [cx vBv 7]
a b ¢

(7 1) (a+b+c) (1+w)

o Q

ABA
b

Q
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% Simplifying complements

The GrassmannAlgebra function for converting the complements in an expression to a simpler
form (wherever possible) is GrassmannSimplify (or its alias ). 'Simpler' here means that
the complement operation appears less frequently in the result. Remember that the complement
depends on the metric.

B Example: Simplifying complements with a Euclidean metric

GrassmannSimplify will take any Grassmann expression and convert any complements of
basis elements in it. Suppose we are in a 3-space with a Euclidean metric.

V3; DeclareDefaultMetric][]

({1, 0, 0}, {0, 1, 0}, {0, 0, 1}}

Glezreznes]
€1 Aep

GrassmannSimplify works on lists and matrices of Grassmann expressions to convert any
complements occurring in any of the elements. Here is a matrix whose elements we have
complemented:

M= {{ae;, bey}, {-bez, ce3}}; MatrixForm[ M ]

ae; be;

“be, cez
Applying G to this matrix of complements simplifies each element.

Mc = G[ M ]; MatrixForm[Mc]

ae; rnes *belAe3
belAe3 ce; rey

It also works on complements of complements of symbolic expressions. In a 3-space, the
complement of the complement of any element is the element itself.

GlavB]
m k

avf3

m ok

In a 4-space however, the sign of the result will depend on the grades involved.

Vii Glav Bl
m ok

(71)k+mO(VB
m  k
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B Example: Simplifying complements with any metric
GrassmannSimplify will convert complements of basis elements in any declared metric.

V37 G = {{11 ol V}l {ol ‘11 0}! {Vl 0! ‘1}};
DeclareMetric[G]; MatrixForm[G]

1 0 v
-1 0
v 0 -1

A=G[{1,8,€1r6;, €1r6;A€63}]

e rey e vepre ey A e v e e
{ 1 2 3 1 2 2 3 1 3 ,\/1+V2}

. _
V1+v2 ! Ny, \/1+v2, 1+ v2 1+ v2

Here, k is equal to the inverse of '\/ 1+v2,

Of course, converting a complement of a complement gives a result independent of the metric,
which we can verify by taking the complement of the previous result and applying G again.

GrassmannSimplify[ A ]
{1, e1,e1rey, €1 re2 €3}

Note that it is only because the space is three-dimensional in this example that there are no sign
differences between any of the basis elements in the list and the complement of its complement.

& Creating tables and palettes of complements of basis elements

GrassmannAlgebra has a function ComplementTable for tabulating basis elements and their
complements in the currently declared space and the currently declared metric. Once the table is
generated you can edit it, or copy from it.

Without further explanation we show how the functions are applied in some commonly
occurring cases.

E Euclidean metric

Here we repeat the construction of the complement table of Section 5.4. Tables of complements
for other bases are obtained by declaring the bases, then entering the command
ComplementTable.

V,; DeclareDefaultMetric[] // MatrixForm

(o 1)
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ComplementTable

A | BASTIS | COMPLEMENT
% 1 e r ey

? e1 e,

? ey -e

9 e rep 1

E Non-Euclidean metric

Vs3; DeclareMetric[{{1l, O, v}, {0, -1, O}, {v, O, -1}}1 //

MatrixForm
1 0 v
-1 0
0 -1
ComplementTable
A BASIS COMPLEMENT
5 1 B
R -
= e
I T e el e
/2\ e; rej V142 e
Al exnes | e+ 2
Alerre; ne; V1+v2

B Creating palettes of complements of basis elements

GrassmannAlgebra also has a function ComplementPalette which creates a palette of basis
elements and their complements in the currently declared space and the currently declared
metric. You can click on a cell in the palette to paste the contents at the insertion point.

V3 ; DeclareMetric[{{g11, 912}, {912/, F22}}]

{{911+ 912}, {912+ 922} }
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ComplementPalette

A | BASIS COMPLEMENT

A 1 B

0 \/-91; +911 922

A e; €2 J11 _ €1 J12

1 \/—‘ﬁz +911 922 \/—g%z +911 922
A e, €2 J12 _ €1 922

1 \/-‘ﬁz +911 922 \/-‘ﬁz +911 922
/2\ €1 A e \/—952 +911 922

5.9 Geometric Interpretations

The Euclidean complement in a vector 2-space

Consider a vector x in a 2-dimensional vector space expressed in terms of basis vectors e; and
ey .

Xx==ae; +be;

Since this is a Euclidean vector space, we can depict the basis vectors at right angles to each
other. But note that since it is a vector space, we do not depict an origin.

Graphic of x and two orthogonal basis vectors at right angles to each other.

The complement of x is given by:
=X == a€1—+b€2—== ae; —be1

Remember, the Euclidean complement of a basis element is its cobasis element, and a basis
element and its cobasis element are defined by their exterior product being the basis n-element,
in this case e; A e;.

It is clear from simple geometry that x and X are at right angles to each other, thus verifying
our geometric interpretation of the algebraic notion of orthogonality: a simple element and its
complement are orthogonal.

Taking the complement of X gives -x:

X =—ae;-be; =-ae; -be; == -x

Or, we could have used the complement of a complement axiom:

x == (—1)1 (2-1) x - _x

Continuing to take complements we find that we eventually return to the original element.
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=X =X

In a vector 2-space, taking the complement of a vector is thus equivalent to rotating the vector

by one right angle counterclockwise.

% The Euclidean complement in a plane

Now suppose we are working in a Euclidean plane with a basis of one origin point © and two
basis vectors e; and e, . Let us declare this basis then call for a palette of basis elements and

their complements.

P, ; ComplementPalette

A BASIS
A 1
0

A ()
1

A e

7 1
A e

7 2
A Onre
2 ==l
A Onre
2 ==
AN e e
5 1 1N€2
é\OAelAez

COMPLEMENT

Ore; rey
e A ey
-(0rez)
OAre;
>
-e;
()

1

The complement table tells us that each basis vector is orthogonal to the axis involving the other
basis vector. Suppose now we take a general vector x as in the previous example. The

complement of this vector is:

X =ae;+be; ==-alOre; +bOre; =04 (be; —-aey)

Again, this is an axis (bound vector) through the origin at right angles to the vector x.

Now let us take a general point P==0+x, and explore what element is orthogonal to this point.
P =0 + X ==e;re;+0Ar (be; -aey)

The effect of adding the bivector e; a e is to shift the bound vector 0 » (be; - aey)
parallel to itself. We can factor e; A ey into the exterior product of two vectors, one parallel to

be; -ae;.

€1 A ey ==z/\(be1—ae2)

Now we can write P _as:

P == (0O+z)A(be; —aey)
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The vector z is the position vector of any point on the line defined by the bound vector P . A
particular point of interest is the point on the line closest to the point P or the origin. The
position vector z would then be a vector at right angles to the direction of the line. Thus we can
write e; A ey as:

(aey +bey)a(be; -ae;)

a2 + b2

el Aez == -

The final expression for the complement of the point P == O + a e; + b e, can then be written
as a bound vector in a direction perpendicular to the position vector of P through a point P* .

—_ ae; +be
P = (O—M

= 2 )A(bel-aez) =P*A(be; —aey)

Graphic of P, P*, their position vectors, the line joining them, and the line and bound vector
perpendicular to this line through P* .

The point P* is called the inverse point to P. Inverse points are situated on the same line
through the origin, and on opposite sides of it. The product of their distances from the origin is
unity.

% The Euclidean complement in a vector 3-space

Now we come to the classical 3-dimensional vector space which is the usual geometric
interpretation of a 3-dimensional linear space. We start our explorations by generating a palette
of basis elements and their complements.

V3; ComplementPalette

A BASIS COMPLEMENT
/0\ 1 e] Aey Aes
/l\ e; e) A ej

A e -(ey1re3)
/l\ e; e| r ey

/2\ e1 A ey e;

/2\ e; ~e; -e;

/2\ e, rej e;

/3\ e; Aep Aes 1

First, we consider a vector x and take its complement.
X —ae;+be;+cezsmaey;res;-be;res;s+ce;rey

The bivector X is thus a sum of components, each in one of the coordinate bivectors. We have
already shown in Chapter 2: The Exterior Product that a bivector in a 3-space is simple, and
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hence can be factored into the exterior product of two vectors. It is in this form that the bivector
will be most easily interpreted as a geometric entity. There is an infinity of vectors that are
orthogonal to the vector x, but they are all contained in the bivector x .

We can use the GrassmannAlgebra function FindFactoredForm discussed in Chapter 3 to
give us one possible factorization.

FindFactoredForm[ae; re3; -bejre; +ce;rey]

(ce; -bes)a(-ce; +aey)
c

The first factor is a vector in the e, A e3 coordinate bivector, while the second is in the e; A e3
coordinate bivector.

Graphic of x showing its orthogonality to eachof ce, ~-bez,and -ce; + a e;3.

The complements of each of these vectors will be bivectors which contain the original vector x.
We can verify this easily with GrassmannSimplify.

G[{(cey;-be3)r(ae; +bey; +ce;3),
(=ce; +ae3) A (ae; +bey +cesz)}]

{0, 0}

5.10 Complements in a vector subspace of a multiplane

Metrics in a multiplane

If we want to interpret one element of a linear space as an origin point, we need to consider
which forms of metric make sense, or are useful in some degree. We have seen above that a
Euclidean metric makes sense both in vector spaces (as we expected) but also in the plane where
one basis element is interpreted as the origin point and the other two as basis vectors.

More general metrics make sense in vector spaces, because the entities all have the same
interpretation. This leads us to consider hybrid metrics on n-planes in which the vector subspace
has a general metric but the origin is orthogonal to all vectors. We can therefore adopt a
Euclidean metric for the origin, and a more general metric for the vector subspace.

1 0 cee 0
0

Gy = . g::ll 91: " 5.33
O Gn1 - Ym

These hybrid metrics will be useful later when we discuss screw algebra in Chapter 7 and
Mechanics in Chapter 8. Of course the permitted transformations on a space with such a metric
must be restricted to those which maintain the orthogonality of the origin point to the vector
subspace.
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All the formulae for complements in the vector subspace still hold. In an n-plane (which is of
dimension n+1), the vector subspace has dimension n, and hence the complement operation for
the n-plane and its vector subspace will not be the same. We will denote the complement
operation in the vector subspace by using an overvector O instead of an overbar T .

Such a complement is called a free complement because it is a complement in a vector space in
which all elements are 'free', that is, not bound through points.

The constant k will be the same in both spaces and still equate to the inverse of the square root
of the determinant g of the metric tensor. Hence it is easy to show from the metric tensor above
that:

_ 1
1 ::—OAelAezA"'Aen 5.34

Ve

N 1
== — €1 A€3 A A€y 5.35
Vg
T =041 5.36
T).==-f 5.37

In this interpretation 1 is called the unit n-plane, while 1 is called the unit n-vector. The unit n-
plane is the unit n-vector bound through the origin.

The complement of an m-vector

If we define e; as the cobasis element of e; in the vector basis of the vector subspace (note

that this is denoted by an 'underbracket' rather than an 'underbar'), then the formula for the
complement of a basis vector in the vector subspace is:

— 1 <
e; ==—__-Zgiji 5.38

Vg o

In the n-plane, the complement €3 of a basis vector e; is given by the metric of the n-plane as:

1 n
€; = __:Zgij (-OAi)

Vg ia

Hence by using formula 5.31 we have that:
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e;

—
== —OAei

5.39

More generally we have that for a basis m-vector, its complement in the n-plane is related to its

complement in the vector subspace by:

& = (-1)"0AF 5.40
m m

And for a general m-vector:
A= (-1)"oAa 5.41
m m

The free complement of any exterior product involving the origin O is undefined.

The complement of an element bound through the origin

To express the complement of a bound element in the n-plane in terms of the complement in the
vector subspace we can use the complement axiom.

Onre; ::_.véi—:: -iv (—OAE;)
1 J [ R
== — elAez A“-Aen v |- A —
'\/g '\/g j=1
1 n
=2 = — g:l.] (eJAej)V(OAej)
g j=1 — —
1 n
== - — gij (eJ AOAej)Vej
g j=1 — —
1 2 —_
= — Zglj 1v ej
Vg a2 —

—
== ei

gij €j

OAei ==

—

i

More generally, we can show that for a general m-vector, the complement of the m-vector
bound through the origin in an n-plane is simply the complement of the m-vector in the vector

subspace of the n-plane.
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The complement of the complement of an m-vector

We can now use this relationship to relate the complement of the complement of an m-vector in
the n-plane to the complement of the complement in the vector subspace.

o= (-1))"0or@
m m

T = (-1)"0AT = (-1)" @
m m m

== (-1)" & 5.44
m m

The complement of a bound element

We now come to the point where we can determine formulae which express the complement of
a general bound element in an n-plane in terms of the origin and complements in the vector
subspace of the n-plane. We have already introduced a specific case of this in Section 5.9 above.
In Chapter 6: The Interior Product, we will depict the concepts graphically.

Consider a bound m-vector P A a in an n-plane.
m

PAra == (0+x)Aa::OAa+XAa
m m m m

The complement of this bound m-vector is:

PAra=0Ara+XrQ
m m m

=a+ (-1)™'0oAXra
m m

— —
=a - 0AraarXx
m m

Pra==-0OA0QrAX+ Q P=20+X 5.45
m m m

The simplest bound element is the point. Putting a == 1 in the formula above gives:
m

P ==-0A%X +-i P=-=0+%x 5.46

The complement of a bound vector is:
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P=20+Xx 5.47

I
Q)

PArAa=-0OAadAX+

& Calculating with free complements

E Entering a free complement

To enter a vector subspace complement of a Grassmann expression X in GrassmannAlgebra you
can either use the GrassmannAlgebra palette by selecting the expression X and clicking the

button ® |, or simply enter OverVector [X] directly.
OverVector[e; A e;]

€1 A ey

B Simplifying a free complement

If the basis of your currently declared space does not contain the origin O, then the vector space
complement (OverVector) operation is equivalent to the normal (OverBar) operation, and
GrassmannSimplify will treat them as the same.

A —

V3; g[{_e-TI X, e, x}]

{ex re3, X, €3 ne3, X}

If, on the other hand, the basis of your currently declared space does contain the origin O, then
GrassmannSimplify will convert any expressions containing OverVector complements
to their equivalent OverBar forms.

A —

P3; g[{_e-TI X, e, X}]

{exre3, OrXx, - (Oreyre3), X}

H The free complement of the origin

Note that the free complement of the origin or any exterior product of elements involving the
origin is undefined, and will be left unevaluated by GrassmannSimplify.

]P3;g[{'6, OAei, ¢D+:E, O+e£}]

(O, 0~e;,,0+rx+0, O+eynesz}

Example: The complement of a screw

Consider an interpreted 2-element S in a 3-plane which is the sum of a bivector xay and a
vector bound through the origin perpendicular to the bivector. We can represent the vector as
congruent to the free complement of the bivector. In the simplest case when the vector is equal
to the free complement of the bivector we have:
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Graphic of a vector bound through the origin perpendicular to a bivector xAy.

S::OAm+XAY

One of the interesting properties of such an entity is that it is equal to its own complement. We
can show this by simple transformations using the formulae derived in the sections above. The
complement of each term turns into the other term.

S ::OAm+XAY

—_—

=XAay+ (-1)20A%AY
= XAY+OAXAY ==
We can verify this by expressing x and y in basis form and using GrassmannSimplify.
P3; x = CreateVector[a]; y = CreateVector[b];
G[s =81
True

This entity is a simple case of a screw. We shall explore its properties further in Chapter 7:
Exploring Screw Algebra, and see applications to mechanics in Chapter 8: Exploring Mechanics.

5.11 Reciprocal Bases

Contravariant and covariant bases

Up to this point we have only considered one basis for /1\, which we now call the contravariant

basis. Introducing a second basis called the covariant basis enables us to write the formulae for
complements in a more symmetric way. Contravariant basis elements were denoted with
subscripted indices, for example e; . Following standard practice, we denote covariant basis
elements with superscripts, for example et . The two bases are said to be reciprocal.

This section will summarize formulae relating basis elements and their cobases and
complements in terms of reciprocal bases. For simplicity, we adopt the Einstein summation
convention.

In /1\ the metric tensor g;4 forms the relationship between the reciprocal bases.

e; == g:l.] ej 5.48

. . . . m
This relationship induces a metric tensor g j on A
14
m
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a 3
ei == gij e
m m

The complement of a basis element

The complement of a basis 1-element of the contravariant basis has already been defined by:

_ 1
ei == —

g

9i3 &5

g = 1{9ij|

Here g == | gij | is the determinant of the metric tensor. Taking the complement of equation

5.22 and substituting for € in equation 5.24 gives:
I 1
e =: — SJ-_ 5.51
Vg
The reciprocal relation to this is:
er=Vget 5.52
These formulae can be extended to basis elements of A.
m
&= Vg el 5.53
m m
I 1
e == € 5.54
" Vg =
Particular cases of these formulae are:
1 - 1 2 n
_elAezA---Aen::l::'\/ge A A nE 5.55
Vg
elAezA...Aen ::v_g’— 5.56
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e = '\/; (-1)1_1 el aealtacene

- 1 ;
el == (_1)1_1 €1 A-- Al Aceney 5.59

g

ei1 A ...Aeim == v-é’_ (_l)K‘“ el A ...ADil A oee ADim A---Aen 5.60
el A.onein oo (-1)% e a ceeaDy, AceeaDy Aceeney 5.61

g

where K, = Z‘::l i, + -;— m (m + 1) and the symbol O means the corresponding element is

missing from the product.

The complement of a cobasis element

The cobasis of a general basis element was developed in Section 2.6 as:

el == (_l)K‘“ el A“'ADil A.../\Dim A...Aen
m

where Kp = 33, i, + -;— m(m+1).

Taking the complement of this formula and applying equation 5.27 gives the required result.

. == (_l)Km elA"'ADil A.../\Dim Aces A€

]
== '\/g (—l)K‘“ el aAcead* Aeceenad™ aAeeene®
- vg (_l)m (n-m) eil A A eim
- P _1)™ (n-m) i
Vg (-1) e’
g = Vg (-nme™ el 5.62
Similarly:

200145



TheComplement.nb 40

—_ 1
e = —— (-1)" (™ g 5.63
— g m

The complement of a complement of a basis element

To verify the complement of a complement axiom, we begin with the equation for the
complement of a covariant basis element, take the complement of the equation, and then

substitute for e* from equation 5.37.
m

— J (-1)" " ey
Vg "

= (-1)" (™ o,
m

ol

A similar result is obtained for the complement of the complement of a contravariant basis
element.

The exterior product of basis elements

The exterior product of a basis element with the complement of the corresponding basis element
in the reciprocal basis is equal to the unit n-element. The exterior product with the complement
of any other basis element in the reciprocal basis is zero.

— 1 s
e; rel =e; A ey = 5;-’_ 1

N

ei Aéj— == e: A ('\/E) ej == 6;'_1—

esrel =80T el aey=6) T 5.64
m m m Iy

The exterior product of a basis element with the complement of any other basis element in the
same basis is equal to the corresponding component of the metric tensor times the unit n-
element.

—_ m X m 1 m R
ej A€y =€ A (gjk em ) = @i Agyy \/__ ek =g 1
m m m m m

g ) —
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s — . jk : jk —_ ij _
el A eJ == el A (3’ E;) == el Aa' ('\/g) ek == 8’ 1
m m m m m m_
—_— m JE— i _]— mlJ JE—
e; A8 =g;; 1 e"rel =g 1 5.65
m m m m

In /1\ these reduce to:

eiAej ==(‘5:-j 1 eiAEj—::(S’:'_],— 5.66

ei’\éj—zgij 1 e:i'/\e:i ::gij_],— 5.67

The regressive product of basis elements

In the series of formulae below we have repeated the formulae derived for the exterior product
and shown its equivalent for the regressive product in the same box for comparison. We have

. ml] . . T
used the fact that 65 and g are symmetric to interchange the indices.

e; rel == 53._1— e; vel = 53 5.68
m m m m
i = __ i7" i = __ si
emAeJ =65 1 emve] = &3 5.69
m m
JE— m - —_— m
€j A&j =g, 1 €j vej =gy 5.70
m m m m
. —_ mii . —_ mid
etrel =g 1 etvel =g 5.71
m m m m

The complement of a simple element is simple

The expression of the complement of a basis element in terms of its cobasis element in the
reciprocal basis allows us a straightforward proof that the complement of a simple element is
simple.

To show this, suppose a simple element a expressed in terms of its factors a; .
m
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a == alAaz A---Aam
m

Take any other n—-m 1-elements oty,1 , Qps2, -+, Ay suchthat a;,az, -+, Oy, Ope1, =+ Op
form an independent set, and thus a basis of /1\ Then by equation 5.34 we have:

& =01 AOy A s A Qg == '\/ga ™t Aad™2 Ao na®
m

where g, is the determinant of the metric tensor in the a basis.

The complement of &ty A &tz A -+ A @y is thus a scalar multiple of a™*?! A a™*2 A ... o a®. Since
this is evidently simple, the assertion is proven.

5.12 Summary

In this chapter we have shown that by defining the complement operation on a basis of /1\ as

n — —_—
e; =k Z , 943 &5 and accepting the complement axiom a a8 =="a v B asthe
j= — m ok m ok
mechanism for extending the complement to higher grade elements, the requirement that
& = % a IS true, constrains g;4 to be symmetric and k to have the value £ 71_— ,where g is
m m g
the determinant of the g; .

The metric tensor g;4 was introduced as a mapping between the two linear spaces /1\ and Al.
no
To this point has not yet been related to notions of interior, inner or scalar products. This will be

addressed in the next chapter, where we will also see that the constraint k == # £ s
g
equivalent to requiring that the magnitude of the unit n-element is unity.

Once we have constrained g;5 to be symmetric, we are able to introduce the standard notion of
a reciprocal basis. The formulae for complements of basis elements in any of the A then become
m

much simpler to express.
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6 The Interior Product

6.1 Introduction

6.2 Defining the Interior Product
Definition of the interior product
Implications of the regressive product axioms
Orthogonality
% The interior product of a vector with a simple bivector

6.3 Properties of the Interior Product
Implications of the Complement Axiom
Extended interior products
Interior products of elements of the same grade
The inner product
Example: Orthogonalizing a set of 1-elements

6.4 The Interior Common Factor Theorem
The Interior Common Factor Formula
The Interior Common Factor Theorem
% Examples of the Interior Common Factor Theorem
& The list form of the Interior Common Factor Theorem

6.5 The Inner Product
Inner products of general elements
% Calculating inner products
Inner products of basis elements

6.6 The Measure of an m-element
The definition of measure
Unit elements
% Calculating measures
& The measure of free elements
The measure of bound elements

6.7 The Induced Metric Tensor
% Calculating induced metric tensors
% Using scalar products to construct induced metric tensors
% Displaying induced metric tensors as a matrix of matrices

6.8 Product Formulae for Interior Products
Interior product formulae for 1-elements
Interior product formulae for 1-elements from regressive product formulae
Interior product formulae for p-elements from regressive product formulae
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6.9 The Cross Product
Defining a generalized cross product
Cross products involving 1-elements
Implications of the axioms for the cross product
The cross product as a universal product
Cross product formulae

6.10 The Triangle Formulae
Triangle components
The measure of the triangle components
Equivalent forms for the triangle components

6.11 Angle
Defining the angle between elements
% The angle between a vector and a bivector
% The angle between two bivectors
% The volume of a parallelepiped

6.12 Projection
To be completed.

6.13 Interior Products of Interpreted Elements
To be completed.

6.14 The Closest Approach of Multiplanes
To be completed.

6.1 Introduction

To this point we have defined three important operations associated with a linear space: the
exterior product, the regressive product, and the complement.

In this chapter we introduce the interior product, the fourth operation of fundamental
importance to Grassmann algebra. The interior product of two elements is defined as the
regressive product of one element with the complement of the other. Whilst the exterior product
of an m-element and a k-element generates an (m+k)-element, the interior product of an m-
element and a k-element (m = k) generates an (m—k)-element. This means that the interior
product of two elements of equal grade is a O-element (or scalar). The interior product of an
element with itself is a scalar, and it is this scalar that is used to define the measure of the
element.

The interior product of two 1-elements corresponds to the usual notion of inner, scalar, or dot
product. But we will see that the notion of measure is not restricted to 1-elements. Just as one
may associate the measure of a vector with a length, the measure of a bivector may be
associated with an area, and the measure of a trivector with a volume.

If the exterior product of an m-element and a 1-element is zero, then it is known that the 1-
element is contained in the m-element. If the interior product of an m-element and a 1-element is
zero, then this means that the 1-element is contained in the complement of the m-element. In this
case it may be said that the 1-element is orthogonal to the m-element.
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The basing of the notion of interior product on the notions of regressive product and
complement follows here the Grassmannian tradition rather than that of the current literature
which introduces the inner product onto a linear space as an arbitrary extra definition. We do
this in the belief that it is the most straightforward way to obtain consistency within the algebra
and to see and exploit the relationships between the notions of exterior product, regressive
product, complement and interior product, and to discover and prove formulae relating them.

We use the term 'interior' in addition to 'inner' to signal that the products are not quite the same.
In traditional usage the inner product has resulted in a scalar. The interior product is however
more general, being able to operate on two elements of any and perhaps different grades. We
reserve the term inner product for the interior product of two elements of the same grade. An
inner product of two elements of grade 1 is called a scalar product. In sum: inner products are
scalar whilst, in general, interior products are not.

We denote the interior product with a small circle with a 'bar' through it, thus ©. This is to
signify that it has a more extended meaning than the inner product. Thus the interior product of
a with E becomes a® E This product is zero if m < k. Thus the order is important: the element

of higher degree should be written on the left. The interior product has the same left
associativity as the negation operator, or minus sign. It is possible to define both left and right
interior products, but in practice the added complexity is not rewarded by an increase in utility.

We will see in Chapter 10: The Generalized Product that the interior product of two elements
can be expressed as a certain generalized product, independent of the order of the factors.

6.2 Defining the Interior Product

Definition of the interior product

The interior product of a and B is denoted a© B and is defined by:
m k m k

If m <k, then av B isnecessarily zero (otherwise the grade of the product would be negative),
m ok
hence:

ef3 == <k
aoB m 6.2

E An important convention

In order to avoid unnecessarily distracting caveats on every formula involving interior products,
in the rest of this book we will suppose that the grade of the first factor is always greater than
or equal to the grade of the second factor. The formulae will remain true even if this is not the
case, but they will be trivially so by virtue of their terms reducing to zero.
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E An alternative definition

The definition 6.1 above is chosen rather than & v 8 (k = m) as a possible alternative since,
m ok

given the way in which the complement has been defined earlier, only the proposed definition
leads to the interior product of an m-element with itself in Euclidean space (gij == 615 ) being
invariably positive, independent of the grade of the element or the dimension of the space. We

can see this from equation 5.69 in the last chapter. Instead of e; ©e; == 1, we would have
m m
rather e; ©e; = (-1)™ (™
m m

Historical Note

Grassmann and workers in the Grassmannian tradition define the interior product of two
elements as the product of one with the complement of the other, the product being either
exterior or regressive depending on which interpretation produces a non-zero result.
Furthermore, when the grades of the elements are equal, it is defined either way. This definition
involves the confusion between scalars and n-elements discussed in Chapter 5, Section 5.1
(equivalent to assuming a Euclidean metric and identifying scalars with pseudo-scalars). It is to
obviate this inconsistency and restriction on generality that the approach adopted here bases its
definition of the interior product explicitly on the regressive exterior product.

Implications of the regressive product axioms

By expressing one or more elements as a complement, the relations of the regressive product
axiom set may be rewritten in terms of the interior product, thus yielding some of its more
fundamental properties.

& © 6: The interior product of an m-element and a k-element is an (m—k)-element.

The grade of the interior product of two elements is the difference of their grades.

a€EN, BEA = a6fi € A 6.3
m m g k m k m-k *

Thus, in contradistinction to the regressive product, the grade of an interior product does not
depend on the dimension of the underlying linear space.

If the grade of the first factor is less than that of the second, the interior product is zero.

e == <k
o m 6.4
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& © 7: The interior product is not associative.

The exterior, regressive and interior products have relations derived directly from the
associativity of the regressive product.

(gef)ez = g@(ﬁz\z) 6.5
leg)er = o (zey) -6

By interchanging the order of the factors on the right-hand side of formula 6.5 we can derive an
alternative expression for it.

zo(gry) = v rgo(yp) =

(gef)ef = (-1)kF (gef )ef 6.7

& © 8: The unit scalar 1 is the identity for the interior product.

The interior product of an element with the unit scalar 1 does not change it. The interior product
of scalars is equivalent to ordinary scalar multiplication. The complement operation may be
viewed as the interior product with the unit n-element 1 .

a9l = a 6.8
m m
aa = aAra = aa 6.9
m m m
lel1l =1 6.10
o = 16oa 6.11
m m

& ©9: The inverse of a scalar with respect to the interior product is its complement.

The interior product of the complement of a scalar and the reciprocal of the scalar is the unit n-
element.
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& © 10: The interior product of two elements is congruent to the interior product of their
complements in reverse order.

The interior product of two elements is equal (apart from a possible sign) to the interior product
of their complements in reverse order.

aepB = (-1) @™ @k B o 5 6.13
m k k m

If the elements are of the same grade, the interior product of two elements is equal to the interior
product of their complements. (It will be shown later that, because of the symmetry of the
metric tensor, the interior product of two elements of the same grade is symmetric, hence the
order of the factors on either side of the equation may be reversed.)

& © 11: An interior product with zero is zero.

Every exterior linear space has a zero element whose interior product with any other element is
Zero.

a0 =0 = 06a 6.15
m m

& © 12: The interior product is distributive over addition.

The interior product is both left and right distributive over addition.

(a+/3)e}’ = aOy+pBOYy 6.16
m m r m r m r
ae(/3+7) = a6 +a0y 6.17
m r r m r m r

Orthogonality

Orthogonality is a concept generated by the complement operation.
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If x is a 1-element and a is a simple m-element, then x and a may be said to be linearly

dependent if and only 1f arx = = 0, that is, x is contained in (the space of) a.

Similarly, x and a are said to be orthogonal if and only if '@ A x == 0, that is, x is contained in
m m
.
m
By taking the complement of "a a A x == 0, we can see that "a a A x == 0 if and only if

av X == 0. Thus it may also be said that a 1-element x is orthogonal to a simple element a if
m

and only if their interior product is zero, thatis, a ©x =
m

If X == X1 AXp Ao A Xk then a and X are said to be totally orthogonal if and only if
m

a©ex; == 0 for all x; contained in f
m

However, for a© (x; A x5 A --- A X)) to be zero it is only necessary that one of the x; be
m

orthogonal to a. To show this, suppose it to be (without loss of generality) x; . Then by
m

formula 6.5 we can write @ © (X1 A X3 A «-- A Xi) as (aexl) © (X3 A -+ A Xy ), Whence it
m m

becomes immediately clear that if a © x; is zero then so is the whole product a © x.
m m

Just as the vanishing of the exterior product of two simple elements a and x implies only that
m

they have some 1-element in common, so the vanishing of their interior product implies only
that "a and f (m = k) have some 1-element in common, and conversely. That is, there is a 1-
m

element x such that the following implications hold.

ct:Aalf:O = {an--O xAx 0}
a©x =0 = {an--O xAx 0}

a©x =0 = {aex--o xAx 0}

abx =20 & abx=0 < A AX = XAX == 6.18
m k m m k

% The interior product of a vector with a simple bivector

Suppose x is a vector and a A B is a simple bivector. The interior product of the bivector a » 8
with the vector x is the vector &.

€= (arB)OX;

To explore interior products, we can use the GrassmannAlgebra function
ToScalarProducts. Applying ToScalarProducts to expand & in terms of a and
gives:
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ToScalarProducts [£]
B (x0a) -o (x68)

We can see from this that £ is contained in the bivector a o B. We can also verify this by
expanding their exterior product.

ToScalarProducts[£ A (axf)]

0
The vectors § and x are also orthogonal.

ToScalarProducts [§©x]

0

Diagram of a vector x with a component in a bivector, and one orthogonal to it.

6.3 Properties of the Interior Product

Implications of the Complement Axiom

The Complement Axiom was introduced in Chapter 5 in the form a a8 = & v 8 . We can
m ok m ok
recast the right-hand side into a form involving the interior product.

arB = TOB = (-1)"*Bea 6.19
m ok m ok k m
Further, by replacing a by '@ ina ~ 8 we have that "a@ A B == = op. Putting
m m m k m k m k
a = (-1)™ ™™ g yields an alternative definition of the interior product in terms of the
m m

exterior product and the complement.

aep = (-1)" ™ G ap 6.20
m k k

m

Extended interior products

The interior product of an element with the exterior product of several elements may be shown
straightforwardly to be a type of 'extended' interior product.
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ae(/g,\/g,\...,\/g) = av (BABAwaAB) = av(_B-v_/?v...v_/?,—)

m \k1 k2 kp m k1l k2 kp m \k1 k2 kp

= (((avB)vB)v~)vE = (((aeg)op)e)ep
ge(lﬁ/\ﬁm-mlﬁ)) (((ﬁelﬁ)eﬁ)e"')eﬁ 6.21

Thus, the interior product is left-associative.

Interior products of elements of the same grade

The regressive product of an m-element and an (n—m)-element is given by formula 3.21.

av == (aAB)vl €A
m n-m 0

m n-m

The dual of this is given by formula 3.25. By putting 1 equal to 1 (formula 5.8), we obtain
n

aA/3==(av/3)T €A

m n-m m n-m n

By putting B == B these may be rewritten in terms of the interior product as:

m n-m

aep = (aA73')v1 6.22
m m m m
an B ::(aeB)T 6.23
m m m m

Since the grades of the two factors of the interior product a © B are the same, the product may
m m

also be called an inner product.

The inner product

The interior product of two elements a and 3 of the same grade is (also) called their inner
m m

product. We proceed to show that the inner product is symmetric.

Taking the complement of equation 6.23 gives:

an B = (ge/g):f:: aep

m m

On the other hand, we can also use the complement axiom [5.3] and the complement of a
complement formula [5.30] to give:
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ar B =T vp == (-1)"O™ GF vg = Bva = BOoa
m m m m m m m m m m

From these two results we see that the order of the factors in an inner product is immaterial, that
is, the inner product is symmetric.

e == e
adf = Boa 6.24

m m

This symmetry, is of course, a property that we would expect of an inner product. However it is
interesting to remember that the major result which permits this symmetry is that the
complement operation has been required to satisfy the requirement of formula 5.30, that is, that
the complement of the complement of an element should be, apart from a possible sign, equal to
the element itself.

We have already shown in © 10 of the previous section that:

m

aep = (-1) @™ =k FoG
m k k

Putting k = m, and using the above result on the symmetry of the inner product shows that the
inner product of two elements of the same grade is also equal to the inner product of their
complements.

E The scalar product

A scalar product is simply an interior or inner product of 1-elements. If x and y are 1-elements,
then x©y is a scalar product.

Example: Orthogonalizing a set of 1-elements

Suppose we have a set of independent 1-elements a; , az, a3, -+, and we wish to create an
orthogonal set e; , e, , e3, --- spanning the same space.

We begin by choosing one of the elements, a; say, arbitrarily and setting this to be the first
element e; in the orthogonal set to be created.

€L =

To create a second element e, orthogonal to e; within the space concerned, we choose a
second element of the space, a; say, and form the interior product.

e; = (ejraz) 6e;

We can see that e, is orthogonal to e; by taking their interior product and using formula 6.21
to see that the product is zero:

e, 0e; = ((e1ray) Oe;) Oe; == (e1raz) ©(ep1rey) =0
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We can also see that a, lies in the 2-element e; A ey (that is, ay is a linear combination of e;
and e, ) by taking their exterior product and expanding it.

err((erraz)Oe1)raz ==e; A ((e10e1) a - (e10a3) e;) Aay =

We will develop the formula used for this expansion in Section 6.4: The Interior Common
Factor Theorem. For the meantime however, all we need to observe is that e, must be a linear
combination of e; and aj , because it is expressed in no other terms.

We create the rest of the orthogonal elements in a similar manner.
e3 == (elAezAa3)e(e1Ae2)
€, = (elAeer3Aa4)e(e1Ae2Ae3)

In general then, the (i+1)th element e;,; of the orthogonal set e; , e, e3, -+ is obtained from
the previous i elements and the (i+1)th element a;,;, of the original set.

€j,1 = (€1r€3A--r€; AQj,1) © (€1 20€3A--0€5) 6.26

Following a similar procedure to the one used for the second element, we can easily show that
e;.1 is orthogonal to €; A ey A --- A e; and hence to each of the e; , 5, ---, e;,and that
a; liesin e; A ey A --- A e; and hence is a linear combination of e; , e, -, €;.

This procedure is equivalent to the Gram-Schmidt orthogonalization process.

6.4 The Interior Common Factor Theorem

The Interior Common Factor Formula

The Common Factor Axiom introduced in Chapter 3 is:

(GAY)V(BAY) == (GABAY)VY
mop k p ™ k p/ p

Here y is simple, the expression is a p-element and m+k+p = n.
p

The dual of this expression is also a p-element, but in this case m+k+p = 2n.

(av)’]/\(ﬁv)’] == (avﬁv)’]/\)’
m p k p m k p p

We can write this dual formula with the alternative ordering:

(Yva]/\()’vﬁ] == (Yvavﬁ)/\)’
p p k p ™ k/ p

Then, by replacing a and 8 by their complements we get:
m k
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e) (T - o)

p = k/ \p ™ k/ p

Finally, by replacing @ v 8 with a » B we get the Interior Common Factor Formula.
m k m k

(wea) A (7613) (we (aAB)) Y 6.27
p ™ p k P m  k P

In this case ¥ is simple, the expression is a p-element but p = m-+k.
p

The Interior Common Factor Theorem

The Common Factor Theorem enabled an explicit expression for a regressive product to be
derived. We now derive the interior product version called the Interior Common Factor
Theorem.

We start with the Common Factor Theorem in the form:

(t‘:v ==2(0‘i'\/3)"0‘i

s iy \m-p s P
. m
where a == a; Aa; == ay A0y == --- == A, A Qd,, aissimple, p=m+s—n,and v = ( )
m mp p mp P mp p ™ P

Suppose now that B == 8 , kK = n—s = m—p. Substituting for B and using formula 6.23 allows us
s k s

to write the term in brackets as

a; AB = a; A B = (aiGB)T
m-p s k k k k

so that the Common Factor Theorem becomes:

\4

o2 - ot

i=1 6.28
a == al A 0‘1 == az A az == eee == av A av
m k m-k k m-k k m-k

where k< m, and v = ( 1}: ) ,and a is simple.
m

This formula is a source of many useful relations in Grassmann algebra. It indicates that an
interior product of a simple element with another, not necessarily simple, element of equal or
lower grade, may be expressed in terms of the factors of the simple element of higher grade.

When a is not simple, it may always be expressed as the sum of simple components:
m

a=al+a? +ad

+ - (the i inthe o are superscripts, not powers). From the linearity of
m m m m m
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the interior product, the Interior Common Factor Theorem may then be applied to each of the
simple terms.

wOR - (a1+a2+a3+-")9/3 = alop+a’ep+a’ep + ..
m k m m m k m k m k m k

Thus, the Interior Common Factor Theorem may be applied to the interior product of any two
elements, simple or non-simple. Indeed, the application to components in the preceding
expansion may be applied to the components of a even if it is simple.

m

To make the Interior Common Factor Theorem more explicit, SUPpOse a == a3 A Qg A ==+ A Oy,
m

then:

(apraz Acecnay) Of ==
k

Z ((ail A---Aaik) e/lf) (—],)Kk a A---/\Dil A.../\Dik A eee AQp

ip e i

where Ky == Z‘,;f:l i, + -;— k (k +1),and Oy means a;j is missing from the product.

% Examples of the Interior Common Factor Theorem

In this section we take the formula just developed and give examples for specific values of m
and k. We do this using the GrassmannAlgebra function
InteriorCommonFactorTheorem which generates the specific case of the theorem when
given an argument of the form a e/E. The grades m and k must be given as positive integers.

B B is a scalar

(alAazA"'AGm)elg ==Ig(a1A0‘2A"'Aam) 6.30

B B is a 1-element

m
(a1/\0‘2/\""\0‘m) 6/3 == Z (aieB) (—l)i_l alA"'ADiA"'Aam 6.31

i=1

InteriorCommonFactorTheorem [g( e /3]

%95 == A0 0B ==-(BOaz) a1 + (BoOay) A
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InteriorCommonFactorTheorem [g( e /3]

aef==o01r0 A03083 ==
3

(Boaz) ap rop - (BOaz) ap roz + (BE01) Qz ~ 03
InteriorCommonFactorTheorem [a e /3]
4

aAeB ==0a;r0p r03 704083 ==~ (B00ay) 0y rQz rO3 +
1

(Booas) ag ray ~ayg — (BO0Oy) g A0z r0ly + (BEO1) Oy A3 A Oy

B B is a 2-element

(al A Qo A---Aam) 6/3 ==
2

Z ((a.'l. Aaj) elzs) (_1)i+j—1 alA...ADiA...ADj A eee A Qg

i,j

InteriorCommonFactorTheorem [a e /3]
3 2
aOfB ==01 A0 AQ3O8 ==
3 2 2
Bea; AO(3) o1 - (Beoq AO(3) Oy + (590(1 AOCZ) a3
2 2 2
InteriorCommonFactorTheorem [a e /3]
4 2
OO ==01 A0 AQ3 A0y O3 ==
4 2 2
(690(3 AO(4) a1 A0y — ( 0] AO(4) a1 A O3 + (690(2 AO(3) a1 A Og +
2 2

Be

2
B@O(l AO(4) O AO3 — (B@O(l AO(3) O ANOyg + (B@O(l AO(2) O3 A Oy
2 2 2

B B is a 3-element

InteriorCommonFactorTheorem [a e /3]
4 3

O(@B == 01 A02 AQO3 AO(496227(690(2AO(3AO(4) oy +
4 3 3 3

(B@O(l A Q3 AO(4) Oy — (B@O(l A Ol AO(4) o3 + (B@O(l AOlp A3 | Qg
3 3 3

% The list form of the Interior Common Factor Theorem

We start with the Interior Common Factor Theorem.
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v

208 =) (go) o

i=1
a::all\al ::azAaz SIS eee ==avAaV
m k m-k k m-k k m-k

If we collect together the k-element factors of a into a list denoted g, and the (m—k)-element
m

factors of a into a second list denoted & , we can rewrite the interior product as a list Dot
m-k

m
product. The Dot product is a Mathematica function which adds the products of corresponding
terms of two lists. Note the larger font size to denote the list corresponding to a given set of
elements.

Thus:

In list form this can be written:

gof =gola e g oy o 2y

{ar Ay ooy a} == {alr A2y oy av}’\{alr Qa2 4 vy av}
m m m k k k m-k m-k m-k

Further discussion of matrix operations in GrassmannAlgebra may be found in Chapter 13:
Exploring Grassmann Matrix Algebra.

B Example: List expansion of an interior product

We wish to expand the interior product of a 3-element and a 2-element gce B. For simplicity, we
2

use the GrassmannAlgebra functions ElementList and CoelementList to create the

lists, and MatrixProduct to take the inner products with 3.
2

O = ElementList[2] [a]

2 3
{an roa, o1 noz, 02 AQ3}
O = CoelementList[2] [a]
1 3

{oz, -0z, 01}
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Thus ge B can be computed by entering:
2

MatrixProduct [/3 e a] . a
2 2 1

(Beaz AO(3) ag - (Beoq AO(3) Oy + (Beal AO(Z) a3
2 2 2

6.5 The Inner Product

Inner products of general elements

As we have already discussed in Section 6.3 the interior product of two simple elements

O == 01 AQg A<+ AQy and B == B1 A B2 A -+- A By of the same grade is called more
m m

specifically the inner product of a and 8. In what follows we derive a simple expression for this
m

m
often-encountered quantity. We begin with the form we wish to re-express.

(;:9/3 = (ap a0 A-ady) © (B AB2 A ABy)

From formula 6.21 for extended interior products:

ae(BABA...AB) == (((aeﬁ)efgz)e...)eﬁ

m k1l k2 kp m k1 kp
we can write (a3 A Qg A «o+ AOy) © (B1 ARy A+ ABy) as:
((@1 A0z A n0m) ©B1) © (B2 A+ A fn)

or, by rearranging the 8 factors to bring 35 to the beginning of the product as:

((a1 a@z A~ n0n) ©B;) © ((-1)371 (By aBy A= aDj A aBn))

The Interior Common Factor Theorem gives the first factor of this expression as:

m
(a1 Az Ao nay) ©B5 == Z (as ©B5 ) (-1)% Y ag Aag Ao ADg Ao

i=1

Thus, (a; Aoz A<= aay) © (B1 ARy A A fBy) becomes:

A Op

(ap Az Ao nly) © (BrAB2 A ABy) ==

Z (@3 ©B5 ) (1) (o Ao aDy Ao nay) ©

i=1

(Bl A oo AD] A oo ABm)

If this process is repeated, we find the strikingly simple formula:

200145
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(g aaz A nQn) © (ByAaB2 A ABy) =Det[a; 65;] 6.36

& Calculating inner products

The expression for the inner product of two simple elements can be developed in
GrassmannAlgebra by using the operations DevelopScalarProductMatrix and
ToScalarProducts. DevelopScalarProductMatrix[a, 3] or
DevelopScalarProductMatrix[ a3 ] develops the inner product of a and B into the
matrix of the scalar products of their factors. The determinant of the scalar product matrix is the
inner product.

We can use ScalarProductMatrix purely symbolically. If we apply it to elements of
(unspecified) symbolic grade we get:

DevelopScalarProductMatrix [cx ) /3] // MatrixForm
m m

a16B1 a19B2 o1e- 016
020831 OBy O 02Oy
...661 ...662 e e ...eBm
O(meﬁl O(mGBZ O © -+ O(meﬁm

Or we can use the GrassmannAlgebra operation DeterminantForm to present the result as a
determinant.

DevelopScalarProductMatrix [a ) /3] // DeterminantForm
m m

o1 661 a1 832 S CREE a1 © P
0z © 31 0z © 32 0 © - a2 © fn
Yol Yol =N -+ B
Om © 31 Om © 32 O © -+ Om © S

If the grade of the elements is specified as an integer, we get a more specific result.

DevelopScalarProductMatrix [§e zlf] // MatrixForm
3 3

101 &19Y2 £10Y3
E20U1 00, Er0Y3
E30Y1 &30y E30Y3

Displaying the inner product of two elements as the determinant of the scalar product of their
factors shows clearly how the symmetry of the inner product depends on the symmetry of the
scalar product (which in turn depends on the symmetry of the metric tensor).

To obtain the actual inner product we take the determinant of this matrix.
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Det [DevelopScalarProductMatrix [§ e zlf] ]
3 3

—(E10Y3) (E20Y2) (E30U1) + (E10Y2) (E20¥3) (E30Y1) +
(E10U3) (E20U1) (E30U2) - (E10Y1) (E20U3) (E30Y3) -
(E10Y2) (&2091) (E30U3) + (E10Y1) (S20¥2) (E30U3)

If the elements of the determinant are given in terms of basis elements, we can obtain a final
result. For example, if we are in 3-space and we take the scalar product of the element
? == e; A e; A ez with itself we get:

Vs3; DevelopScalarProductMatrix [?e§] // MatrixForm

e, 0e; ey oe, e;oej
e,oe; eyoe; e;oej
es;oe; ez;oe; e3zoej

A = Det [DevelopScalarProductMatrix [e e e] ]
3 3

-(e190e3) (e20ey) (ez3oe;) + (e19ey) (ex0e3) (ez3cey) +
(e10e3) (ex0e;) (e30e) - (e10e1) (ex0e3) (e3oey) -
(e10e;) (e;0e;) (e3oez) + (e10e1) (e;0e,;) (ez3oe;)

We can now substitute the metric elements g; 4 for the scalar products e; © e; by using the
GrassmannAlgebra function ToMetricForm. Declaring a default general metric we get:

DeclareMetric[g]
{{91,1+ 91,2+ 91,3}r {91,2+ 92,2+ 92,3} {91,3s U2,3r U3,3}}
ToMetricForm[A]
2 2 2
-01,3 92,2 + 291,2 91,3 92,3 — 91,1 02,3 — U1,2 U3,3 + 01,1 U2,2 U3,3

This is Det [g;,5 ] as we would expect. Had we declared the default Euclidean metric we
would have obtained unity as expected.

To calculate an inner product directly we can use the GrassmannAlgebra function
ToScalarProducts.

ToScalarProducts[(xayAaz)© (uavaw)]

-(uz) (vey) (wex) + (uey) (vez) (wex) + (uez) (vex) (wey
(uex) (vez) (woy) - (uey) (vex) (wez) + (uex) (vey) (wez)

~

In fact, ToScalarProducts works to convert any interior products in a Grassmann
expression to scalar products.

X=1+x0a+b (xayrz)Oow+c (e1rey) ©(ezare3)

l+xca+ce;re;0ey;re3+bxrynrzow
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Y = ToScalarProducts [X]

l+tax-c (e10e3) (ep;0ey) +Cc (e10e;) (ep0e3) +
b (woez)xay-b (wey) xXrz+b (WOX) YAz

ToMetricForm[Y]

l+ax-cgi,302,2+Cg1,202,3+
b (woez)xay-b (wey) xXrz+b (WOX) YAz

Inner products of basis elements

The inner product of two basis m-elements has been expressed in various forms previously.
Here we collect together the results for reference. Here, g; is the metric tensor, g is its
determinant, and a and B refer to any basis elements.

m m

aefl = Bea = _(x—673— == 73—9_(1— 6.37

m nq m m m m m m

e;0el = &) eloe; = &5 6.38
m m m m

R — i j m

e; ee] = €e; eej = ge el = gl] 6.39
m m m m o m

i —; -_— 1 mlJ
etoel = etoed == — e;jOej =g 6.40
m m m m gm n

6.6 The Measure of an m-element

The definition of measure

The measure of an element a is denoted | a | and defined as the positive square root of the
m m

inner product of a with itself.
m

|a|==,\/aea 6.41
m m m
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If a is expressed in terms of components, its measure may be expressed as the positive square
m

root of a quadratic form involving the metric.

1,]

a=xa'e; = |a|==\/_z_aiajaij 6.42

For some metrics this quadratic form may be zero or negative. Thus the measure of an element
may be zero or imaginary. An element with zero measure is called isotropic. To avoid undue
quantities of qualifications we assume in what follows that elements have non-zero measures.

The measure of a scalar is its absolute value.

|a|== a2 6.43

The measure of unity (or its negative) is, as would be expected, equal to unity.

11} =1 |-1} =1 6.44

The measure of an n-element a == a e; a --- A e, is the absolute value of its single scalar
n

coefficient multiplied by the determinant g of the metric tensor. Note that n-elements cannot be
isotropic since we have required that g be non-zero.

al =+vVazgqg = jal Vg 6.45

a=aej A -re, =
n n

The measure of the unit n-element (or its negative) is, as would be expected, equal to unity.

11} = 1-T} = 6.46

The measure of an element is equal to the measure of its complement, since, as we have shown

above, a®a="aea.
m m m m

|a| = || 6.47
m m

The measure of a simple element a is, as we have shown in the previous section:
m

2
|a| == (A1 AQQ A+sAOp) © (A1 ACy A--AQy) ==Det[a; ©ay] 6.48
m

In a Euclidean metric, the measure of an element is given by the familiar 'root sum of squares'
formula yielding a measure that is always real and positive.
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a=Xa; e = |(X|=='\/Z'.aj_2
m m m

Unit elements

The unit m-element associated with the element a is denoted & and may now be defined as:
m

The unit scalar a corresponding to the scalar a, is equal to +1 if a is positive and is equal to =1

if a is negative.

~ a .
a == —— = Sign[a] 6.51
la}
1= 1==-1 6.52

The unit n-element @ corresponding to the n-element a == a e; A --- A e, is equal to the unit n-
n n

element 1 if a is positive, and equal to - 1 if a is negative.

a
n ael A...Aen . —_—_
- - == Signf[a] 1 6.53

|g| lat Vg

The measure of a unit m-element a is therefore always unity.
m

la} =
m

& Calculating measures

To calculate the measure of any element we can use the GrassmannAlgebra function Measure.
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Measure[a; AC A +++ A0y

\/O(l AOQ A AQp ©01 AOQ A=+ AOp

Measure[a; A a3 ]

\/* (1 0a2)? + (a1 0a1) (02 007)
Measure will compute the measure of a simple element using the currently declared metric.

For example, with the default Euclidean metric:
Measure[(2e; -3 e;) A (e; +e3+e3) A (5e; +e3)]
5
With a general metric:
V3; DeclareMetric[g]
{{91,17 91,2+ 91,33+ {91,2+ 92,2+ 92,3}+ {91,3s 92,3+ 93,3} }
Measure[(2e;1 -3 e3) A (e; +e3 +e3) A (5e3 +e3)]

A/ (50 91,2 91,3 92,3 +
2591,1 92,2 93,3 - 25 (93,3 92,2 + 91,1 95,3 + 95,5 93,3) )

% The measure of free elements

The measure of an m-element has a well-defined geometric significance.

I a |2 == a2
The measure of a scalar is its absolute value.

Measure[a]

oz

|a |2 =aoa
If a is interpreted as a vector, then |a} is called the length of a.

Measure[a]

JVoaea
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a; ©a; a; ©a2

2
a = (a1 A Q O (a1 A ==
|2| ( 1 2) ( 1 2) azeal azeaz

If g is interpreted as a bivector, then | g | is called the area of g. ] g | is in fact the area of the

parallelogram formed by the vectors a; and a; .

Measure[a; A a3 ]

\/*(Ofl 00z)% + (a1 001) (a2002)

Graphic showing a parallelogram formed by two vectors o; and a5, and its area.

Because of the nilpotent properties of the exterior product, the measure of the bivector is
independent of the way in which it is expressed in terms of its vector factors.

Measure[ (a; + az) Adz]

\/*(Ofl 00z)% + (a1 001) (a2002)

Graphic showing a parallelogram formed by vectors (o; + oz ) and a3, and its area.

2
|0K| = (a1 aaz Aa3) © (ag Az AQ3) ==
3

a; ©a; a; ©az a; ©as
(05 eal (05 eaz (05 ea3
as eal as eaz as ea3

If a is interpreted as a trivector, then | a | is called the volume of a. | a | is in fact the volume
3 3 3 3

of the parallelepiped formed by the vectors a; , a; and a3 .
V = Measure[a; A a3 A Q3]

V(- (meas)? (az0a;) +
2 (01002) (a10a3) (az0a3) - (1 001) (az0a3)? -
(a1 ©0az)% (a3003) + (1 60n) (02 00z) (a3©03))
Note that this expression has been simplified somewhat as permitted by the symmetry of the
scalar product.

Graphic showing a parallelepiped formed by vectors c; , a, and a3, and its volume.
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The measure of bound elements

In this section we explore some relationships for measures of bound elements in an n-plane
under the hybrid metric [5.33] introduced in Section 5.10. Essentially this metric has the
properties that:

1. The scalar product of the origin with itself (and hence its measure) is unity.

2. The scalar product of the origin with any vector or multivector is zero.

3. The scalar product of any two vectors is given by the metric tensor on the n-dimensional
vector subspace of the n-plane.

We summarize these properties as follows:

060 == aoo == e; ©ej == gjj 6.56
m

E The measure of a point

Since a point P is defined as the sum of the origin © and the point's position vector v relative to
the origin, we can write:

POP== (D+v)©(0D+Vv) =060+206v+VvOv=1+vev

|P}? =1+ |v}? 6.57

Although this is at first sight a strange result, it is due entirely to the hybrid metric discussed in
Section 5.10. Unlike a vector difference of two points whose measure starts off from zero and
increases continuously as the two points move further apart, the measure of a single point starts
off from unity as it coincides with the origin and increases continuously as it moves further
away from it.

The measure of the difference of two points is, as expected, equal to the measure of the
associated vector.

(P -P2) © (P; - P3)

== P,©6P; -2 P, 6P, + P, 6P,

= (1+v16vy) -2 (1+v16vy) + (1 +v20v3)
=Vv10V; -2V 0V + V30V,

= (V1 -Vv2) ©(v1-Vz)

E The measure of a bound multivector

Consider now the more general case of a bound m-vector Pa a with P == O+v. Applying
m

formula 6.99 derived in Section 6.10, we can write:

(Prg)e(rrg) = (zog) wor) - [gor) o (zer)

m

Buta©P == a© (O + v) == a©v and POP == 1+vOyv, so that:
m m m
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(Prg)e(prg) = (zog) evew - (gov)e(zev)

By applying formula 6.99 again this may be re-expressed as:

(PAa)e(PAa) ==aea+(aAv)e(aAv) 6.58
m m m m m m
2 2 2
|PAa| ==|a| +|aAv| 6.59
m m m
2 2
|pAa| ==1+|aAv| 6.60
m m

Note that the measure of a multivector bound through the origin (v == 0) is just the measure of
the multivector.

|0Aa|==|a| 6.61

m m

|oAa|==1 6.62
m

If v* 1is the component of v orthogonal to a, then by formula 6.99 we have:
m
(gav)e(anv) = (zog) 02 o

We can thus write formulae 6.58 and 6.59 in the alternative forms:

2 2 2
|pAa| |a| (1+v*}?) 6.63
m m

~ ]2 2
|PAa| =1+ v 6.64
m

Thus the measure of a bound unit multivector indicates its minimum distance from the origin.
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6.7 The Induced Metric Tensor

& Calculating induced metric tensors

In the last chapter we saw how we could use the GrassmannAlgebra function MetricA[m] to
calculate the matrix of metric tensor elements induced on A by the metric tensor declared on /1\ .
m

For example, we can declare a general metric in a 3-space:

V3; DeclareMetric[g]

{{91,1+ 91,2+ 91,3}r {91,2+ 92,2+ 92,3} 7+ {91,3s U2,3r TU3,3}}
and then ask for the metric induced on /2\

MetricA[2]

2
{{-91,2 +91,1 92,2+ -01,2 91,3 + 01,1 92,3, —U1,3 92,2 + 01,2 U2,3 }
{-91,2 91,3 + 91,1 02,3/ *95,3 +d1,1 93,3s 01,3 02,3 + 01,2 03,3}

{-91,3 92,2 +91,2 92,3, —01,3 02,3 + 01,2 03,3 *93,3 +92,2 03,31}

& Using scalar products to construct induced metric tensors

An alternative way of viewing and calculating the metric tensor on A is to construct the matrix
m
of inner products of the basis elements of A with themselves, reduce these inner products to

m
scalar products, and then substitute for each scalar product the corresponding metric tensor
element from /1\ In what follows we will show an example of how to reproduce the result in the

previous section.

First, we calculate the basis of /2\

V3; B=BasisA[2]
{ei1rey, e1re3, €3 7€3}

Second, we use the Mathematica function Outer to construct the matrix of all combinations of
interior products of these basis elements.

M1l = Outer[InteriorProduct, B, B]; MatrixForm[Ml]

e rey0e;Ae; e rAeyoe;re3 ey reyoe; Aej
e rez3oe;prey; ejprezoe; ez e;prezoex nes
e, re36e; Ae; ex;rAezoe; rez ex;rezoe; rej

Third, we use the GrassmannAlgebra function DevelopScalarProductMatrix to
convert each of these inner products into matrices of scalar products.
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M2 = DevelopScalarProductMatrix [M1l]; MatrixForm[M2]

(eleel eleez) (eleel 61963) (eleez 61963)

(S3) eel (S3) 6e2 (S3) eel (S3) 963 (S3) 6e2 (S3) 963

(eleel eleez) (eleel 61963) (eleez 61963)
ej;oe; ezoe;

ej;oe; ezoes ej;oe, ezoes

(ezeel 62962) (ezeel 62963) (62962 62963)

e3 eel e3 6e2 e3 eel e3 963 e3 6e2 e3 963
Fourth, we substitute the metric element g; 4 for e; © e5 in the matrix.

DeclareMetric[g]; M3 = ToMetricForm[M2]; MatrixForm[M3]

g1,1 91,2 g1,1 91,3 g1,2 91,3
91,2 92,2 ) (91,2 92,3 ) 92,2 92,3 )
91,1 91,2 91,1 91,3 91,2 91,3
(91,3 92,3) (91,3 93,3) (92,3 93,3)
91,2 U2,2 91,2 92,3 92,2 92,3
91,3 92,3 ) (91,3 03,3 ) (92,3 03,3 )

Fifth, we compute the determinants of each of the elemental matrices.

M4 =M3 /. G_? (MetricElementMatrixQ[2]) —» Det[G];

MatrixForm[M4]
*gf,z +d1,1 92,2 -91,2 91,3 t 91,1 92,3 ~-91,392,2 +91,2 92,3
-9d1,2 91,3 t 91,1 92,3 *95,3 +d1,1 93,3 -9d1,3 92,3 + 91,2 93,3
-91,3 92,2 t+91,2 92,3 ~-91,392,3 +401,2 G3,3 *95,3 +d2,2 93,3

We can have Mathematica check that this is the same matrix as obtained from the MetricA
function.

M4 == MetricA[2]

True

% Displaying induced metric tensors as a matrix of matrices

GrassmannAlgebra has an inbuilt function MetricMatrix for displaying an induced metric
in matrix form. For example, we can display the induced metric on /3\ in a 4-space.

V4; DeclareMetric[g]

{{91,1+ 91,2+ 1,37 91,4+ {91,27r G2,27 2,37 U2,4}
{91,337 92,3, 93,37 93,4}sr (91,47 92,4+ U3,47+ Ga,a}}
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MetricMatrix[3] // MatrixForm

91,1 91,2 91,3 91,1 91,2 Yi1,4 91,1 91,3 Y1,4 91,2 91,3 Y1,4
J1,2 92,2 02,3 J1,2 92,2 U2,4 J1,2 92,3 U2,4 92,2 92,3 U2,4
91,3 92,3 03,3 91,3 92,3 U3,4 91,3 U3,3 U3,4 92,3 U3,3 U3,4
91,1 91,2 91,3 91,1 91,2 9Y1,4 91,1 91,3 Y1,4 91,2 91,3 Y1,4
J1,2 02,2 02,3 J1,2 92,2 U2,4 J1,2 92,3 U2,4 92,2 92,3 U2,4
J1,4 92,4 03,4 J1,4 U2,4 Us,4 O1,4 U3,4 Ua,4 U2,4 U3,4 Ua,4
91,1 91,2 01,3 91,1 91,2 J1,4 J1,1 91,3 J1,4 91,2 91,3 J1,4
91,3 92,3 03,3 91,3 92,3 U3,4 91,3 U3,3 U3,4 92,3 U3,3 U3,4
91,4 92,4 U3,4 J1,4 U2,4 Ua,4 91,4 93,4 Ua,4 92,4 U3,4 Ua,4
J1,2 02,2 02,3 J1,2 92,2 U2,4 J1,2 92,3 U2,4 92,2 92,3 U2,4
91,3 92,3 03,3 91,3 U2,3 U3,4 91,3 U3,3 U3,4 92,3 U3,3 U3,4
91,4 92,4 U3,4 F1,4 U2,4 Us,4 91,4 93,4 Ua,4 92,4 U3,4 Ua,4

Of course, we are only displaying the metric tensor in this form. Its elements are correctly the
determinants of the matrices displayed, not the matrices themselves.

6.8 Product Formulae for Interior Products

Interior product formulae for 1-elements

H The fundamental interior product formula

The Interior Common Factor Theorem derived in Section 6.4 may be used to prove an important
relationship involving the interior product of a 1-element with the exterior product of two
factors, each of which may not be simple. This relationship and the special cases that derive
from it find application throughout the explorations in the rest of this book.

Let x be a 1-element, then:

(grg)ox = (gox) np+ -1 an gox) 6.65

To prove this, suppose initially that a and 8 are simple. Then they can be expressed as
m k

O == Q1 A-+Aly and B == B A -++ A By . Thus:
m k

(?n“’ﬁ)e’“: ((Q1 A ncm) A (BL A ABy)) OX

== izj:l (—l)i_l (x0aj) (ag A« al0j Accenaoy) A (Br A aPBk)

||'M?~"

+ B (-1)™37 (x0By) (ag A an) A (By A AT A aBy)

j=1

= (a@x) & (BLa-aBk) + (-1)™ (a1 a-aam) A (ﬁex)
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This formula may be extended in a straightforward manner to the case where a and 8 are not
m k
simple: since a non-simple element may be expressed as the sum of simple terms, and the

formula is valid for each term, then by addition it can be shown to be valid for the sum.

E Extension of the fundamental formula to elements of higher grade

If x is of grade higher than 1, then similar relations hold, but with extra terms on the right-hand
side. For example, if we replace x by x; a x, and note that:

(gn8) 0 txinxa) = ((ang) om) oxs

then the product rule derived above may be applied successively to obtain the following result.

(3""3)9("1“‘2) == (ge(xl sz)) A/3+gl\ (/Ee(xl sz))

cn ((gom] » [gon) - [gon) « [gom)

H The complementary form of the fundamental formula

Another form of equation 6.54 which will be found useful is obtained by replacing 8 by its
k

complement and then taking the complement of the complete equation.

(aA_B—) ex == (aex) AB +(-1)"aa (_/3—ex)
m ok m k m k

By converting interior products to regressive products and complements, applying the
Complement Axiom [5.3], converting back to interior products, and then interchanging the roles

of a and 8 we obtain:
m k

(gee),\x: (g,\x)e/3+(-1)m‘1ge(/sex) 6.67

This formula is the basis for the derivation of a set of formulae of geometric interest in the next
section: the Triangle Formulae.

B The decomposition formula

By putting B equal to x and rearranging terms, this formula expresses a 'decomposition' of the
k

element a in terms of the 1-element x:
m

a = (_1)“‘((g/\ﬁ)eﬁ-(aeﬁ)/\ﬁ) 6.68

m

where & ==

. Note that (a A :’E) 6% and (ae:’i) A ¥ are orthogonal.
m

XOx m
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Interior product formulae for 1-elements from regressive product
formulae

E Interior Product Formula 1

We start with the regressive product formula [3.41].
. _ m
(gng) v = (av )~ v an oy x)

In this formula, put x equal to X (making x a 1-element) to get:
n-
(aAB) vE = (av—x—) AB+ (~1)™ an (/3v_x')
m m k m k

and then transform to the interior product form.

(grg) ox = (gox) np+ -1 gan gox)

k

We have here rederived the fundamental product formula [6.64] of the last section.

E Interior Product Formula 2

Now take formula 3.42 (the dual of 3.41).
((xvﬁ)/\x:: (a/\x)vﬁ+(—1)n_mav(/3/\x)
m k m k m k

Here, x is a 1-element. Put 8 equal to 3 and note that:
k k

o gen) = 0 g

(gelg) AX == (g/\x) els + (-1)™! ge (/Eex)

We have here rederived the product formula [6.66] of the last section.

E Interior Product Formula 3

An interior product of elements can always be expressed as the interior product of their
complements in reverse order.

aef = (-1) ™k (2-m Fg 5
m g k m

When applied to equation 6.69 above, the terms on the right-hand side interchange forms.
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(a A x) ef = (-1) (m-k) (n-m)+n+k+1 Be (‘a‘ex)
" k k m

a o (Bex) = (-1) (m-k) (n-m)+m+1 (_/3—Ax) o
m k k m

Hence equation 6.69 may be expressed in a variety of ways, for example:

(ﬁef) AX = (g/\x) B+ (-1) (m-k) (n-m) (_/lf—/\x) o 6.71

E Interior Product Formula 4

Taking the interior product of equation 6.69 with a second 1-element x, gives:

((ﬁ.‘ef) rxy) ex; =

O B B

Interior product formulae for p-elements from regressive product
formulae

E Interior Product Formula 5

Consider equation 3.44.

avp)ax == 3 (-1)* (=™ E'. arx;|v(Bax;
( ) r=0

m  k o izl \m p_r k r
p

X == xl A xl == x2 A x2 S eee == xv A xv ’ VY ==
o r p-r r p-r r p-r r

Now replace B8 with B, B ax; with (-1)F (® %) "B v %7, and n—k with k to give:
k n-k n-k r n-k r

(aeB)Ax: 3 (-1)F (=) % (ani)e(Bexi)

m k P r=0 i=1 \m pr k r
6.73
(7)
X == xl A xl == x2 A x2 S eee == xv A xv ’ VY ==
p r p-r r p-r r p-r r

E Interior Product Formula 6

By a similar process equation 3.45 becomes:
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(g,\e)e:;: E (-1)=" 5 (aexi]/\(ﬁexi)

r=0 i=1 \m p-r k r
6.74
(z)
x::xlel ::szxz S eee ::xv/\xv, VY ==
o r p-r r p-r r p-r r

E Interior Product Formula 7

In formula 6.72 putting B equal to a expresses a simple p-element in terms of products with a
k m

unit m-element.

P y ~ ~
x= 3 (-1)T®™ 5 (a AXi]e(a exi)
p r=0 i m

i=1 - m
p-r r
6.75
p
x::xlel::szxz:: cee :=vaxVI VY ==
p r p-r r p-r r p-r r

6.9 The Cross Product

Defining a generalized cross product

The cross or vector product of the three-dimensional vector calculus of Gibbs et al. [Gibbs
1928] corresponds to two operations in Grassmann's more general calculus. Taking the cross-
product of two vectors in three dimensions corresponds to taking the complement of their
exterior product. However, whilst the usual cross product formulation is valid only for vectors
in three dimensions, the exterior product formulation is valid for elements of any grade in any
number of dimensions. Therefore the opportunity exists to generalize the concept.

Because our generalization reduces to the usual definition under the usual circumstances, we
take the liberty of continuing to refer to the generalized cross product as, simply, the cross
product.

The cross product of a and f3 is denoted a x 8 and is defined as the complement of their
m k m k
exterior product. The cross product of an m-element and a k-element is thus an (n—(m+k))-

element.

8Q
X
=
H
82 Q
>
=
[«
[N
(<)

This definition preserves the basic property of the cross product: that the cross product of two
elements is an element orthogonal to both, and reduces to the usual notion for vectors in a three
dimensional metric vector space.
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Cross products involving 1-elements

For 1-elements x; the definition above has the following consequences, independent of the
dimension of the space.

E The triple cross product

The triple cross product is a 1-element in any number of dimensions.

(%1 XX3) xx3 = (X1 AX2) AX3 = (X1 AX2) ©%3

(X7 XX3) XX3 == (X7 AXy) ©OX3 == (X30%X;) X3 - (X30%x;) X7 6.77

E The box product or triple vector product

The box product, or triple vector product, is an (n—3)-element, and therefore a scalar only in
three dimensions.

(%1 XxX2) ©%3 == (X1 AX2) ©X3 == X1 AX; A X3

(X1 XXg) ©X3 == X1 A X, A X3 6.78

Because Grassmann identified n-elements with their scalar Euclidean complements (see the
historical note in the introduction to Chapter 5), he considered x; A xz A x3 in a 3-space to be a
scalar. His notation for the exterior product of elements was to use square brackets

[x1 x5 x3], thus originating the 'box' product notation for (x; X x) ©x3 used in the three-
dimensional vector calculus in the early decades of the twentieth century.

E The scalar product of two cross products

The scalar product of two cross products is a scalar in any number of dimensions.

(X1 xXX2) ©(x3xXg) == (X1 ~AX2) © (X3 AXg) == (X1 AX2) © (X3 AXyq)

(X1 XX3) © (%3 XXg) == (X1 AXy) © (X3 AXy) 6.79

E The cross product of two cross products

The cross product of two cross products is a (4—n)-element, and therefore a 1-element only in
three dimensions. It corresponds to the regressive product of two exterior products.

(%1 XX3) X (X3 XXg) == (X¥1 ~AX2) A (X3 AXy) == (X1 AX3) Vv (X3 AXy)

(%1 xX3) X (X3 XXq) == (X3 AX3) v (X3 AXy) 6.80
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Implications of the axioms for the cross product

By expressing one or more elements as a complement, axioms for the exterior and regressive
products may be rewritten in terms of the cross product, thus yielding some of its more
fundamental properties.

& X 6: The cross product of an m-element and a k-element is an (n—(m+k))-element.

The grade of the cross product of an m-element and a k-element is n—(m-+k).

aeEeAnN EA = ax € A
m m’f k m E 6.81

& X 7: The cross product is not associative.

The cross product is not associative. However, it can be expressed in terms of exterior and
interior products.

(axB)xw = (-1) (1) (mk) (aAB)ew 6.82
m k r m k r

aX(wa) = (-1) (7 (kex)) (meker) (BAw)ea 6.83
m k r kK r m

& X 8: The cross product with unity yields the complement.

The cross product of an element with the unit scalar 1 yields its complement. Thus the
complement operation may be viewed as the cross product with unity.

I1xa == axl="a 6.84
m m m

The cross product of an element with a scalar yields that scalar multiple of its complement.

axa = axa==a a 6.85
m m m

¢ X 9: The cross product of unity with itself is the unit n-element.

The cross product of 1 with itself is the unit n-element. The cross product of a scalar and its
reciprocal is the unit n-element.
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I1x1l == ax— =1 6.86

¢ X 10: The cross product of two 1-elements anti-commutes.

The cross product of two elements is equal (apart from a possible sign) to their cross product in
reverse order. The cross product of two 1-elements is anti-commutative, just as is the exterior
product.

axB = (-1)"*Bxa 6.87
m k k m

¢ X 11: The cross product with zero is zero.

Oxa = 0 = axO0 6.88

m m

& X 12: The cross product is both left and right distributive under addition.

(a+/3)x7 = axy+Bxy 6.89
m m r m r m r
ax(/3+7) = axpB+axy 6.90
m r r m r m r

The cross product as a universal product

We have already shown that all products can be expressed in terms of the exterior product and
the complement operation. Additionally, we have shown above that the complement operation
may be written as the cross product with unity.

™o =1lxa = axl 6.91
m m m

We can therefore write the exterior, regressive, and interior products in terms only of the cross
product.
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QAR = (-1) WK) (a-@rk) g o (axB) 6.92
m k m  k
avp = (-1)" @m+k (a-k) (lxa)x(lxﬁ) 6.93
m k m k
aef = (-1)" ™ (lxa) x B 6.94
m  k m k

These formulae show that any result in the Grassmann algebra involving exterior, regressive or
interior products, or complements, could be expressed in terms of the generalized cross product
alone. This is somewhat reminiscent of the role played by the Scheffer stroke (or Pierce arrow)
symbol of Boolean algebra.

Cross product formulae

E The complement of a cross product

The complement of a cross product of two elements is, but for a possible sign, the exterior
product of the elements.

= (-1 (m+k) (n-(m+k))
ax /3 (-1) a A E 6.95
B The Common Factor Axiom for cross products
The Common Factor Axiom can be written for m+k+p = n.
(axw) X (wa) == (xx (aAB)) ¥ = (-1)P (-P) (we (axﬁ)) Y 6.96
m o p k p P m k//p P m k//p

E Product formulae for cross products

Of course, many of the product formulae derived previously have counterparts involving cross
products. For example the complement of formula 3.41 may be written:

() nx = 0 ((gox) g+ (11" gx (gox) )

k
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H The measure of a cross product

The measure of the cross product of two elements is equal to the measure of their exterior
product.

.98

6.10 The Triangle Formulae

Triangle components

In this section several formulae will be developed which are generalizations of the fundamental
Pythagorean relationship for the right-angled triangle and the trigonometric identity

cos2(0) + sin’ (6) = 1. These formulae will be found useful in determining projections, shortest
distances between multiplanes, and a variety of other geometric results. The starting point is the
product formula [6.66] with k = m.

aoB) x= (arx)ep+ (-1)™ae (Box
(a08) x = (a~x)op 2 (seox)

By dividing through by the inner product a © 8, we obtain a decomposition of the 1-element x
m m

into two components.

X ==

(~x) o8

ao

m

LS D
B

m

m

ae(Bex)

aof

m

m

Now take formula 6.71:
((208) +xs) o = (g 22) o [g52) (-1 (goxs) o [go)

and put k = m, x; equal to x and x5 equal to z.

(aeB) (x©2) == (an)e(BAz)+(aez)e(/36x) 6.100
m m m m m m
When a is equal to B and x is equal to z, this reduces to a relationship similar to the
m m
fundamental trigonometric identity.
XOX == (an)e(an)+(aex)e(aex) 6.101
m m m m
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Or, more succinctly:
L2 12
|an| +|aex| == 6.102
m m
Similarly, formula 6.98 reduces to a more obvious decomposition for x in terms of a unit m-
element.
X = (&Ax)e&+(—1)'“'1&e(&ex) 6.103
m m m m

Because of its geometric significance when a is simple, the properties of this equation are worth

m
investigating further. It will be shown that the square (scalar product with itself) of each of its

terms is the corresponding term of formula 6.100. That is:

((35)o2) ((z~2) o8] = (35) o (5~

(0 (aox)) o (ae (zox)) = (aox) o (aox]

6.104

6.105

Further, by taking the scalar product of formula 6.102 with itself, and using formulae 6.100,
6.103, and 6.104, yields the result that the terms on the right-hand side of formula 6.102 are

orthogonal.

((arx)og) e (zo (aox)) =0

It is these facts that suggest the name triangle formulae for formulae 6.101 and 6.102.

6.106

Diagram of a vector x decomposed into components in and orthogonal to a.
m

The measure of the triangle components

Let & == ay A «+- A Oy, then:
m

((arx)og) e ((arx)oa) = 0= ((a~x) o ((2~x) oa)) o2

Focussing now on the first factor of the inner product on the right-hand side we get:

(5nx) o ((anx)0a) = (@ rnannn of(anx) od)
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Note that the second factor in the interior product of the right-hand side is of grade 1. We apply
the Interior Common Factor Theorem to give:

(g A rQpy AX) O ((&Ax) e&) = (-1)" (((&Ax) e&) ex) O Ao Ally +
m m m m
z (—l)i_l (((a/\x) e&) eai) Ay Asee Adj AceenOp A X
1 m m
But the terms in this last sum are zero since:
((&Ax) e&) oa; == (&Ax) © (&Aai) =0
m m m m
This leaves only the first term in the expansion. Thus:
(arx)e((arx)ea) =
m m m
(-1)"™ (((an) ea) ex) a=(-1)" (an) e(an) a
m m m m m m

Since @aea == 1, we have finally that:
m m

((arx)oa) e ((arx)oa) = (a~x) o (a~x)

The measure of (& A x) © & is therefore the same as the measure of a A x.
m m m

|(an)ea|==|an| 6.107

Equivalent forms for the triangle components

There is an interesting relationship between the two terms (a A x) ©a and a© (a ) x) which
m m m m
enables formula 6.104 to be proved in an identical manner to formula 6.103. Using the identity

[6.13] we find that each form may be expressed (apart from a possible sign) in the other form
provided a is replaced by its complement "a .
m m

(g/\x) a= (-1)*™! Te (@rF) = (-1)" "' To (—orex)

m

(oux)@a:: (-1)" ™! 5o (—orex) 6.108
m m m

m

In a similar manner it may be shown that:

m

ae(aex) = (-1)™1 (—orAx) o 6.109
m m m

200145



ThelnteriorProduct.nb 40

Since the proof of formula 6.103 is valid for any simple & it is also valid for & (which is equal
m m

to _&—) since this is also simple. The proof of formula 6.104 is then completed by applying
m
formula 6.107.

The next three sections will look at some applications of these formulae.

6.11 Angle

Defining the angle between elements

E The angle between 1-elements

The interior product enables us to define, as is standard practice, the angle between two 1-
elements

cos[0]% = |¥10%|° 6.110

Diagram of two vectors showing the angle between them.

However, putting a equal to x; and x equal to x, in formula 6.101 yields:
m

” A2 " a2
X1 A%} + X1 0% ) = 6.111

This, together with the definition for angle above implies that:

Sin[0]2 = |% a5 |2 6.112

This is a formula equivalent to the three-dimensional cross product formulation:
. 2 N A 2
Sin[O6]° == |x1 xX3|
but one which is not restricted to three-dimensional space.

Thus formula 6.110 is an identity equivalent to sin’ (0) + cos2(0) = 1.

H The angle between a 1-element and a simple m-element

One may however carry this concept further, and show that it is meaningful to talk about the
angle between a 1-element x and a simple m-element a for which the general formula [6.102]

m
holds.
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2
Sin[6]2==|&/\5€| 6.113
m

2
Cos[0]2 == |aeﬁ| 6.114

We will explore this more fully in what follows.

% The angle between a vector and a bivector

As a simple example, take the case where x is rewritten as x; and a is interpreted as the
m

bivector x; A X3.

Diagram of three vectors showing the angles between them, and the angle between the
bivector and the vector.

The angle between any two of the vectors is given by formula 6.109.

2 ~ ~A 2
Cos[0i5]° == |x;©%5|

The cosine of the angle between the vector x; and the bivector x; a x3 may be obtained from
formula 6.113.

|&e§i|2 . ((x2A%x3)©%x1) © ((x2 A%3) ©X1)
m ((x2 A%x3) ©(x24%3)) (X10%1)

To express the right-hand side in terms of angles, let:
((x24%3) ©%1) © ((X2 4%X3) Ox1)

((x2 Ax%x3) ©(x24%x3)) (x10%;)

A =

First, convert the interior products to scalar products and then convert the scalar products to
angle form given by formula 6.109. GrassmannAlgebra provides the function ToAngleForm
for doing this in one operation.

ToAngleForm[A]

(Cos[67,2]% +Cos[6;1,3]% -2Cos[61,,] Cos[6;,3] Cos[67,3])
Csc [@2,3]2

This result may be verified by elementary geometry to be Cos [6]2 where 6 is defined on the
diagram above. Thus we see a verification that formula 6.113 permits the calculation of the
angle between a vector and an m-vector in terms of the angles between the given vector and any
m vector factors of the m-vector.

200145



ThelnteriorProduct.nb 42

% The angle between two bivectors

Suppose we have two bivectors x; A X, and X3 A x4.

Diagram of three vectors showing the angles between them, and the angle between the
bivector and the vector.

In a 3-space we can find the vector complements of the bivectors, and then find the angle
between these vectors. This is equivalent to the cross product formulation. Let A be the cosine
of the angle between the vectors, then:

(X1 ~X%2) © (X3~ Xq) (x1 xX3) © (%3 XXgq)
COS[G] == ==
|Ti A% | {Z3~xg | |x1 xxa | {x3 xx4}

But from formulae 6.25 and 6.46 we can remove the complement operations to get the simpler
expression:

X1 AX © (X3 A X
Cos[6] = (X1 2 X2) O (%3 # %4) 6.115
|x1 ax3| {x3 A%}

Note that, in contradistinction to the 3-space formulation using cross products, this formulation
is valid in a space of any number of dimensions.

An actual calculation is most readably expressed by expanding each of the terms separately. We
can either represent the x; in terms of basis elements or deal with them directly. A direct
expansion, valid for any metric is:

ToScalarProducts [ (x; AX3) © (X3 A Xq) ]
-(X106%g) (X20%3) + (X10X3) (X20Xy)

Measure[x; A X, ] Measure [x3 A X4 ]

\/*(X19X2>2+ (X1 0%1) (X20%3) \/*(X39X4>2+ (X36X3) (X4 9Xy)

% The volume of a parallelepiped

We can calculate the volume of a parallelepiped as the measure of the trivector whose vectors
make up the sides of the parallelepiped. GrassmannAlgebra provides the function Measure for
expressing the volume in terms of scalar products:

V = Measure[a; Ao A a3 ]

V(- (a1 00a3)2 (a00,) +
2 (a1003) (1 603) (0200a3) - (01 ©a1) (p©03)? -

(1602)% (az0a3) + (a1 ©01) (0z00,) (03003))

200145



ThelnteriorProduct.nb 43

Note that this has been simplified somewhat as permitted by the symmetry of the scalar product.

By putting this in its angle form we get the usual expression for the volume of a parallelepiped:
ToAngleForm[V]

vV (=fo1t? faz t? laz|? (-1 +Cos[61,2]% + Cos[61,3]°% -
2 Cos[61,,] Cos[61,3] Cos[63,3] +Cos[67,3]1%))

A slight rearrangement gives the volume of the parallelepiped as:

V= a1l |{az} {as}
'\/ (1 + 2 Cos [61,2] Cos [91,3] COS[92,3] - Cos [91,2]2 - 6.116
Cos[6;,3]% - Cos[62,317)

We can of course use the same approach in any number of dimensions. For example, the
'volume' of a 4-dimensional parallelepiped in terms of the lengths of its sides and the angles
between them is:

ToAngleForm[Measure[o; Aoy Aas A0y]]

V (far 12 e 12 fas t? fog 12 (1-Cos[6;,3]1% - Cos[67,4]° +
2 Cos[61,3] Cos[61,4] COS[63,4] -Cos[63,4]% +
2Cos[6;3,3] Cos[O,,4] (-Cos[61,3] Cos[O1,4] + COS[6O3,4])
2Cos[61,2] (Cos[O1,4] (COS[Oz,4] ~CoOsS[02,3] COS[O3,4])
Cos[01,3] (Cos[O3,3] ~Cos[0,,4] COS[O3,4])) —
Cos[61,4125in[6,,3]1% - Cos[61,3]2 Sin[6,,4]1% -
Cos [61,2]% 8in[63,4]1%))

+
+

6.12 Projection

To be completed.

6.13 Interior Products of Interpreted Elements

To be completed.

6.14 The Closest Approach of Multiplanes

To be completed.
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6.15 Historical Notes

Grassmann's definition of the interior product

Grassmann and workers in the Grassmannian tradition define the interior product of two
elements as the product of one with the complement of the other, the product being either
exterior or regressive depending on which interpretation produces a non-zero result.
Furthermore, when the grades of the elements are equal, it is defined either way. This definition
involves the confusion between scalars and n-elements discussed in Chapter 5, Section 5.1
(equivalent to assuming a Euclidean metric and identifying scalars with pseudo-scalars). It is to
obviate this inconsistency and restriction on generality that the approach adopted here bases its
definition of the interior product explicitly on the regressive exterior product.
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7 Exploring Screw Algebra

7.1 Introduction

7.2 A Canonical Form for a 2-Entity
The canonical form
& Canonical forms in an n-plane
& Creating 2-entities

7.3 The Complement of 2-Entity
Complements in an n-plane
The complement referred to the origin
The complement referred to a general point

7.4 The Screw
The definition of a screw
The unit screw
The pitch of a screw
The central axis of a screw
Orthogonal decomposition of a screw

7.5 The Algebra of Screws
To be completed

7.6 Computing with Screws
To be completed

7.1 Introduction

In Chapter 8: Exploring Mechanics, we will see that systems of forces and momenta, and the
velocity and infinitesimal displacement of a rigid body may be represented by the sum of a
bound vector and a bivector. We have already noted in Chapter 1 that a single force is better
represented by a bound vector than by a (free) vector. Systems of forces are then better
represented by sums of bound vectors; and a sum of bound vectors may always be reduced to
the sum of a single bound vector and a single bivector.

We call the sum of a bound vector and a bivector a 2-entity. These geometric entities are
therefore worth exploring for their ability to represent the principal physical entities of
mechanics.

In this chapter we begin by establishing some properties of 2-entities in an n-plane, and then
show how, in a 3-plane, they take on a particularly symmetrical and potent form. This form, a 2-
entity in a 3-plane, is called a screw. Since it is in the 3-plane that we wish to explore 3-
dimensional mechanics we then explore the properties of screws in more detail.
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The objective of this chapter then, is to lay the algebraic and geometric foundations for the
chapter on mechanics to follow.

Historical Note

The classic text on screws and their application to mechanics is by Sir Robert Stawell Ball: A
Treatise on the Theory of Screws (1900). Ball was aware of Grassmann's work as he explains in
the Biographical Notes to this text in a comment on the Ausdehnungslehre of 1862.

This remarkable work, a development of an earlier volume (1844), by the same author,
contains much that is of instruction and interest in connection with the present theory.

... Here we have a very general theory, which includes screw coordinates as a particular
case.

The principal proponent of screw theory from a Grassmannian viewpoint was Edward Wyllys
Hyde. In 1888 he wrote a paper entitled "The Directional Theory of Screws' on which Ball
comments, again in the Biographical Notes to A Treatise on the Theory of Screws.

The author writes: "I shall define a screw to be the sum of a point-vector and a plane-
vector perpendicular to it, the former being a directed and posited line, the latter the
product of two vectors, hence a directed but not posited plane." Prof. Hyde proves by his
[sic] calculus many of the fundamental theorems in the present theory in a very concise
manner.

7.2 A Canonical Form for a 2-Entity

The canonical form

The most general 2-entity in a bound vector space may always be written as the sum of a bound
vector and a bivector.

S=Pra+p

Here, P is a point, a a vector and 3 a bivector. Remember that only in vector 1, 2 and 3-spaces
are bivectors necessarily simple. In what follows we will show that in a metric space the point P
may always be chosen in such a way that the bivector B is orthogonal to the vector a. This
property, when specialised to three-dimensional space, is important for the theory of screws to
be developed in the rest of the chapter. We show it as follows:

To the above equation, add and subtract the bound vector P* a a such that (P - P*) ea == 0,
giving:

S = P* rat + B*
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B* =B+ (P-P") ra

We want to choose P* such that 8* is orthogonal to a, that is:
(B+ (P-P*) ra)oa-=

Expanding the left-hand side of this equation gives:
Boea+ (a6 (P-P*)) a- (aca) (P-P*) =

But from our first condition on the choice of P* (that is, (P - P*) ©a == 0) we see that the
second term is zero giving:

P* == P - Foa

aoa

whence 8* may be expressed as:

B* ==/3+(Bea)/\a

aoa

Finally, substituting for P* and B* in the expression for S above gives the canonical form for
the 2-entity S, in which the new bivector component is now orthogonal to the vector a. The
bound vector component defines a line called the central axis of S.

(p-Be“)Aa+(/3+(’36°‘]Aa] 7.1

aoa aoca

% Canonical forms in an n-plane

B Canonical forms in P,

In a bound vector space of one dimension, that is a 1-plane, there are points, vectors, and bound
vectors. There are no bivectors. Hence every 2-entity is of the form S == Paa and is therefore in
some sense already in its canonical form.

B Canonical forms in P,

In a bound vector space of two dimensions (the plane), every bound element can be expressed
as a bound vector.

To see this we note that any bivector is simple and can be expressed using the vector of the
bound vector as one of its factors. For example, if P is a point and a, 31 , B2 , are vectors, any
bound element in the plane can be expressed in the form:

Pra+ B1 4B

But because any bivector in the plane can be expressed as a scalar factor times any other
bivector, we can also write:

BiaB2 =Kaa
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so that the bound element may now be written as the bound vector:
Pra+fBiABy; =Paa+kaaz= (P+x) aa=P'aa

We can use GrassmannAlgebra to verify that formula 7.1 gives this result in a 2-space. First we
declare the 2-space, and write a and 3 in terms of basis elements:

P,;a=ae; +bey; B=ce;rey;

For the canonical expression [7.1] above we wish to show that the bivector term is zero. We do
this by converting the interior products to scalar products using ToScalarProducts.

| ~al]

Bea

Simplify[ToScalarProducts [B + (
ada

0

In sum: A bound 2-element in the plane, Paa + 3, may always be expressed as a bound vector:

Bea
S::PAa+/3:: (P— ]Aa 7.2
aea

B Canonical forms in P3

In a bound vector space of three dimensions, that is a 3-plane, every 2-element can be
expressed as the sum of a bound vector and a bivector orthogonal to the vector of the bound
vector. (The bivector is necessarily simple, because all bivectors in a 3-space are simple.)

Such canonical forms are called screws, and will be discussed in more detail in the sections to
follow.

& Creating 2-entities

A 2-entity may be created by applying the GrassmannAlgebra function CreateElement. For
example in 3-dimensional space we create a 2-entity based on the symbol s by entering:

P3; S = CreateElement [g]

S ;0re; +s, 0rey +8s30re3 +S5€1 A€y +S5 €1 A3 +Sg €y Aey

Note that CreateElement automatically declares the generated symbols s; as scalars by
adding the pattern s_. We can confirm this by entering Scalars.

Scalars

{a, b, c,d, e, f, g, h, k, (_©_)?InnerProductQ, s , _}
-0

To explicitly factor out the origin and express the 2-element in the form S == Paa + 8, we can
use the GrassmannAlgebra function GrassmannSimplify.
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G[s]

(D2 (e]_ S1 + €3 Sy +e3 S3> +S4 €1 A€7 + Sy €1 A3 + Sg €3 Ae3

7.3 The Complement of 2-Entity

Complements in an n-plane

In this section an expression will be developed for the complement of a 2-entity in an n-plane
with a metric. In an n-plane, the complement of the sum of a bound vector and a bivector is the
sum of a bound (n-2)-vector and an (n-1)-vector. It is of pivotal consequence for the theory of
mechanics that such a complement in a 3-plane (the usual three-dimensional space) is itself the
sum of a bound vector and a bivector. Geometrically, a quantity and its complement have the
same measure but are orthogonal. In addition, for a 2-element (such as the sum of a bound
vector and a bivector) in a 3-plane, the complement of the complement of an entity is the entity
itself. These results will find application throughout Chapter 8: Exploring Mechanics.

The metric we choose to explore is the hybrid metric G; 4 defined in [5.33], in which the origin
is orthogonal to all vectors, but otherwise the vector space metric is arbitrary.

The complement referred to the origin

Consider the general sum of a bound vector and a bivector expressed in its simplest form
referred to the origin. "Referring" an element to the origin means expressing its bound
component as bound through the origin, rather than through some other more general point.

X=0ra+f3

The complement of X is then:

X =0ra+ B

which, by formulae 5.41 and 5.43 derived in Chapter 5, gives:

X =0AB+a

X=0ra+B ¢ X =0rB+a 7.3

It may be seen that the effect of taking the complement of X when it is in a form referred to the
origin is equivalent to interchanging the vector a and the bivector 8 whilst taking their vector
space complements. This means that the vector that was bound through the origin becomes a
free (n—1)-vector, whilst the bivector that was free becomes an (n—2)-vector bound through the
origin.
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The complement referred to a general point

Let X == Oaa + 8 and P == O + v. We can refer X to the point P by adding and subtracting vaa
to and from the above expression for X.

X=O0ara+vaa+B-vaaz= (0OD+v)ra+ (B-vaa)

Or, equivalently:
X=Para+f Bp=B-vaa

By manipulating the complement P a a, we can write it in the alternative form -"a@ © P.
Praa=-aaP=-aQvP =-aoP

Further, from formula 5.41, we have that:

- A OP = (Darda)OP

Bp:o"ﬁ_!:

So that the relationship between X and its complement X , can finally be written:

X=Paa+B, < X =0naBy+ (0Dal)OP 7.4

Remember, this formula is valid for the hybrid metric [5.33] in an n-plane of arbitrary
dimension. We explore its application to 3-planes in the section below.

7.4 The Screw

The definition of a screw

A screw is the canonical form of a 2-entity in a three-plane, and may always be written in the
form:

S=Para+sa 7.5

where:

is the vector of the screw

Paa is the central axis of the screw
is the pitch of the screw

is the bivector of the screw

Q

Qb 0

Remember that @ is the (free) complement of the vector a in the three-plane, and hence is a
simple bivector.
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The unit screw

Let the scalar a denote the magnitude of the vector a of the screw, so that a == a &. A unit
screw S may then be defined by S = a §, and written as:

ISH2
~
)]

S=PrGa+s

Note that the unit screw does not have unit magnitude. The magnitude of a screw will be
discussed in Section 7.5.

The pitch of a screw

An explicit formula for the pitch s of a screw is obtained by taking the exterior product of the
screw expression with its vector a.

Saaz= (Pra+sa) aa

The first term in the expansion of the right hand side is zero, leaving:

Sraa=saArQ

Further, by taking the free complement of this expression and invoking the definition of the
interior product we get:

—_—

—_—

SAia==soara=sava=sada
Dividing through by the square of the magnitude of a gives:

—_—

SAa=sa6a-=s

In sum: We can obtain the pitch of a screw from the any of the following formulae:

The central axis of a screw

An explicit formula for the central axis Paa of a screw is obtained by taking the interior product
of the screw expression with its vector a.

Sea= (Pra+sa)oOa

The second term in the expansion of the right-hand side is zero (since an element is always
orthogonal to its complement), leaving:
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Sea= (Pra)Oa

The right-hand side of this equation may be expanded using the Interior Common Factor
Theorem to give:

Sea= (a6P) a- (a6a) P

By taking the exterior product of this expression with a, we eliminate the first term on the right-
hand side to get:

(Sea) aa=-(aca) (Para)

By dividing through by the square of the magnitude of a, we can express this in terms of unit
elements.

(Sea) aa=-(Para)

In sum: We can obtain the central axis Paa of a screw from any of the following formulae:

(§©a) ra Ay A A A
PAG::——==—(Sea)Aa==a/\(Sea) 7-8
aoa

Orthogonal decomposition of a screw

By taking the expression for a screw and substituting the expressions derived in [7.7] for the
pitch and [7.8] for the central axis we obtain:

—_—

Sra

S=-(S6a) ra+ a

aoa

In order to transform the second term into the form we want, we note first that S A a is a scalar.
So that we can write:

-

Srad=SraAd=Srard== (SAaa)6a

Hence S can be written as:

=-(Sea)ra+ (Sra)ea 7.9

This type of decomposition is in fact valid for any m-element S and 1-element a, as we have
shown in Chapter 6, formula 6.68. The central axis is the term - (S©a) a a which is the
component of S parallel to a, and the term (S A &) ©& is s @&, the component of S orthogonal
to a.

7.5 The Algebra of Screws

To be completed
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7.6 Computing with Screws

To be completed
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8.2 Force
Representing force
Systems of forces
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Force in a metric 3-plane

8.3 Momentum
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Representing momentum
The momentum of a system of particles
The momentum of a system of bodies
Linear momentum and the mass centre
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8.4 Newton's Law
Rate of change of momentum
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8.5 The Angular Velocity of a Rigid Body
To be completed.

8.6 The Momentum of a Rigid Body
To be completed.

8.7 The Velocity of a Rigid Body
To be completed.

8.8 The Complementary Velocity of a Rigid Body
To be completed.

8.9 The Infinitesimal Displacement of a Rigid Body
To be completed.

8.10 Work, Power and Kinetic Energy
To be completed.
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8.1 Introduction

Grassmann algebra applied to the field of mechanics performs an interesting synthesis between
what now seem to be regarded as disparate concepts. In particular we will explore the synthesis
it can effect between the concepts of force and moment; velocity and angular velocity; and
linear momentum and angular momentum.

This synthesis has an important concomitant, namely that the form in which the mechanical
entities are represented, is for many results of interest, independent of the dimension of the

space involved. It may be argued therefore, that such a representation is more fundamental than
one specifically requiring a three-dimensional context (as indeed does that which uses the Gibbs-
Heaviside vector algebra).

This is a more concrete result than may be apparent at first sight since the form, as well as being
valid for spaces of dimension three or greater, is also valid for spaces of dimension zero, one or
two. Of most interest, however, is the fact that the complementary form of a mechanical entity
takes on a different form depending on the number of dimensions concerned. For example, the
velocity of a rigid body is the sum of a bound vector and a bivector in a space of any
dimensions. Its complement is dependent on the dimension of the space, but in each case it may
be viewed as representing the points of the body (if they exist) which have zero velocity. In
three dimensions the complementary velocity can specify the axis of rotation of the rigid body,
while in two dimensions it can specify the centre (point) of rotation.

Furthermore, some results in mechanics (for example, Newton's second law or the conditions of
equilibrium of a rigid body) will be shown not to require the space to be a metric space. On the
other hand, use of the Gibbs-Heaviside 'cross product' to express angular momentum or the
moment condition immediately supposes the space to possess a metric.

Mechanics as it is known today is in the strange situation of being a field of mathematical
physics in which location is very important, and of which the calculus traditionally used (being
vectorial) can take no proper account. As already discussed in Chapter 1, one may take the
example of the concept of force. A (physical) force is not satisfactorily represented by a vector,
yet contemporary practice is still to use a vector calculus for this task. To patch up this
inadequacy the concept of moment is introduced and the conditions of equilibrium of a rigid
body augmented by a condition on the sum of the moments. The justification for this condition
is often not well treated in contemporary texts.

Many of these texts will of course rightly state that forces are not (represented by) free vectors
and yet will proceed to use the Gibbs-Heaviside calculus to denote and manipulate them.
Although confusing, this inaptitude is usually offset by various comments attached to the
symbolic descriptions and calculations. For example, a position is represented by a 'position
vector'. A position vector is described as a (free?) vector with its tail (fixed?) to the origin
(point?) of the coordinate system. The coordinate system itself is supposed to consist of an
origin point and a number of basis vectors. But whereas the vector calculus can cope with the
vectors, it cannot cope with the origin. This confusion between vectors, free vectors, bound
vectors, sliding vectors and position vectors would not occur if the calculus used to describe
them were a calculus of position (points) as well as direction (vectors).

In order to describe the phenomena of mechanics in purely vectorial terms it has been necessary
therefore to devise the notions of couple and moment as notions almost distinct from that of
force, thus effectively splitting in two all the results of mechanics. In traditional mechanics, to
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every 'linear' quantity: force, linear momentum, translational velocity, etc., corresponds an
'angular' quantity: moment, angular momentum, angular velocity.

In this chapter we will show that by representing mechanical quantities correctly in terms of
elements of a Grassmann algebra this dichotomy disappears and mechanics takes on a more
unified form. In particular we will show that there exists a screw F representing (including
moments) a system of forces (remember that a system of forces in three dimensions is not
necessarily replaceable by a single force); a screw L representing the momentum of a system of
bodies (linear and angular), and a screw V representing the velocity of a rigid body (linear and
angular): all invariant combinations of the linear and angular components. For example, the
velocity V is a complete characterization of the kinematics of the rigid body independent of any
particular point on the body used to specify its motion. Expressions for work, power and kinetic
energy of a system of forces and a rigid body will be shown to be determinable by an interior
product between the relevant screws. For example, the interior product of F with V will give the
power of the system of forces acting on the rigid body, that is, the sum of the translational and
rotational powers.

Historical Note

The application of the Ausdehnungslehre to mechanics has obtained far fewer proponents than
might be expected. This may be due to the fact that Grassmann himself was late going into the
subject. His 'Die Mechanik nach den principien der Ausdehnungslehre' (1877) was written just a
few weeks before his death. Furthermore, in the period before his ideas became completely
submerged by the popularity of the Gibbs-Heaviside system (around the turn of the century)
there were few people with sufficient understanding of the Ausdehnungslehre to break new
ground using its methods.

There are only three people who have written substantially in English using the original
concepts of the Ausdehnungslehre: Edward Wyllys Hyde (1888), Alfred North Whitehead
(1898), and Henry James Forder (1941). Each of them has discussed the theory of screws in
more or less detail, but none has addressed the complete field of mechanics. The principal
works in other languages are in German, and apart from Grassmann's paper in 1877 mentioned
above, are the book by Jahnke (1905) which includes applications to mechanics, and the short
monograph by Lotze (1922) which lays particular emphasis on rigid body mechanics.
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8.2 Force

Representing force

The notion of force as used in mechanics involves the concepts of magnitude, sense, and line of
action. It will be readily seen in what follows that such a physical entity may be faithfully
represented by a bound vector. Similarly, all the usual properties of systems of forces are
faithfully represented by the analogous properties of sums of bound vectors. For the moment it
is not important whether the space has a metric, or what its dimension is.

Let F denote a force. Then:

F == Af 8.1

The vector £ is called the force vector and expresses the sense and direction of the force. In a
metric space it would also express its magnitude.

The point P is any point on the line of action of the force. It can be expressed as the sum of the
origin point © and the position vector v of the point.

This simple representation delineates clearly the role of the (free) vector £. The vector £
represents all the properties of the force except the position of its line of action. The operation
P has the effect of 'binding' the force vector to the line through P.

On the other hand the expression of a bound vector as a product of points is also useful when
expressing certain types of forces, for example gravitational forces. Newton's law of gravitation
for the force exerted on a point mass m; (weighted point) by a point mass my may be written:

Note that this expression correctly changes sign if the masses are interchanged.

Systems of forces

A system of forces may be represented by a sum of bound vectors.

==Z]Fi ::ZpiAfi 8.3

A sum of bound vectors is not necessarily reducible to a bound vector: a system of forces is not
necessarily reducible to a single force. However, a sum of bound vectors is in general reducible
to the sum of a bound vector and a bivector. This is done simply by adding and subtracting the

term P A (3 £;) to and from the sum [8.3].
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]F::PA(Zfi)+Z(Pi—P)Afi 8.4

This 'adding and subtracting' operation is a common one in our treatment of mechanics. We call
it referring the sum to the point P.

Note that although the expression for F now involves the point P, it is completely independent
of P since the terms involving P cancel. The sum may be said to be invariant with respect to any
point used to express it.

Examining the terms in the expression 8.4 above we can see that since }} £; is a vector (£, say)
the first term reduces to the bound vector P £ representing a force through the chosen point P.
The vector £ is called the resultant force vector.

f == Zfi

The second term is a sum of bivectors of the form (P; - P) a £; . Such a bivector may be seen
to faithfully represent a moment: specifically, the moment of the force represented by P; A £;
about the point P. Let this moment be denoted G jp .

Gip = (Py -P) ~ £;

To see that it is more reasonable that a moment be represented as a bivector rather than as a
vector, one has only to consider that the physical dimensions of a moment are the product of a
length and a force unit.

The expression for moment above clarifies distinctly how it can arise from two located entities:
the bound vector P; A £; and the point P, and yet itself be a 'free' entity. The bivector, it will be
remembered, has no concept of location associated with it. This has certainly been a source of
confusion among students of mechanics using the usual Gibbs-Heaviside three-dimensional
vector calculus. It is well known that the moment of a force about a point does not possess the
property of location, and yet it still depends on that point. While notions of 'free' and 'bound' are
not properly mathematically characterized, this type confusion is likely to persist.

The second term in [8.4] representing the sum of the moments of the forces about the point P
will be denoted:

Gp ==Z(Pi—P)Afi

Then, any system of forces may be represented by the sum of a bound vector and a bivector.

F=PArf+Gp 8.5

The bound vector P £ represents a force through an arbitrary point P with force vector equal to
the sum of the force vectors of the system.

The bivector Gp represent the sum of the moments of the forces about the same point P.

Suppose the system of forces be referred to some other point P* . The system of forces may then
be written in either of the two forms:

PAf +Gp == P*Af+GP*
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Solving for Gp* gives us a formula relating the moment sum about different points.
Gp* =Gp + (P-P*) 2 f

If the bound vector term Pa £ in formula 8.5 is zero then the system of forces is called a couple.
If the bivector term Gp is zero then the system of forces reduces to a single force.

Equilibrium

If a sum of forces is zero, that is:
F=PArf+Gp=0

then it is straightforward to show that each of Pa £ and Gp must be zero. Indeed if such were not
the case then the bound vector would be equal to the negative of the bivector, a possibility
excluded by the implicit presence of the origin in a bound vector, and its absence in a bivector.
Furthermore P £ being zero implies £ is zero.

These considerations lead us directly to the basic theorem of statics. For a body to be in
equilibrium, the sum of the forces must be zero.

== Z]Fi =0 8.6

This one expression encapsulates both the usual conditions for equilibrium of a body, that is:
that the sum of the force vectors be zero; and that the sum of the moments of the forces about an
arbitrary point P be zero.

Force in a metric 3-plane

In a 3-plane the bivector Gp is necessarily simple. In a metric 3-plane, the vector-space
complement of the simple bivector Gp is just the usual moment vector of the three-dimensional
Gibbs-Heaviside vector calculus.

In three dimensions, the complement of an exterior product is equivalent to the usual cross
product.

e = ) (Pi-P)x£;

Thus, a system of forces in a metric 3-plane may be reduced to a single force through an
arbitrarily chosen point P plus the vector-space complement of the usual moment vector about P.

]F:=PAf+Z(Pi—P)xfi 8.7

200145



ExploringMechanics.nb 7

8.3 Momentum

The velocity of a particle

Suppose a point P with position vector v, thatis P == O + v.

[e]
Since the origin is fixed, the velocity P of the point P is clearly a vector given by the time-
derivative of the position vector of P.

o dp dv o
dt

Representing momentum

As may be suspected from Newton's second law, momentum is of the same tensorial nature as
force. The momentum of a particle is represented by a bound vector as is a force. The
momentum of a system of particles (or of a rigid body, or of a system of rigid bodies) is
representable by a sum of bound vectors as is a system of forces.

The momentum of a particle comprises three factors: the mass, the position, and the velocity of
the particle. The mass is represented by a scalar, the position by a point, and the velocity by a
vector.

[o)
L = PA(mP) 8.9

Here is the particle momentum.

is the particle mass.

is the particle position point.
is the particle velocity.

is the particle point mass.

8 8 wvmwsH

Yo o

is the particle momentum vector.

The momentum of a particle may be viewed either as a momentum vector bound to a line
through the position of the particle, or as a velocity vector bound to a line through the point

o
mass. The simple description [8.9] delineates clearly the role of the (free) vectorm P. It
represents all the properties of the momentum of a particle except its position.

The momentum of a system of particles

The momentum of a system of particles is denoted by L, and may be represented by the sum of
bound vectors:
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= >'Ls ==ZP1A(mi p°i) 8.10

A sum of bound vectors is not necessarily reducible to a bound vector: the momentum of a
system of particles is not necessarily reducible to the momentum of a single particle. However,
a sum of bound vectors is in general reducible to the sum of a bound vector and a bivector. This

is done simply by adding and subtracting the terms P a Z m; Poi to and from the sum [8.10].

o o
]L::P/\Zlmj_l?i+zI (Pi—P)A(miPi) 8.11

It cannot be too strongly emphasized that although the momentum of the system has now been
referred to the point P, it is completely independent of P.

o
Examining the terms in formula 8.11 we see that since Z m; P; is a vector (1, say) the first

term reduces to the bound vector Pal representing the (linear) momentum of a 'particle' situated
at the point P. The vector 1 is called the linear momentum of the system. The 'particle' may be
viewed as a particle with mass equal to the total mass of the system and with velocity equal to
the velocity of the centre of mass.

S me 5,

o
The second term is a sum of bivectors of the form Z (P; - P) A (mi Pi) . Such a bivector

may be seen to faithfully represent the moment of momentum or angular momentum of the
system of particles about the point P. Let this moment of momentum for particle i be denoted
Hip.

o
Hijp == (Py - P) A (mi Pi)

The expression for angular momentum Hjp above clarifies distinctly how it can arise from two
[}
located entities: the bound vector P; a (mi Pi) and the point P, and yet itself be a 'free' entity.

Similarly to the notion of moment, the notion of angular momentum treated using the three-
dimensional Gibbs-Heaviside vector calculus has caused some confusion amongst students of
mechanics: the angular momentum of a particle about a point depends on the positions of the
particle and of the point and yet itself has no property of location.

The second term in formula 8.11 representing the sum of the moments of momenta about the
point P will be denoted Hp .

Hp = Z (Pi -P) a (mi Poi)

Then the momentum L of any system of particles may be represented by the sum of a bound
vector and a bivector.

L=Pal+Hp 8.12
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The bound vector Pa 1l represents the linear momentum of the system referred to an arbitrary
point P.

The bivector Hp represents the angular momentum of the system about the point P.

The momentum of a system of bodies

The momentum of a system of bodies (rigid or non-rigid) is of the same form as that for a
system of particles [8.12], since to calculate momentum it is not necessary to consider any
constraints between the particles.

Suppose a number of bodies with momenta L; , then the total momentum }}IL; may be written:

Z]Li = Zpi Al; +Z]Hpi

Referring this momentum sum to a point P by adding and subtracting the term P A 3 1; we

obtain:
Z]Li = pA21i +Z (P; —P) al; +Z]Hpi

It is thus natural to represent the linear momentum vector of the system of bodies 1 by:

1 == Zli

and the angular momentum of the system of bodies Hp by

Hp ==Z(Pi - P) Ali+Zali

That is, the momentum of a system of bodies is of the same form as the momentum of a system
of particles. The linear momentum vector of the system is the sum of the linear momentum
vectors of the bodies. The angular momentum of the system is made up of two parts: the sum of
the angular momenta of the bodies about their respective chosen points; and the sum of the
moments of the linear momenta of the bodies (referred to their respective chosen points) about
the point P.

Again it may be worth emphasizing that the total momentum L is independent of the point P,
whilst its component terms are dependent on it. However, we can easily convert the formulae to
refer to some other point say P* .

L=PaAl+Hp==Pal+Hp
Hence the angular momentum referred to the new point is given by:

]Hp* ==]Hp+ (P—P*)Al

Linear momentum and the mass centre

There is a simple relationship between the linear momentum of the system, and the momentum
of a'particle' at the mass centre. The centre of mass Pg of a system may be defined by:
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MPg == Zmi P;

Here M is the total mass of the system.
P; is the position of the ith particle or centre of mass of the ith body.
Pg is the position of the centre of mass of the system.

Differentiating this equation yields:
[}

o
M Pg == Zmi P; ==1

Formula 8.12 then may then be written:

o
L=Pa (Mpg) +]Hp

If now we refer the momentum to the centre of mass, that is, we choose P to be Pg, we can
write the momentum of the system as:

o
L == PGA(MPG)+]HpG 8.13

Thus the momentum L of a system is equivalent to the momentum of a particle of mass equal to
the total mass M of the system situated at the centre of mass Pg plus the angular momentum
about the centre of mass.

Momentum in a metric 3-plane

In a 3-plane the bivector Hp is necessarily simple. In a metric 3-plane, the vector-space
complement of the simple bivector Hp is just the usual momentum vector of the three-
dimensional Gibbs-Heaviside vector calculus.

In three dimensions, the complement of the exterior product of two vectors is equivalent to the
usual cross product.

ﬁ;:Z(pi-p)xli

Thus, the momentum of a system in a metric 3-plane may be reduced to the momentum of a
single particle through an arbitrarily chosen point P plus the vector-space complement of the
usual moment of moment vector about P.

L == Al+Z(Pi—P)Xli 8.14
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8.4 Newton's Law

Rate of change of momentum

The momentum of a system of particles has been given by [8.10] as:

== Z Pj A (mi Poi)

The rate of change of this momentum with respect to time is:

o o o oo o ©
]I..::ZI P;i A (mi Pi) +Z P A (mi Pi) +Z P;i A (mi Pi)
In what follows, it will be supposed for simplicity that the masses are not time varying, and
since the first term is zero, this expression becomes:

[} [e]e]
]L==ZPiA(mi Pi) 8.15

Consider now the system with momentum:
L==Pal+Hp

The rate of change of momentum with respect to time is:

(o)

o o o
L=Pal+Pal+Hp 8.16

o o o
The term P a 1, or what is equivalent, the term P a (M PG) , is zero under the following

conditions:
* P is a fixed point.
e 1is zero.
[} . [}
* P is parallel to Pg.

e Pisequal to Pg.

In particular then, when the point to which the momentum is referred is the centre of mass, the
rate of change of momentum [4.2] becomes:

(o)

o o
L =Pgal+Hp, 8.17
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Newton's second law

For a system of bodies of momentum L acted upon by a system of forces IF, Newton's second
law may be expressed as:

(o)

IF == 8.18

This equation captures Newton's law in its most complete form, encapsulating both linear and

angular terms. Substituting for F and E. from equations 8.5 and 8.16 we have:

o o o
PAf+Gp==PAal+Pal+Hp 8.19

By equating the bound vector terms of [8.19] we obtain the vector equation:

[o)
f-==-1

By equating the bivector terms of [8.19] we obtain the bivector equation:

o o
Gp== A1+]Hp

In a metric 3-plane, it is the vector complement of this bivector equation which is usually given
as the moment condition.

—_—

Gp == PX1+]HP

[e]
If P is a fixed point so that P is zero, Newton's law [8.18] is equivalent to the pair of equations:

[o)
f-==-1
[o]

Gp = Hp

8.5 The Angular Velocity of a Rigid Body

To be completed.

8.6 The Momentum of a Rigid Body

To be completed.
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8.7 The Velocity of a Rigid Body

To be completed.

8.8 The Complementary Velocity of a Rigid Body

To be completed.

8.9 The Infinitesimal Displacement of a Rigid Body

To be completed.

8.10 Work, Power and Kinetic Energy

To be completed.
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9 Grassmann Algebra

9.1 Introduction

9.2 Grassmann Numbers
% Creating Grassmann numbers
% Body and soul
% Even and odd components
% The grades of a Grassmann number
¥ Working with complex scalars

9.3 Operations with Grassmann Numbers
% The exterior product of Grassmann numbers
% The regressive product of Grassmann numbers
% The complement of a Grassmann number
% The interior product of Grassmann numbers

9.4 Simplifying Grassmann Numbers
% Elementary simplifying operations
% Expanding products
% Factoring scalars
% Checking for zero terms
% Reordering factors
¥ Simplifying expressions

9.5 Powers of Grassmann Numbers
% Direct computation of powers
% Powers of even Grassmann numbers
% Powers of odd Grassmann numbers
% Computing positive powers of Grassmann numbers
% Powers of Grassmann numbers with no body
% The inverse of a Grassmann number
% Integer powers of a Grassmann number
% General powers of a Grassmann number

9.6 Solving Equations
% Solving for unknown coefficients
% Solving for an unknown Grassmann number

9.7 Exterior Division
% Defining exterior quotients
% Special cases of exterior division
% The non-uniqueness of exterior division

9.8 Factorization of Grassmann Numbers
The non-uniqueness of factorization
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% Example: Factorizing a Grassmann number in 2-space
% Example: Factorizing a 2-element in 3-space
% Example: Factorizing a 3-element in 4-space

9.9 Functions of Grassmann Numbers
The Taylor series formula
% The form of a function of a Grassmann number
% Calculating functions of Grassmann numbers
% Powers of Grassmann numbers
% Exponential and logarithmic functions of Grassmann numbers
% Trigonometric functions of Grassmann numbers
% Functions of several Grassmann numbers

9.1 Introduction

The Grassmann algebra is an algebra of "numbers" composed of linear sums of elements from
any of the exterior linear spaces generated from a given linear space. These are numbers in the
same sense that, for example, a complex number or a matrix is a number. The essential property
that an algebra has, in addition to being a linear space is, broadly speaking, one of closure under
a product operation. That is, the algebra has a product operation such that the product of any
elements of the algebra is also an element of the algebra.

Thus the exterior product spaces A discussed up to this point, are not algebras, since products

m
(exterior, regressive or interior) of their elements are not generally elements of the same space.
However, there are two important exceptions. /O\ is not only a linear space, but an algebra (and a

field) as well under the exterior and interior products. A is an algebra and a field under the
n

regressive product.

Many of our examples will be using GrassmannAlgebra functions, and because we will often be
changing the dimension of the space depending on the example under consideration, we will
indicate a change without comment simply by entering the appropriate DeclareBasis
symbol from the palette. For example the following entry:

V3i

effects the change to a 3-dimensional linear or vector space.

9.2 Grassmann Numbers

& Creating Grassmann numbers

A Grassmann number is a sum of elements from any of the exterior product spaces A. They
m

thus form a linear space in their own right, which we call A.

A basis for A is obtained from the current declared basis of /1\ by collecting together all the

basis elements of the various A. This may be generated by entering BasisA[ ].
m
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V3; BasisA[]
{1, e1,e,e3, e 1re, € r€3, €2 r€3, €] A€ €3}

If we wish to generate a general symbolic Grassmann number in the currently declared basis, we
can use the function GrassmannAlgebra function CreateGrassmannNumber.
CreateGrassmannNumber [ Synmbol ] creates a Grassmann number with scalar
coefficients formed by subscripting the symbol given. For example, if we enter
GrassmannNumber [ £ ], we obtain:

CreateGrassmannNumber [ ]

Sot+ter i1 +eyér+tezéz+&gerrneyt
s eprez+égeynes +Ey e reyne;s

The positional ordering of the &; with respect to the basis elements in any given term is due to
Mathematica's internal ordering routines, and does not affect the meaning of the result.

The CreateGrassmannNumber operation automatically adds the pattern for the generated
coefficients &; to the list of declared scalars, as we see by entering Scalars.

Scalars

{a, b, c,d, e, £, g, h, k, (_e_) ?InnerProductQ, ¢ , _}
0

If we wish to enter our own coefficients, we can use CreateGrassmannNumber with a
placeholder (O, [estpl[esc]) as argument, and then tab through the placeholders generated,
replacing them with the desired coefficients:

CreateGrassmannNumber [O]
O+0e; +dex; +dez +0e;j rey +de;p rez +dex aesz +0e; reyx res

Note that the coefficients entered here will not be automatically put on the list of declared
scalars.

If several Grassmann numbers are required, we can apply the operation to a list of symbols.
That is, CreateGrassmannNumber is Listable. Below we generate three numbers in 2-
space.

V,; CreateGrassmannNumber [{§, ¥, £}] // MatrixForm

1+e1&3+e 8+ Ererne
Yp+eyp Yz +ey iy vy errne;
Cr+e18z3+eyly+Cre1 re;

Grassmann numbers can of course be entered in general symbolic form, not just using basis
elements. For example a Grassmann number might take the form:

2+xXx-3y+5XAy+XAyArz

In some cases it might be faster to change basis temporarily in order to generate a template with
all but the required scalars formed.
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DeclareBasis[{x, v, 2}];
T = Table[CreateGrassmannNumber [0], {3}]; V3; MatrixForm[T]

O+XO0+YO0+20+0XAY+0XAZ2+0YAZ+0XAYAZ
O+X0+YO0+20+0XAY+0XAZ2+0YAZ+0XAYAZ
O+XO0+YO0+20+0XAY+0XAZ+0YAZ+0XAYAZ

% Body and soul

For certain operations (particularly the inverse) it is critically important whether or not a
Grassmann number has a (non-zero) scalar component.

The scalar component of a Grassmann number is called its body. The body may be obtained
from a Grassmann number by using the Body function. Suppose we have a general Grassmann
number X in a 3-space.

V3; X = CreateGrassmannNumber [{]

So+rer &1 +rexy & rez3éz+&gepnep+
Eseprez+Egeynes+ e repne;

The body of X is then:
Body [X]
o

The rest of a Grassmann number is called its soul. The soul may be obtained from a Grassmann
number by using the Soul function. The soul of the number X is:

Soul [X]

e11+e3é+e3é3+épe1rey+ésepnez+lgepnes+fyerneynes
Body and Soul apply to Grassmann numbers whose components are given in any form.

Z=(x0y)+ ((xra(y+2))6(2-2)) +(2v(Yax));

{Body[Z], Soul[Z]}

{x6y+2 (x62) +2vysrX, - 4X+XAy02Z2-2XrY}

The first two terms of the body are scalar because they are interior products of 1-elements
(scalar products). The third term of the body is a scalar in a space of 3 dimensions.

Body and Soul are both Listable. Taking the Soul of the list of Grassmann numbers
generated in 2-space above gives
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So+er 1 +ex & +83e1 00
Soul[ Yo +e1 Y1 +e3 Yy +3 €1 rey ]// MatrixForm

o+e1 81 +e, 87 +83e1 rey

er 1 +ex & +8z3ene
el Yy +ey Yy +Yz e re;
e1 1 +ex 0 +C03e1re

% Even and odd components

Changing the order of the factors in an exterior product changes its sign according to the axiom:
arB=(-1)"*Bara
m k k m

Thus factors of odd grade anti-commute; whereas, if one of the factors is of even grade, they
commute. This means that, if X is a Grassmann number whose components are all of odd grade,
then it is nilpotent.

The even components of a Grassmann number can be extracted with the function EvenGrade
and the odd components with OddGrade.

X

So+rer 1 +rexy & rez3éz+fgepnep+
Eseprez3+Egeynes+ e aepne;

EvenGrade [X]
So+&gerrey+isepney+igeyne;
OddGrade [X]

e; &1 +exér+e3é3+érepreney

It should be noted that the result returned by EvenGrade or OddGrade is dependent on the
dimension of the current space. For example, the calculations above for the even and odd
components of the number X were carried out in a 3-space. If now we change to a 2-space and
repeat the calculations, we will get a different result for OddGrade [ X ] because the term of
grade three is necessarily zero in this 2-space.

V,; 0OddGrade [X]
er &1 +ex &r +e3 &3

For EvenGrade and OddGrade to apply, it is not necessary that the Grassmann number be in
terms of basis elements or simple exterior products. Applying EvenGrade and OddGrade to
the number Z below still separates the number into its even and odd components:

Z=(x0y) + ((xa(y+2))06(2-2)) + (2v(yax));
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V3; {EvenGrade[Z], OddGrade[Z]}
{x6y+2 (x62) +2vyrxXx-2Xry, - 4X+XryO2}
EvenGrade and OddGrade are Listable.

To test whether a number is even or odd we use EvenGradeQ and 0ddGradeQ. Consider
again the general Grassmann number X in 3-space.

{EvenGradeQ[X], 0ddGradeQ[X],
EvenGradeQ [EvenGrade [X] ], OddGradeQ [EvenGrade [X] ]}

{False, False, True, False}

EvenGradeQ and OddGradeQ are not Listable. When applied to a list of elements, they
require all the elements in the list to conform in order to return True. They can of course still
be mapped over a list of elements to question the evenness or oddness of the individual
components.

EvenGradeQ /@ {1, x, XAy, XAayAz}

{True, False, True, False}

Finally, there is the question as to whether the Grassmann number O is even or odd. It may be
recalled from Chapter 2 that the single symbol 0 is actually a shorthand for the zero element of
any of the exterior linear spaces, and hence is of indeterminate grade. Entering Grade[ 0] will
return a flag Grade0 which can be manipulated as appropriate. Therefore, both
EvenGradeQ[ 0] and OddGradeQ[ 0] will return False.

{Grade[0], EvenGradeQ[0], 0ddGradeQ[O0] }

{Grade0, False, False}

% The grades of a Grassmann number

The GrassmannAlgebra function Grade will determine the grades of each of the components
in a Grassmann number, and return a list of the grades. For example, applying Grade to a
general number X in 3-space shows that it contains components of all grades up to 3.

X

Sot+ter i1 +eyér+teyéz+&gerneyt
Eseprez3+Egeynes+ e repne;

Grade [X]
{0, 1, 2, 3}

Grade will also work with more general Grassmann number expressions. For example we can
apply it to the number Z which we previously defined above.

Z

XOYV+Xr (2+y)©0(-2+2) +2vyrXx
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Grade[Z]
{0, 1, 2}

Because it may be necessary to expand out a Grassmann number into a sum of terms (each of
which has a definite grade) before the grades can be calculated, and because Mathematica will
reorganize the ordering of those terms in the sum according to its own internal algorithms, direct
correspondence with the original form is often lost. However, if a list of the grades of each term
in an expansion of a Grassmann number is required, we should:

¢ Expand and simplify the number into a sum of terms.
* Create a list of the terms.
* Map Grade over the list.

For example:
A= g[2Z]
-4 X+X0y+2 (X02Z2) +XAyOZ-XAyrzZvl1l-2xXry
A =-ListeeA
{-4x, X0y, 2 (x62), xAy©0Z, - (XAyr2Vv]l), -2Xry}
Grade /@A
{1, 0, 0,1, 0, 2}

To extract the components of a Grassmann number of a given grade or grades, we can use the
GrassmannAlgebra ExtractGrade [ m) [ X] function which takes a Grassmann number and
extracts the components of grade m.

Extracting the components of grade 1 from the number Z defined above gives:
ExtractGrade[1l] [Z]
-4X+XAyOZ

ExtractGrade also works on lists or tensors of GrassmannNumbers.

DeclareExtraScalars[{y , § }]

{a, b,c,d, e, £, g, h, k, (_©_) ?InnerProductQ, & , & , ¥ , _}
0
So+er 1 +ex & +83e1ne
ExtractGrade[1] [ Yo +ey1 Yy +e3 Yy +Y3 €1 rey ] // MatrixForm
o+rey1 L1 +e282+83e;re;

er &1 +e2 &2
ey Y1 + ey Y
er 01 +ez 02
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% Working with complex scalars

The imaginary unit i is treated by Mathematica and the GrassmannAlgebra package just as if it
were a numeric quantity. This means that just like other numeric quantities, it will not appear in
the list of declared scalars, even if explicitly entered.

DeclareScalars[{a, b, ¢, d, 2, 1, e}]
{a, b, c, d}
However, i or any other numeric quantity is treated as a scalar.
ScalarQ[{a, b, ¢, 2, 1, e, 2-31}]
{True, True, True, True, True, True, True}

This feature allows the GrassmannAlgebra package to deal with complex numbers just as it
would any other scalars.

Gl((a+1ib) x) A (1y)]
(ia-b) xay

9.3 Operations with Grassmann Numbers

% The exterior product of Grassmann numbers

We have already shown how to create a general Grassmann number in 3-space:
X = CreateGrassmannNumber [§]

So+rer 1 +exy & rez3éz+fgepnep+
Eseprez+Egeynes+Eyeprepne;

We now create a second Grassmann number ¥ so that we can look at various operations applied
to two Grassmann numbers in 3-space.

Y = CreateGrassmannNumber [¢]

Yo +e1 Y1 +ex Yy +e3 Y3 +Yg el ey +
Us e rnez + g ey rnez +i7 e ey ne;s

The exterior product of two general Grassmann numbers in 3-space is obtained by multiplying
out the numbers termwise and simplifying the result.
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G[X A Y]

oo +er (S1 Yo +So¥1) +ex (200 + S0 ¥2) +

€3 (E3 Yo +S&o¥3) + (Sag-SEa 1 +&1 Y2 +E&g Yy) €1 rep +

(Es o —E3 Y1 +E1 Y3 + &0 Us) ep ~nes +

(E6 o —E3 W2 + &2 Y3 + &0 Ye) €2 n€3 +

(S7 W0 +Se U1 —SCs a2 + &4 U3 +E3 Uy —Ea U5 +81Ug +E0 U7) €1 7€ n€3

When the bodies of the numbers are zero we get only components of grades two and three.
G[Soul [X] ASoul[Y¥]]

(-&2 Y1 +&1 Y2) ep rey +
(=€3 U1 +&1¥3) errnez+ (-3 ¥ +Ez Y3) exnez +
(€6 U1 —Es Wa +Eg Y3 +E3 Uy —Ea Us + &1 Yg) €1 ey neg

% The regressive product of Grassmann numbers

The regressive product of X and Y is again obtained by multiplying out the numbers termwise
and simplifying.

Z=G[XvY]

epreynesv (Yo +&e W —Es o+ &g Y3 +E3¥s —Ex s + &1 We + &g W7 +
€1 (E7 U1 —EsWa + &4 ¥s +E1U7) +e2 (E7 Y2 —E6 Wa +Ea e +E2Y7) +
€3 (7 U3 —Ee s +E&s5 g +E3U7) + (E7Ya +E4¥7) €1 7€ +

(E7 U5 +&s¥7) ernez+ (Eq Y+ 7)) eanes +E7 Y€ ey ney)

We cannot obtain the result in the form of a pure exterior product without relating the unit »-
element to the basis n-element. In general these two elements may be related by a scalar
multiple which we have denoted k. In 3-space this relationship is given by

% == k e; A e, A e3. To obtain the result as an exterior product, but one that will also involve

the scalar k, we use the GrassmannAlgebra function ToCongruenceForm.

Z1 = ToCongruenceForm[Z]

Tt. (E7 W0 +E6 Y1 —Es Wo +Ea W3 +E3 g =& s + &1 e + &0 Y7 +

€1 (S7 Y1 - S5 +EaUs +E1W7) +e3 (E7U2 ~SeWa +Eae+E2 W7) +
€3 (7 Y3 —-EeWs +Es e +E3W7) + (E7Wa +E&4¥7) €1 ren+

(E7 s +E&s Y7) errnes + (E7 Y +E6W7) €2ne3 +E&7Y7€1 r€3ne€3)

In a space with a Euclidean metric k is unity. GrassmannSimplify looks at the currently
declared metric and substitutes the value of k. Since the currently declared metric is by default
Euclidean, applying GrassmannSimplify puts k to unity.
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Glz1]

Er o +E&6 W1 —Es W+ &g W3 +E3 Wy — & Us + &1 Y6 + Eo U7 +
€1 (S7 Y1 - S5 +EaUs+E1W7) +ex (E7U2 S Wa +E8ae +E2 W7) +
€3 (§7 U3 -EeWs +Es e +E3W7) + (E7Wa +E&4¥7) €1 rep +

(E7 s +E&s Y7) errnes + (E7Ye +E6 W7) €2 n€3 +&87 Y7 €1~ ne3

% The complement of a Grassmann number

Consider again a general Grassmann number X in 3-space.
X

So+rer &1 +rexy & rez3éz+fgepney+
s eprez+égeynes +Ey e reyne;s

The complement of X is denoted X . Entering X applies the complement operation, but does
not simplify it in any way.

X

So+rer 1 +rexénrrezéz+réperrney+ésepnez+geynes+iyerren

Further simplification to an explicit Grassmann number depends on the metric of the space
concerned and may be accomplished by applying GrassmannSimplify.
GrassmannSimplify will look at the metric and make the necessary transformations. In the
Euclidean metric assumed by GrassmannAlgebra as the default we have:

Gl X]

e3 &y -erés+e; g+ &7 +Ezeprne; -
Sreprez+reynes+Eyereyne;s

For metrics other than Euclidean, the expression for the complement will be more complex. We
can explore the complement of a general Grassmann number in a general metric by entering
DeclareMetric[g] and then applying GrassmannSimplify to X . As an example, we
take the complement of a general Grassmann number in a 2-space with a general metric. We
choose a 2-space rather than a 3-space, because the result is less complex to display.

V,; DeclareMetric[g]

{{91,1+ 91,2}, {O1,2/, 02,2}}

U = CreateGrassmannNumber [v]
Ug +€1 Ul +€3 Uy +U3 €1 A ey
G[U] // Simplify

2
(-u3g1,, +€2 (U1 01,1 +VU201,2) +VU301,102,2 -

e; (U1 01,2 +U202,2) +Ug €1 ~r€3) / (\/*gf,z +01,1 92,2
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% The interior product of Grassmann numbers

The interior product of two elements a and 8 where m is less than k, is always zero. Thus the
m k
interior product X © Y is zero if the components of X are of lesser grade than those of ¥. For two

general Grassmann numbers we will therefore have some of the products of the components
being zero.

By way of example we take two general Grassmann numbers U and V in 2-space:

Vay; {U = CreateGrassmannNumber [v],
V = CreateGrassmannNumber [w] }

{Ug+ejus +ey Uy +Uzer rey, Wy +€1 W) +€) Wy +W3 €1 A€y}
The interior product of U with V is:
W, = g[UeV]

Upg Wo + €1 Uy Wy + € Uy Wo + ((e]_@el> Ul + (e]_@ez> U2> w1 +
(e1rex0e;) vz wy + ((e19€y) U + (€20€) Uz) Wy +
(e1 rey0€ey) Uz Wy + (€1 Ar€0€1 A€y) U3z W3 + U3 Wg €1 A€

Note that there are no products of the form e; © (e; A ex) as these have been put to zero by
GrassmannSimplify. If we wish, we can convert the remaining interior products to scalar
products using the GrassmannAlgebra function ToScalarProducts.

W, = ToScalarProducts [W; ]

Up Wop +€1 Ul Wy +e3 Upx g + (e10e1) Ui w1 + (e10ey) Uy wy —
(e10ez) e Uz wy + (€10€1) €2 Uz Wy + (€10€2) Uy Wy +
(e20€3) Up Wy — (e20€3) €1 U3 Wy + (€10€3) €3 Uz Wy —

(e ee2)2 Us w3 + (e10ey) (ey0e;3) Uz W3 + U3 Wg €1 A €3

Finally, we can substitute the values from the currently declared metric tensor for the scalar
products using the GrassmannAlgebra function ToMetricForm. For example, if we first
declare a general metric:

DeclareMetric[g]
{{91,1+ 91,2}, {O1,2, 02,2}}

ToMetricForm[W; ]

Ug Wo + €1 Uy Wo +€2 U Wo +VU1 W1 J1,1 +€2 U3z W1 J1,1 +
2
Uz W1 91,2 — €1 U3 W1 91,2 +VU1 W2 U1,2 +€ U3z Wz U1,2 ~U3z W3 0y,5 +
U W2 §2,2 — €1 U3z W2 F2,2 +U3 W3 1,1 U2,2 +U3 Wo €1 ~ €2

The interior product of two general Grassmann numbers in 3-space is
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Soo+&1 U1 +E&2 Y2 +E3 U3 + &g s +e3 (E3 o +Es i +E86 U +E7 W) +
Es s +ey (S g +Eq W1 —E W3 —E7 Us) + &6 Y6 +
€1 (E1Wo-SCa Vo -Es Wz +E7We) +E7 U7+ (Eg o +E7Y¥3) € rnep +

(Ss Yo —S7¥2) ernes+ (Sedo+E7 Y1) €ex2ne3 +E7 Ype1nreyne;
Now consider the case of two general Grassmann number in 3-space.

V3; X = CreateGrassmannNumber [{]

Sot+ter i1 +eyér+tez3éz+&gepneyt
Eseprez+Egeynez+ e repne;

Y = CreateGrassmannNumber [ ]

Yo +e1 Y1 +ex Yy +e3 Y3 +Yg el ey +
Us e rnez + g ey rnez +i7 e reyne;s

The interior product of X with ¥ is:
Z =G[XOeY]

So Yo +e€1 &1 o +e2 Ex o +e3 E3 Yo +
((e1o0e1) &1+ (e10€3) & + (e10e3) &3) Y + (€1 rex0ey) &y Yy +
(eprezoer) s Yy + (e re30er) g1+ (€1 rexre30er) &7 Yy +
((e10ez) &1+ (e20e€3) &z + (e20e3) &3) Yo + (€1 r€20€3) &g Y +
(e1re30ey) Es Ya + (e re30€y) S ¥a + (€1 A€ n€30€) &7 Y +
((e10e3) &1 + (ex0e3) & + (e30e3) &3) Y3 + (€1 rex0e3) &y Y3 +
(e1 rez3oe3) S5 Y3 + (e rne30e3) g3+ (€1~ re30e3) &7 U3 +
((e1rey0eprney) &g+ (e1rey0e1re3) &5+ (€1 7r€20€2 0 €3) &6)
Yg + (€1 neynezoe; ney) &g Yy +
((epreyoe;nes) &y + (61 re30€e; re3) &5+ (e re30e; re3) &)
Us + (e1rex;rezoe; nes) &7 Ys +
((e1rey;0exnrne3) &y + (epre30eyne3) &5+ (€2 r€30€2 r€3) &g)
Yo + (e1 reyrnezoeynesz) §7 g+ (€1 r€3 0 €301 repnes) &7 Y +
Sadoerrey +&sdperres +&gPpernes+&ydgerneyne;

We can expand these interior products to inner products and replace them by elements of the

metric tensor by using the GrassmannAlgebra function ToMetricForm. For example in the
case of a Euclidean metric we have:

E; ToMetricForm[Z]

oo +er1 &1 o +ex oo +es 3o+ &1 +rer &yt

€385 Y1 + & ¥a —e1 &y Yp +e3 &8s +E3 Y3 -1 85 Y3 -

€ Se U3 + &g g +e3 &7y +E8s ¥s —ey E7 ¥s + 8 g +

e1 &7 Us+&7 Y7 +&adoerner +E7 Yz erney +&s pernes -
SrU2er1nresz+Ségloernes+&yrexnes+éydperneynes
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9.4 Simplifying Grassmann Numbers

% Elementary simplifying operations

All of the elementary simplifying operations that work with elements of a single exterior linear
space also work with Grassmann numbers. In this section we take a Grassmann number A in 2-
space involving both exterior and interior products, and explore the application of those
component operations of GrassmannSimplify which apply to exterior and interior products.

A= ((l+x)A(2+y+yAXx))O(3+2)

(l+x) A (2+y+yY~rX)©S(3+2)

% Expanding products

ExpandProducts performs the first level of the simplification operation by simply
expanding out any products. It treats scalars as elements of the Grassmann algebra, just like
those of higher grade.Taking the expression A and expanding out both the exterior and interior
products gives:

A, = ExpandProducts [A]

1,263+112202+1ry63+1ry02+xX1A203+XA202+XryO03+
XAYOZ+1Aayax03+1AayAaXOZ+XAYAXO3+XAYAXOZ

% Factoring scalars

FactorScalars collects all the scalars in each term, which figure either by way of ordinary
multiplication or by way of exterior multiplication, and multiplies them as a scalar factor at the
beginning of each term. Remember that both the exterior and interior product of scalars is a
scalar. Mathematica will also automatically rearrange the terms in this sum according to its
internal ordering algorithm.

A, = FactorScalars[A;]

6+6x+3y+2 (loz) +2 (X62) +y©Z2+XAyO2Z+
VYAXOZ+XAYAXOZ+3 XAy +3yrAX+3XAyYArx
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% Checking for zero terms

ZeroSimplify looks at each term and decides if it is zero, either from nilpotency or from
expotency. A term is nilpotent if it contains repeated 1-element factors. A term is expotent if the
number of 1-element factors in it is greater than the dimension of the space. (We have coined
this term 'expotent’ for convenience.) An interior product is zero if the grade of the first factor is
less than the grade of the second factor. ZeroSimplify then puts those terms it finds to be
zero, equal to zero.

A3 = ZeroSimplify[A,]

6+6xXx+3y+2 (X02) +yOZ+XAYyOZ2+YrAXO0Z2+3XAy+3yrX

% Reordering factors

In order to simplify further it is necessary to put the factors of each term into a canonical order
so that terms of opposite sign in an exterior product will cancel and any inner product will be
transformed into just one of its two symmetric forms. This reordering may be achieved by using
the GrassmannAlgebra ToStandardOrdering function. (The rules for GrassmannAlgebra
standard ordering are given in the package documentation.)

A, = ToStandardOrdering[A3]

6+6x+3y+2 (xX62) +yoz

& Simplifying expressions

We can perform all the simplifying operations above with GrassmannSimplify. Applying
GrassmannSimplify to our original expression A we get the expression Aq .

G[A4]

6+6x+3y+2 (xXx62) +yoz

9.5 Powers of Grassmann Numbers

% Direct computation of powers

The zeroth power of a Grassmann number is defined to be the unit scalar 1. The first power is
defined to be the Grassmann number itself. Higher powers can be obtained by simply taking the
exterior product of the number with itself the requisite number of times, and then applying
GrassmannSimplify to simplify the result.

To refer to an exterior power n of a Grassmann number X (but not to compute it), we will use
the usual notation X®.

200145



ExploringGrassmannAlgebra.nb 15

As an example we take the general element of 3-space, X, introduced at the beginning of this
chapter, and calculate some powers:

X = CreateGrassmannNumber [§]

So+rer 1 +rexy & rez3éz+&gepney+
s eprez+égeynes +Ey e reyne;s

G[X A X]

Ce+2e1 & E1+2€;8 & +2e380E3+28 a1 ney +28)Esepnes +
28 égepnes+ (28285 +2 (E384+81E86+E0&7)) €1 rexnes

GIXAXAX]

So+3e1 5 &1 +3ex80 & +3e3 &8 &3+
355§4elAez+3§§§561Ae3+3§§§662Ae3+

(6 E0E3E4-6E0E2E5+6E9E1E6+3E0E7)ernrexnes

Direct computation is generally an inefficient way to calculate a power, as the terms are all
expanded out before checking to see which are zero. It will be seen below that we can generally

calculate
out to be

powers more efficiently by using knowledge of which terms in the product would turn
Zero.

% Powers of even Grassmann numbers

We take
powers.

The soul

the even component of X, and construct a table of its first, second, third and fourth

X. = EvenGrade [X]
So+&serrey+Esepnes+ e ey nes

Gl{Xes Xe AXey Xe AXe A Xey X AXo AKX AX}] 7/ Simplify //
TableForm

So+&serrey+ésepnes+ e ey nes

Eo (So+2 (Eseprey+ésepnez+&geynes))

E§ (Eo+3 (Caer1ney+Esepney+Egexnez))

o (Eo+4 (Saepney+Esepney +Egepnes))

of the even part of a general Grassmann number in 3-space just happens to be nilpotent

due to its being simple. (See Section 2.10.)

200145

Xes = EvenSoul [X]
Sserrey +&éseyprnes+ g ey nes

G[Xes A Xes ]
0



ExploringGrassmannAlgebra.nb 16

However, in the general case an even soul will not be nilpotent, but its powers will become zero
when the grades of the terms in the power expansion exceed the dimension of the space. We can
show this by calculating the powers of an even soul in spaces of successively higher
dimensions. Let

Zes =MAP+QAXrASAt+ UAVAWAXAYAZ;

Table[{V,; Dimension, G[Zcs A Ze5]}, {n, 3, 8}] // TableForm

0
0
0
2mapargarasat
2mapagarasat

0 N o U b W

2MAPAQATASAt+2MAPAUAVAWAXAYAZ

% Powers of odd Grassmann numbers

0Odd Grassmann numbers are nilpotent. Hence all positive integer powers except the first are
Zero.

X, = 0OddGrade [X]
er 1 +ex & +e3 &3+ &7 e nepnes

G[Xo rX5]
0

% Computing positive powers of Grassmann numbers

We can make use of the nilpotence of the odd component to compute powers of Grassmann
numbers more efficiently than the direct approach described at the beginning of this section by
noting that it will cause a binomial expansion of the sum of the even and odd components to
terminate after the first two terms. Let X == X¢ + Xo, then:

XP == (Xe +Xo)P = X P + pXP1AX, +

XP = X P M A (Xe +PXo) 9.1

where the powers of p and p—1 refer to the exterior powers of the Grassmann numbers. For
example, the cube of a general Grassmann number X in 3-space may then be calculated as

V3; Xe = EvenGrade [X]; X, = OddGrade [X]; G[Xe AXe A (Xe + 3 X,) ]

So+3e1 o1 +3e,80 8 +3e385E3+385Ee1re+3E8  Esepnest
3&5Ecesnes+ (o (-6E2E5+6 (E3E4+E1E86)) +3E5E87) erneyne;
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This algorithm is used in the general power function GrassmannPower described below.

% Powers of Grassmann numbers with no body

A further simplification in the computation of powers of Grassmann numbers arises when they
have no body. Powers of numbers with no body will eventually become zero. In this section we
determine formulae for the highest non-zero power of such numbers.

The formula developed above for positive powers of Grassmann number still applies to the
specific case of numbers without a body. If we can determine an expression for the highest non-
zero power of an even number with no body, we can substitute it into the formula to obtain the
required result.

Let S be an even Grassmann number with no body. Express S as a sum of components o, where
1
i is the grade of the component. (Components may be a sum of several terms. Components with

no underscript are 1-elements by default.)

As a first example we take a general element in 3-space.
S=0+0+0;
2 3
The (exterior) square of S may be obtained by expanding and simplifying SS.

G[S 8]

OANnO+0A0O
2 2

which simplifies to:

SAS==20A0
2
It is clear from this that because this expression is of grade three, further multiplication by S
would give zero. It thus represents an expression for the highest non-zero power (the square) of
a general bodyless element in 3-space.

To generalize this result, we proceed as follows:

1) Determine an expression for the highest non-zero power of an even Grassmann number with
no body in an even-dimensional space.

2) Substitute this expression into the general expression for the positive power of a Grassmann
number in the last section.

3) Repeat these steps for the case of an odd-dimensional space.

The highest non-zero power ppax 0f an even Grassmann number (with no body) can be seen to
be that which enables the smallest term (of grade 2 and hence commutative) to be multiplied by
itself the largest number of times, without the result being zero. For a space of even dimension n

this is obviously prax= 7 -

For example, let )2{ be a 2-element in a 4-space.
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V4; X = CreateElement [f]
2 2

Sr1e1rexy+érernez+ézerneg+&pepnes+iseyneg +Egezney

The square of this number is a 4-element. Any further multiplication by a bodyless Grassmann
number will give zero.

g[x~x]
(28285 +2 (6384 +8186)) €1 72003 1€y
Substituting g for Xe and 3 for p into formula 9.1 for the pth power gives:

n n
XP == ogz7la (o+ — Xo)
2 2 2

The only odd component X, capable of generating a non-zero term is the one of grade 1. Hence
X, is equal to o and we have finally that:

The maximum non-zero power of a bodyless Grassmann number in a space of even dimension n
is equal to g— and may be computed from the formula

LY n_, n
XPmax o2 X7 == gz " A (o+ — o) n even 9.2
2 2

A similar argument may be offered for odd-dimensional spaces. The highest non-zero power of
an even Grassmann number (with no body) can be seen to be that which enables the smallest

term (of grade 2 and hence commutative) to be multiplied by itself the largest number of times,
without the result being zero. For a space of odd dimension n this is obviously %1— . However

the highest power of a general bodyless number will be one greater than this due to the

possibility of multiplying this even product by the element of grade 1. Hence ppax = n;1 .

Substituting o for X, o for X, , and %1— for p into the formula for the pth power and noting
2
that the term involving the power of o only is zero, leads to the following:
2

The maximum non-zero power of a bodyless Grassmann number in a space of odd dimension n

is equal to ’%1— and may be computed from the formula

n+l (n+ 1) n-1

XPmax o2 X2 2z ———— 02 A O n odd 9.3
2 2

A formula which gives the highest power for both even and odd spaces is

1
Puax = (2n+1-(-1)") 9.4

The following table gives the maximum non-zero power of a bodiless Grassmann number and
the formula for it for spaces up to dimension 8.
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n pmax xpmax
1 1
1 o+0
2
3 2 20Ar0
2
al| 2 (20+0)Ao
2 2
5 3 30A0AC
2 2
6 3 (30'+O')AO'AO'
2 2 2
7 4 4dorOAOAC
2 2 2
8 4 (40'+O')AO'AO'AO'
2 2 2 2

E Verifying the formulae in a 3-space

Declare a 3-space and create a Grassmann number X3 with no body.
V3; X3 = Soul [CreateGrassmannNumber [§] ]
e1ér1+exér+e3éz3+égeprex+éserreg+gernesz+iyerreyne;
{o = ExtractGrade[1l] [X5], czx = ExtractGrade[2] [X;3] }
{e1 1 +ex 82 +e383, Saernex+iserrnes+igeynes}
G[X3AX3 =2 oAg]

True

E Verifying the formulae in a 4-space
Declare a 4-space and create a Grassmann number X, with no body.
Va4; X4 = Soul [CreateGrassmannNumber [§] ]

e1 1 +exérrezézreg &y +éseprey+Eger nez +
Er7er1reg+Egepnez+gepneg+fipezney +&11 €108 A3 +
512 e Aey Ae4+§13 (S51 Ae3Ae4+§14 ey A e3 Ae4+§15 €1 Aex A3 Aey

{o = ExtractGrade[1l] [X4], czx = ExtractGrade[2] [X;] }

{e1 &1 +ep & +e3 &3 +eq &y
Eseprey +Egernez+Ererneg+rEgexney+rfogepney +Eip0e€3nes})

g[x4 AXy == (20+c2I) Aczi]

True

200145



ExploringGrassmannAlgebra.nb

% The inverse of a Grassmann number

Let X be a general Grassmann number in 3-space.

V3; X = CreateGrassmannNumber [{]

So+rer 1 +rexy & rez3éz+&gepney+
Eseprez+Egeynes+Eyeprnepne;

Finding an inverse of X is equivalent to finding the Grassmann number A such that XAaA==1 or
AAX=:=1. In what follows we shall show that A commutes with X and therefore is a unique
inverse which we may call the inverse of X. To find A we need to solve the equation XAA-1==0.
First we create a general Grassmann number for A.

A = CreateGrassmannNumber [a]

Op + €1 01 +€e2 O +e3 03 + 0y €1 rey +
O €1 A3 + Qg € A3 + 7 €1 AEey Ae3

The calculate and simplify the expression XaA-1.
G[XAA-1]

-l+og o +er (a1 o +ap 1) +e€2 (02 §o +0p E2) +

e3 (a3 &o +0p &3) + (g So +02 &1 —01 §2 +0p Sa) €1 A€ +

(a5 o +a3 &1 — 01 £3 +0g E5) €1 A €3 +

(ag o +a3 E2 — 0 E3 +0g $6) €2 A €3 +

(a7 So +0g 1 -~ Qs &2 +0g €3 +03 Eg — 02 E5 + a1 S + Qg $7) €1 A €2 A €3

To make this expression zero we need to solve for the a; in terms of the £; which make the
coefficients zero. This is most easily done with the GrassmannSolve function to be

introduced later. Here, to see more clearly the process, we do it directly with Mathematica's
Solve function.

S =Solve[{-1+ag §o =0, (a1 §o +ap €1) =0, (az §o +ap &2) =0,

(a3 o +ap €3) =0, (ag o +az &1 -1 §2 +ag §4) =0,
(as o +a3 §1 -a1 §3 +ap §5) =0,
(ag Eo+a3 §2 —az §3 +ap §6) =0,

(a7 Eo+ag €1 -as Ex +ag 3 +a3 §4 -z €5 +0y1 §6 + g §7) =
0}] // Flatten

{o7 > 25354*25255;25156*5057,0(4%7%_,0(5%7%_,
&0 <o <o
S S 3 1
O(6%7?§~, O(]_%*g%-, Otzﬁfg(g{, O(3%7?§~, O(0%?0~}

We denote the inverse of X by X,.. We obtain an explicit expression for X, by substituting the
values obtained above in the formula for A.
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X, =A/.S
1 e1 &1 exé; e3f3 Sserney  Ssepnes
Eo &5 &5 &5 &5 &5
§6<32M33+ (26384 -282E85+281E86-E0E7) e1repney
3 &3

To verify that this is indeed the inverse and that the inverse commutes, we calculate the
products of X and X,

GI{XAX,, Xo AX}] // Simplify
{1, 1}

To avoid having to rewrite the coefficients for the Solve equations, we can use the
GrassmannAlgebra function GrassmannSolve (discussed in Section 9.6) to get the same
results. To use GrassmannSolve we only need to enter a single undefined symbol (here we
have used ¥)for the Grassmann number we are looking to solve for.

GrassmannSolve[XAY =1, Y]

{{Y%i7e1§17e2§27e3§37§4e1Ae27§5e1Ae37
£ & &3 &3 &3 &3
g€ n€3 (*2§3§4+2§255*2§1§6+§o§7)elAeer3}}
&3 £

It is evident from this example that (at least in 3-space), for a Grassmann number to have an
inverse, it must have a non-zero body.

To calculate an inverse directly, we can use the function GrassmannInverse. To see the

pattern for inverses in general, we calculate the inverses of a general Grassmann number in 1, 2,

3, and 4-spaces:

H Inverse in a 1-space

Vi1; X; = CreateGrassmannNumber [§]

o +e1 &

X1, = GrassmannInverse [X; ]

1 e &1

<o ;

H Inverse in a 2-space

Va; X, = CreateGrassmannNumber [§]
So+e1 &1 +ex & +é3e1 e
X, » = GrassmannInverse [X; ]

1 e181 €& S3epne

o 3 &3 &3
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H Inverse in a 3-space

V3; X3 = CreateGrassmannNumber [§]

Sot+ter i1 +eyér+tezéz+&gerneyt

Eseprez+Egeynes+ e repne;

X3, = GrassmannInverse [X3]

1 e1 &1 exé; e3f3 Sserney s epnes
& & €5 €5 €5 €5
Seeynres  (-26865+2 (E384+818) &7 €1 A€y A es

€8 £3 &8

H Inverse in a 4-space

V4; X4 = CreateGrassmannNumber [§]

Sorer i1 reyérrezészregéy+éserrey +Egepnez+

E7e1reg+égeynez+fgexneg+Eige3rey +&11 € A€ AL+
512 e Aey Ae4+§13 (S51 Ae3Ae4+§14 ey A e3 Ae4+§15 €1 Ay A3 Aey

X4 = GrassmannInverse [X, ]

€y Ae3 Aey +

-286 &9 +2 (E788+E85810) s
£ €8

€1 AEy A3 A ey

1 e1 &1 exéy; e3f3 ey és Ssepney
£ & €5 €5 €4 €8
See1re3 Ere1nrey  Sgeyne; Sgepney
€3 €3 €3 €3
S0 e3re “2&63 86 +2 (E385+81 &) &
10 53% 4, 2 6 583 5 +S188) ,5151 el ney nes +
“2&6387+2 (8485 +81&9) &
( 2 &7 584 5 +S189) ,5152 @1 n ey Ay +
“286387+2 (8486 +81810) €
( 3 €7 ,584 6 +S1810) ,5153 €1 nes ney +
(253 9 +2 (Ea &g +E2810)  S1a
£ €5

% The form of the inverse of a Grassmann number

To understand the form of the inverse of a Grassmann number it is instructive to generate it by
yet another method. Let B be a bodiless Grassmann number and B2 its gth exterior power. Then
the following identity will hold.

200145
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We can see this most easily by writing the expansion in the form below and noting that all the
intermediate terms cancel.

ee. 9
... 7Rz pIt

1-B+p*-p%+p"-
+B-B*+p -+
Alternatively, consider the product in the reverse order
(1-B+p%2-83+B8%- ...xB9) A (1+8).Expanding this gives precisely the same
result. Hence a Grassmann number and its inverse commute.

Furthermore, it has been shown in the previous section that for a bodiless Grassmann number in

a space of n dimensions, the greatest non-zero power is Ppax = % (2n+1+ (-1)%).Thus

if g is equal to ppax, B! is equal to zero, and the identity becomes:

(L+B) A (1-B+B2-B>+p* - ... xpPmx) =1

We have thus shown that 1 - B + B2 - B3 + B* ... + BPmax jsthe inverse of 1+p.

If now we have a general Grassmann number X, say, we can write X as X == §o (1 + ), so that
if Xg is the soul of X, then

Xs
X==8§p (L+B) == & +Xg = —
€o
The inverse of X then becomes:
2 3 Pmax
x-1=_1_(1_5i+(5i) (3_) . (i_) J 9.6
€o €o €o €o €o

We tabulate some examples for X == £ + Xg, expressing the inverse X~! both in terms of X
and §p alone, and in terms of the even and odd components o and g of Xg.

n | Prax x! x*
Xg Xs
1| 1 = (1- %) & (1-%)
2| 1 ?10- (1-%? ?10-(1-%?)
1 Xs Xs | 2 1 Xs
32 |4 (-2(B))| Z(-Frdrong)
a2 | (-2 (B)) | & (1-Frgr(2049) 9

It is easy to verify the formulae of the table for dimensions 1 and 2 from the results above. The
formulae for spaces of dimension 3 and 4 are given below. But for a slight rearrangement of
terms they are identical to the results above.
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B Verifying the formula in a 3-space

V3; Xg = Soul [CreateGrassmannNumber [§] ]

er i1 +eyér+rez3éz+téyuerrey+réserrez+lgernez+tiyerreyne;
{o = ExtractGrade[1l] [Xs], o = ExtractGrade[2] [X;] }
2

{er 1 +ex &y +e3éz, Saerney+éseypnes+Egepynes)

B Verifying the formula in a 4-space

V4; Xg = Soul [CreateGrassmannNumber [§] ]

er 1 +exér+rez3éztegfyp+ésepney +&gernes+
Er7er1reg+Egepnez+gepneg+&ipezney +E11 €108 A3 +
512 e Aey Ae4+§13 €1 Ae3Ae4+§14 ey A e3 Ae4+§15 €1 Ay A3 Aey

{o = ExtractGrade[1l] [Xs], czx = ExtractGrade[2] [X;] }

{e1 &1 +ep & +e3 &3 +eq &y
Eseprey +égeyprnez+rerneg+rlgernesy+rfogerney +&pe€3n€4})

1 Xs 1
i org)og)oem]

& Integer powers of a Grassmann number

In the GrassmannAlgebra function GrassmannPower we collect together the algorithm
introduced above for positive integer powers of Grassmann numbers with that for calculating
inverses, so that GrassmannPower works with any integer power, positive or negative.

? GrassmannPower
GrassmannPower [X,n] computes the nth power of a Grassmann

number X in a space of the currently declared number of
dimensions. n may be any numeric or symbolic quantity.

B Powers in terms of basis elements

V2 ; X = CreateGrassmannNumber [ ]

Sorer 1 rex & +&zerne
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Y = GrassmannPower [X, 3]
Eo+3e1 &5 E1+3e85E+365E3e1ne

Z = GrassmannPower [X, -3]

1 3e1 &1 3exé; 3é3erne;

£ £6 €6 €6

As usual, we verify with GrassmannSimplify.
GI{YAZ, ZAY}]

{1, 1}

E General powers

GrassmannPower will also work with general elements that are not expressed in terms of
basis elements.

X=1+X+XAY+XAYAZ;

{Y = GrassmannPower [X, 3], Z = GrassmannPower [X, -3]}
{1+3x+3xry,1-3x-3xry}

GI{YAZ, ZAY}]

{1, 1}

B Symbolic powers
We take a general Grassmann number in 2-space.
Va2; X = CreateGrassmannNumber [ ]
So+e1 &1 +ey & +é3e1 e
Y = GrassmannPower [X, n]
Ep+ney &l Erene; &N S +ngt M Syl ne
Z = GrassmannPower [X, -n]
St -ne; &M & —ney St & -ngt M S e ne;

Before we verify that these are indeed inverses of each other, we need to declare the power n to
be a scalar.

DeclareExtraScalars[n];
GI{YAZ, ZAY}]

{1, 1}
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The nth power of a general Grassmann number in 3-space is:
V3; X = CreateGrassmannNumber [{]; Y = GrassmannPower [X, n]

h+ney §ME +ne; 5t Ey rne; §1N &+
néy™M™MEerney;+n&yt M Esernes+nEt N g e nes +
(E°™ ((n-n?) & &5+ (-n+n?) (384 + &1 &)) +n & ™ &)
€1 Aeyx A e3
Z = GrassmannPower [X, -n]
g -ne; £ M E1-ney & P& -nes £7 0 &5 -
néy'MEerne; -nE N Esep ey —nEl M Egeynes +
(E° ™ (€3 (N& +n° &) -n& &5 -n° & &5 +n &y 6 +n° &1 &) -
n&,'™&Ey) errnep nes

GI{YAZ, ZAY}]

{1, 1}

% General powers of a Grassmann number

As well as integer powers, GrassmannPower is able to compute non-integer powers.

E The square root of a Grassmann number

The square root of a general Grassmann number X in 3-space is given by:

1
V3; X = CreateGrassmannNumber [£]; ¥ = GrassmannPower [X, -;]

N e &1 N ey &2 N es3 &3 +§4<31M32+'§5<31A_e3
T2ve  2Vs  2VE 2VE 2&
s €2 re3 N -&3 84+ &2 &5 - &1 & N &7
2 /& 463 2 /&

We verify that this is indeed the square root.

€1 Arerx rne3

Simplify[G[X ==Y A Y]]

True

E The nth power of a Grassmann number
Consider a general Grassmann number X in 2-space raised to the power of 7 and -.
Va; X = CreateGrassmannNumber [£]; Y = GrassmannPower [X, 7]

-1 -1 -1
Eo+tmer &y N1 rmey & Ny nEy T Sz e ne;
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Z = GrassmannPower [X, -]

o -mer gt Tl e §ot T Er -ty T s el ney
We verify that these are indeed inverses.

GI{YAaZ, ZAY}]

{1, 1}

9.6 Solving Equations

% Solving for unknown coefficients

Suppose we have a Grassmann number whose coefficients are functions of a number of
parameters, and we wish to find the values of the parameters which will make the number zero.
For example:

Z=a-b-1+(b+3-5a)e;+(d-2c+6)e3+ (e +4a)e;rey+
(c+2+2g)eyares+(-1+e-7g+b)ejrezarnes;

We can calculate the values of the parameters by using the GrassmannAlgebra function
GrassmannScalarSolve.

GrassmannScalarSolve[Z == 0]

{{aa %, bafé, c-»>-1,d->-8,e->-2, gefé}}

GrassmannScalarSolve will also work for several equations and for general symbols
(other than basis elements).

Z, ={a(-x) +bya(-2x) +f==cx+dxnry,
(7-a)y==(13-d) yax-{£};
GrassmannScalarSolve[Z; ]

13

{{a57,¢5-7,d-13,b> —, £50}}

GrassmannScalarSolve can be used in several other ways. As with other Mathematica
functions its usage statement can be obtained by entering ?GrassmannScalarSolve.
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? GrassmannScalarSolve

GrassmannScalarSolve[egns] attempts to find the values of those (
declared) scalar variables which make the equations True.
GrassmannScalarSolve[eqgns,scalars] attempts to find the
values of the scalars which make the equations True. If
not already in the DeclaredScalars list the scalars will
be added to it. GrassmannScalarSolve|[eqns,scalars,elims]
attempts to find the values of the scalars which make the
equations True while eliminating the scalars elims. If
the equations are not fully solvable, GrassmannScalarSolve
will still find the values of the scalar variables which
reduce the number of terms in the equations as much as
possible, and will additionally return the reduced equations.

% Solving for an unknown Grassmann number

The function for solving for an unknown Grassmann number, or several unknown Grassmann
numbers is GrassmannSolve.

? GrassmannSolve

GrassmannSolve [egns,vars] attempts to solve an equation or set
of equations for the Grassmann number variables vars. If
the equations are not fully solvable, GrassmannSolve will
still find the values of the Grassmann number variables
which reduce the number of terms in the equations as much as
possible, and will additionally return the reduced equations.

Suppose first that we have an equation involving an unknown Grassmann number, A, say. For
example if X is a general number in 3-space, and we want to find its inverse A as we did in the
Section 9.5 above, we can solve the following equation for A:

V3; X = CreateGrassmannNumber [{]

Sot+ter 1 +eyér+teyéz+&gepneyt
s eprez+égeynes+Ey e reyne;s

R = GrassmannSolve[XAA == 1, A]

1 e1é1 e &; e3é; Sgerne;  Ssepneg
Ao —— _ _ _ _ _
a7 g & & & &
g €2 ne3 (*2§3§4+2§255*2§1§6+§o§7)elAeer3}}

€4 £
As usual, we verify the result.
G[XAA =1 /.R]
{True}

In general, GrassmannSolve can solve the same sorts of equations that Mathematica's
inbuilt Solve routines can deal with because it uses Solve as its main calculation engine. In
particular, it can handle powers of the unknowns. Further, it does not require the equations
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necessarily to be expressed in terms of basis elements. For example, we can take a quadratic
equation in a:

Q

ara+2 (l+x+xay)raa+ (l+2x+2xAy) ==0;

S

GrassmannSolve[Q, a]
{{a>-1+xC; +Cy xnry}}

Here there are two arbitrary parameters C; and C; introduced by the GrassmannSolve
function. (C is a symbol reserved by Mathematica for the generation of unknown coefficients in
the solution of equations.)

Now test whether a is indeed a solution to the equation:

GlQ/.s]
{True}

Note that here we have a double infinity of solutions, parametrized by the pair {C; , C5 }. This
means that for any values of C; and C,, S is a solution. For example for various C; and C; :

{g[Q/.a»-1-%x],6[Q0/.a>»-1], G[Q/.a—»-1-9xAy]}
{True, True, True}

GrassmannSolve can also take several equations in several unknowns. As an example we
take the following pair of equations:

Q={(1+X)A/3+XAyAa::3+2x,\Y,
(l-y)rara+ (2+Yy+X+5xAy) ==7-5x};

First, we solve for the two unknown Grassmann numbers a and f3.

S = GrassmannSolve [Q, {a, B}]

{{O(af\/§+ f/; - \Z/g - :\A/%,B%373X+(2+\/§)XAY},
{0(»\/§73X 2y Xy B%3*3X+(27\/§)XAY}}

J5 5 245

Here we get two solutions, which we verify with GrassmannSimplify.

GlQ/.s]

{{True, True}, {True, True}}

Note that GrassmannAlgebra assumes that all other symbols (here, x and y) are 1-elements. We
can add the symbol x to the list of Grassmann numbers to be solved for.
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S = GrassmannSolve[Q, {a, B, x}]

y (-31-36Cy +11C3)

{{O(%C2+ 12C2 ’
18 108 C 12 6C
Bo-—r—5 +Y |2-C2 - 12+ > = 22 ’
-11+C35 (-11+C3) -11+C35 -11+C35

18 203y 5 31y}}

1

6

Again we get two solutions, but this time involving some arbitrary scalar constants.
G[Q/.S] //Simplify

{{True, True}, {True, True}}

9.7 Exterior Division

% Defining exterior quotients

An exterior quotient of two Grassmann numbers X and ¥ is a solution Z to the equation:
X==2YAZ

or to the equation:
X=2ZAY

To distinguish these two possibilities, we call the solution Z to the first equation X==Y a2 the left
exterior quotient of X by Y because the denominator ¥ multiplies the quotient 2 from the left.

Correspondingly, we call the solution Z to the second equation X==ZAY the right exterior
quotient of X by Y because the denominator ¥ multiplies the quotient Z from the right.

To solve for Z in either case, we can use the GrassmannSolve function. For example if X
and Y are general elements in a 2-space, the left exterior quotient is obtained as:

V2 ; X = CreateGrassmannNumber [{] ;
Y = CreateGrassmannNumber [¥] ;

GrassmannSolve[X == YA Z, {Z}]

So €1 (=&1 %o + &0 Y1)
{{Z% Yo v
€ (-2 Yo +So W)  (-S3do+& Y1 -E1¥a+8E0Y3) e1re }}
¥3 Ut

Whereas the right exterior quotient is obtained as:
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GrassmannSolve[X ==Z A Y, {Z}]

{{Z%é-ﬁof e1 (-1 %o + &0 Y1)

bo Ut

ey (&2 Yo + &0 Y2) (=E3 W0 - &2 U1+ &1 U + &g U3) e1rey

U vl )

0

Note the differences in signs in the e; A e, term.

To obtain these quotients more directly, GrassmannAlgebra provides the functions
LeftGrassmannDivide and RightGrassmannDivide.

? LeftGrassmannDivide

LeftGrassmannDivide [X,Y] calculates
the Grassmann number Z such that X

== YAZ.
? RightGrassmannDivide
RightGrassmannDivide[X,Y] calculates
the Grassmann number Z such that X == ZaY.

A shorthand infix notation for the division operation is provided by the down-vector symbol
LeftDownVector { (LeftGrassmannDivide) and RightDownArrow )
(RightGrassmannDivide). The previous examples would then take the form

Xy
So e (=S1 Yo +SE 1)  ex (&2 U0+ &0 ¥2)
Yo v U3
(=3 Yo + &2 Y1 — &1 Y2 + &0 Y3) €1~ e
U3
Xy
So e (=S1 Yo +S¥1)  ex (&2 U0+ &0 ¥U2)
Yo v U3
(=3 Yo~ Y1 + &1 Y2 + &0 Y3) €1~ e
U3

& Special cases of exterior division

B The inverse of a Grassmann number

The inverse of a Grassmann number may be obtained as either the left or right form quotient.

(11X, 11X}
{i7e1§17e2§27§3€1Ae2 1 e1é&1 exéy S3erne
& & €5 &g & & €8 €8
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E Division by a scalar
Division by a scalar is just the Grassmann number divided by the scalar as expected.

{X{a, Xla}

e e e; Ae e e e; e
{50+ 151+ 2§2+§31 2,50+ 151+ 2§2+§31 2}
a a a a a a a a

E Division of a Grassmann number by itself
Division of a Grassmann number by itself give unity.
(X{X, X}X}

{1, 1}

E Division by scalar multiples
Division involving scalar multiples also gives the results expected.

{(@axX){X, X} (aX)}
1
{a, a J
E Division by an even Grassmann number

Division by an even Grassmann number will give the same result for both division operations,
since exterior multiplication by an even Grassmann number is commutative.

(X4 (l+ey1rez), Xb(l+erney)}

{Soter &1 +exy &+ (-&p+83) e1ney,
Sot+ter i1 +ex &+ (-Ep+&z)ernrner}

% The non-uniqueness of exterior division

Because of the nilpotency of the exterior product, the division of Grassmann numbers does not
necessarily lead to a unique result. To take a simple case consider the division of a simple 2-
element xay by one of its 1-element factors x.

(xay)ix
y+XC; +Cy Xy

The quotient is returned as a linear combination of elements containing arbitrary scalar
constants C; and C, . To see that this is indeed a left quotient, we can multiply it by the
denominator from the left and see that we get the numerator.

G[xAa(y+xCy +Cr xAYy)]

XAy
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We get a slightly different result for the right quotient which we verify by multiplying from the
right.

(xay) bx
-Yy+xXC; +Cr xnry
Gl(-y+xC1 +C3 xAYy) AX]
XAy

Here is a slightly more complex example.

V3; (xayaz)l (x-2y+32+xa2)

3C3)+X(1 3C1 C3
2 2 2 2 2 2
vy (-1+3C;1 +2C2+C3) +C1 XAy +CyXAa2+C3yYr2+C4 XAYAZ

In some circumstances we may not want the most general result. Say, for example, we knew
that the result we wanted had to be a 1-element. We can use the GrassmannAlgebra function
ExtractGrade.

ExtractGrade[l] [(xayar2z)l (x-2Y+32+xA2)]

379C17 73C3)
2(2 2 3C2 +
1 3c c
x(ff 217C2773)+y(71+3C1+ZC2+C3)

Should there be insufficient information to determine a result, the quotient will be returned
unchanged. For example.

(xay)lz
(xAy)dz

9.8 Factorization of Grassmann Numbers

The non-uniqueness of factorization

Factorization of a Grassmann number will rarely be unique due to the nilpotency property of the
exterior product. However, using the capability of GrassmannScalarSolve to generate
general solutions with arbitrary constants we may be able to find a factorization in the form we
require. The GrassmannAlgebra function which implements the attempt to factorize is
GrassmannFactor.
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? GrassmannFactor

GrassmannFactor [X,F] attempts to factorize the Grassmann number X
into the form given by F. F must be an expression involving the
symbols of X, together with sufficient scalar coefficients whose
values are to be determined. GrassmannFactor[X,F,S] attempts to
factorize the Grassmann number X by determining the scalars S.
If the scalars S are not already declared as scalars, they will
be automatically declared. If no factorization can be effected
in the form given, the original expression will be returned.

% Example: Factorizing a Grassmann number in 2-space

First, consider a general Grassmann number in 2-space.
V,; X = CreateGrassmannNumber [ ]
o+e1 &1 +ex & +E3e1ne

By using GrassmannFactor we find a general factorization into two Grassmann numbers of
lower maximum grade. We want to see if there is a factorization in the form

(a+be; +cey) A (f+ge; + hey), sowe enter this as the second argument. The scalars
that we want to find are {a,b,c, £,g,h}, so we enter this list as the third argument.

Xf = GrassmannFactor [X,
(a+be;+cey)a(f+ge; +hey), {a, b, c, £, g, h}]

(@+ € (-héo+£&3) e (-h&o & +£8; & +£8 &s)
£ £2 £2 &

e; (hé&; - £&3)
&

This factorization is valid for any values of the scalars {a,b,c, £,g,h} which appear in the
result, as we can verify by applying GrassmannSimplify to the result.

(f+he2+

G[Xf]

Soreyp 1 reyér+&3ene

% Example: Factorizing a 2-element in 3-space

Next, consider a general 2-element in 3-space. We know that 2-elements in 3-space are simple,
hence we would expect to be able to obtain a factorization.

V3; ¥ = CreateElement [zlf]
2

Yreprey +dpe;rnes +y3exne;

By using GrassmannFactor we can determine a factorization. In this example we obtain
two classes of solution, each with different parameters.
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Xf = GrassmannFactor|[Y,
(ae; +bey;+cez)a(de;+eey; +£fez), {a, b, c,d, e, £}]

-fy Y.
€1 (2,1/2+ o wl;e 2)) . &2 (ce+Y3) ]
A

{

ces + f £

e; (-fyYy; +eyy) )
U3 !

e1 (U1 + 252 ) ey uy
e e

(ee2+fe3+

be2+

eezi;[/z )}

A (eez+

Both may be verified as valid factorizations.

G[Xf]

{Ure1rex +yrernes+yzerynes, Yre1rex +Ype1 13 +Y3€3re3}

% Example: Factorizing a 3-element in 4-space

Finally, consider a specific 3-element in 4-space.
Vi X=-14WaAXAYy+26WAXAaZ+1lWAayaz+13Xayaz;

Since every (n—1)-element in an n-space is simple, we know the 3-element can be factorized.
Suppose also that we would like the factorization in the following form:

J=(xap+yaz) A (YB2+2B3) A (2¥3 +WY¥a)
(xop +yog) ~(YB2+2B3)r (2Y¥3+WYs)
By using GrassmannFactor we can explore if a factorization into such a form exists.

XJ = GrassmannFactor [X, J]

13z vy,

Xa1+11yoc1)A(7 14y+ 26 z =z

AN WYs —
26 o1 Y4 0(17(4) ( ¢

We check that this is indeed a factorization by applying GrassmannSimplify.

G[xJ]

14X Ay AW+13XAYyrAZ+26X2r2AW+11lYyAazZawW
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9.9 Functions of Grassmann Numbers

The Taylor series formula

Functions of Grassmann numbers can be defined by power series as with ordinary numbers. Let
X be a Grassmann number composed of a body g and a soul X5 such that X == §g + Xg. Then
the Taylor series expanded about the body &g (and truncated at the third term) is:

Normal [Series[f[X], {X, S0, 3}]]

£1E0] + (X- o) £ [E0] + = (X-E0)2 £ [E0] + = (X-0)3 £3) [&]

2 6
It has been shown in Section 9.5 that the degree ppax Of the highest non-zero power of a
Grassmann number in a space of n dimensions is given by ppax = % (2n+1-(-1)™).
If we expand the series up to the term in this power, it then becomes a formula for a function £
of a Grassmann number in that space. The tables below give explicit expressions for a function
f[X] of a Grassmann variable in spaces of dimensions 1 to 4.

Pmax f[X]
1 f[Eo] + £ [E0] Xs
£[Eo] + £ [E0] Xg

1
2 |£[&]+ £[E]Xs+ 5 £ [E0] X2
2 [£[&]+ £[E]Xs+ 3 £ [E0] X2

| WIN =B

If we replace the square of the soul of X by its simpler formulation in terms of the components
of X of the first and second grade we get a computationally more convenient expression in the
case on dimensions 3 and 4.

N | Pmax £[X]

A £[E0] + £ [&0] X,

21 1 £[o] + £ [E0] Xs

3| 2 £[€] + £ [£o] X, + £ [Eo] 00

4 2 |£l61+ 181X+ 3 £ [&] (20+0) a0

% The form of a function of a Grassmann number

To automatically generate the form of formula for a function of a Grassmann number, we can
use the GrassmannAlgebra function GrassmannFunctionForm.
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? GrassmannFunctionForm

GrassmannFunctionForm|[ {f[x],x},Xb,Xs]
of a Grassmann number in a space of the currently declared

expresses the function f[x]

number of dimensions in terms of the symbols Xb and Xs, where
Xb represents the body, and Xs represents the soul of the

number. GrassmannFunctionForm[{f[x,y,z,..

Yb,zZb,...},{Xs,¥s,Zs,..

1]

of Grassmann numbers X,y,Z,...

Zb,... and Xs,Y¥s,Zs...
bodies, and Xs,Ys,Zs...
GrassmannFunctionForm|[f [Xb,Xs] ]

, where

S {xyizieoo 1), {Xb,
expresses the function f [x,y,2z,...

]

in terms of the symbols Xb,Yb,

Xb,Yb,Zb, ...
represent the souls of the numbers.
expresses the function f [X]

represent the

of a Grassmann number X=Xb+Xs in a space of the currently
declared number of dimensions in terms of body and soul

symbols Xb and Xs. GrassmannFunctionForm[f[{Xb,Yb,Zb,...},

{Xs,¥s,Z2s,...}]] is equivalent to the second form above.

B GrassmannFunctionForm for a single variable

The form of a function will be different, depending on the dimension of the space it is in - the
higher the dimension, the potentially more terms there are in the series. We can generate a table
similar to the first of the pair above by using GrassmannFunctionForm.

Table[{i, (Vi; GrassmannFunctionForm[f[X,, Xs]1])},
{i, 1, 8}] // TableForm

+ o+ o+
XX X
wn wn wn
Mook

+
I
0]

s

+
I
0]
s

+ +
e e
wn wn
H H

1 £1Xp]
2 £Xp]
3 £Xp]
4 £Xp]
5 £Xp]
6 £Xp]
7 £Xp]
8 £Xp]

+
I
2]

M

o o o O

o

o

XX X gﬁ XX XX
+

o

1
2
1
2
1
2
1 w2
> X
1
2
1
2

[Xp ]
[Xp ]
[Xp] + + X3
[Xp] + + X3
[Xp] + ¢ X3
[Xp] + ¢ X3

B GrassmannFunctionForm for several variables

) (%]
) (%]
®) (%] + &
®) (%] + &

GrassmannFunctionForm will also give the form of the function for functions of several

Grassmann variables. Due to their length, we will have to display them individually rather than
in table form. We display only the odd dimensional results, since the following even
dimensional ones are the same.
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V3; GrassmannFunctionForm[f[{Xy, Yp}, {Xs, ¥s}]]

1
£(Xp, Yp] + Y £001 (X, Yo + > Y3 £09% [Xp, Yp] +

Xs £(1,0) [Xp, Yp] + Xg » Yg £ [(Xpr Yp] +

% Xs A Y2 £ [Xp, Y] + % Xg £20%) [Xp, Yp] +
1 1
‘2' Xg AYS f(zrl) [Xbl Yb] + Z Xg AYg f<2’2) [xbl Yb]

Vs5; GrassmannFunctionForm[f[{Xy, Yp}, {Xs, ¥s}]]

1

flXp, Yp] +Ys £V [xy, Yp] + > v2 £%2) [xy, Y] +
%Yg £003) [y, Yp] +Xs £ [Xy, Yp] + X n Y £ [Xy, Yp +
% X n Y2 £12) 1%y, Y] + % X Y2 £33 (%, Y] +
%xg £20 %, Y] + % X2AYg £ (%, Y +
% X2 aY2 £2:2) 1%y, Ypl + % X2 Ay £0203) 1%y, Yo +
% X3 £0C0 Xy, Y + %- X3 AYs £ [Xp, Y +
% X2 A¥2 £032 1%y, Y] + % X3 AY2 £03) (%, Y]

& Calculating functions of Grassmann numbers

To calculate functions of Grassmann numbers, GrassmannAlgebra uses the
GrassmannFunction operation based on GrassmannFunctionForm.

? GrassmannFunction

GrassmannFunction[ {f[x],x},X] or GrassmannFunction[f[X]]
computes the function f of a single Grassmann number X in
a space of the currently declared number of dimensions.

In the first form f[x] may be any formula; in the second,

f must be a pure function. GrassmannFunction|{f[x,y,2,..],
{x,v,2,..}},{X,Y,2,..}] or GrassmannFunction[f [X,Y,Z,..]]
computes the function f of Grassmann numbers X,Y,Z,...

In the first form f(x,y,z,..] may be any formula (with

X1 corresponding to Xi); in the second, f must be a pure
function. In both these forms the result of the function
may be dependent on the ordering of the arguments X,Y,Z,...

In the sections below we explore the GrassmannFunction operation and give some
examples. We will work in a 3-space with the general Grassmann number X.

V3; X = CreateGrassmannNumber [{]

So+rer 1 +rexy & rez3éz+fgepney+
s eprez+égeynes +Ey e reyne;s
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% Powers of Grassmann numbers

The computation of powers of Grassmann numbers has already been discussed in Section 9.5.
We can also calculate powers of Grassmann numbers using the GrassmannFunction
operation. The syntax we will usually use is:

GrassmannFunction [X?]

ggrae; § 1 raey §l E rae; £ &3+
agy @ EieneyradtEse e rad, P Egeyne; t

(2" ((a-a%) &2 &5+ (~a+a®) (36 +E&186)) +a&y @ &)

€1 Ay Ae3

GrassmannFunction [X':l ]

1 e1é&1 exé; e3f3 Sserney  Ssepnes
£ & €5 €3 €4 €4
Se€ynres  (-26865+2 (E384+818) &7

€1 Ay Ae3

&4 £ &4

But we can also use GrassmannFunction[{x®, x}, X],
(#? &) [X] // GrassmannFunction or GrassmannPower[X,a] to get the same result.

% Exponential and logarithmic functions of Grassmann numbers

E Exponential functions
Here is the exponential of a general Grassmann number in 3-space.
expX = GrassmannFunction[Exp[X]]

e ree; i rev ey Srrev ez re gep ey et Esepnes +

e Sg ey ney+ e (§36 -6 &5+ &1 &6 +E7) €1 nep nes
Here is the exponential of its negative.
expXn = GrassmannFunction [Exp[-X]]

e —ee e eE-e ey s -
e e ney e Esepney e ey nes +

€% (§3E64 -6 E5+E1E6-E7) e1nepnes
We verify that they are indeed inverses of one another.

G[expX A expXn] // Simplify
1
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B Logarithmic functions
The logarithm of X is:
GrassmannFunction[Log[X]]

e; &1 e; &7 es3 &3 g €1 7€ s e ~e3
L
°gléol + &o &o " &o " &o " &o
Seexnrnes [-E384+8285 8186 , &7
&o &3 &o

€1 Arerx rne3

We expect the logarithm of the previously calculated exponential to be the original number X.

Log[expX] // GrassmannFunction // Simplify // PowerExpand

So+rer &1 +rexy & rez3éz+fgepney+
s eprez+égeynes +Ey e reyne;s

% Trigonometric functions of Grassmann numbers

B Sines and cosines of a Grassmann number

We explore the classic trigonometric relation Sin [X] 2 4 cos [X]2 == 1and show that even
for Grassmann numbers this remains true.

s2X = GrassmannFunction[{Sin[x]2 ;, X}, X]

Sin[&g]? + 2 Cos[&p] Sin[&g] e1 &1 +2Cos[Ep] Sin[Eg] ep &7 +
2Cos[&y] Sin[&p] e3 §3 +2Cos[&g] Sin[&g] g €1 r e +
2Cos[&o] Sin[&g] Es erne3 +2Cos[&p] Sin[&o] S €2 ne3 +
((-2Cos[&]% +28in[&]%) & &5 + (2Cos[&9]® -28in[&g]?)

(§3 &4+ &1 &6) +2Cos[&o] Sin[&p] £7) er nex res

c2X = GrassmannFunction[ {Cos[x] 2, x}, X]

Cos[&0]? -2 Cos[&] Sin[&p] e1 &1 -2 Cos [&p] Sin[&o] €2 &z -
2Cos[&p] Sin[&p] e3 3 -2Cos[&p] Sin[&g] &y e1 ney -
2Cos[&p] Sin[&p] s epnesz -2Cos[&p] Sin[&p] S ex ne3 +

((2Cos[Ep1%2-28in[&]?) & &5 + (-2 Cos[Ep]2 +2Sin[&]?)
(3 &1 +E8186) —2Cos[&Ep] Sin[&g] &7) e1 rep re3

G[s2X +c2X ==1] // Simplify
True
E The tangent of a Grassmann number

Finally we show that the tangent of a Grassmann number is the exterior product of its sine and
its secant.
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tanX = GrassmannFunction[Tan[X]]

Sec[&p]?e1 &1 +Sec[&pler & +Sec[&p]% ez &3 + Tan[&p] +
Sec[&pl? &sep1ney +Sec[&pl® Esepnes +Sec[Epl® Egepnes +
Sec[E0]% (§7+ (-2E&2 85 +2 (E3 64+ &1 E6)) Tan[Ep]) e1 nep nes

sinX = GrassmannFunction[Sin[X]]

Sin[&p] +Cos[&p] e1 &1 +Cos[&p] ey £, +Cos[Ep] e3 E3 +
Cos[&p] Eae1rey +Cos[&g] s €1 ne3 +CoS[Ep] Egexnes +

(Sin[&o] (&3 &4+ &2 &5 — &1 &) +Cos[&Ep] £7) er nep nes
secX = GrassmannFunction[Sec[X]]

Sec[&g] +Sec[&p] er &1 Tan[&p] +Sec[&p] ez & Tan[&g] +
Sec[&pl ez &3 Tan[&p] +Sec[&p] &4 Tan[&p] e rep +
Sec[&o] &s Tan[&p] e1 re3 +Sec[&o] 6 Tan[&p] ez re3 +

(Sec[E0]> (3 Ea-E2 &5+ &1 E6) + Sec[&p]
(E7 Tan[&o] + (384 -2 85 +E1 &) Tan[&g]2)) ey rey ne;

tanX == Gg[sinXrsecX] // Simplify

True

% Functions of several Grassmann numbers

GrassmannFunction can calculate functions of several Grassmann variables. It is important
to realize however, that there may be several different results depending on the order in which
the exterior products occur in the series expansion for the function, a factor that does not arise
with functions of scalar variables. This means then, that the usual function notation for several
variables is not adequate for specifically denoting precisely which form is required. For
simplicity in what follows we work in 2-space.

Va; {X = CreateGrassmannNumber [{],
Y = CreateGrassmannNumber [¢] }

{€o+er1 1 +exér+Eze1nep, Yp+rer1ydy +ex Y +Y3er ey}

B Products of two Grassmann numbers

As a first example, we look at the product. Calculating the exterior product of two Grassmann
numbers in 2-space gives:

G[XAY]

o Yo +er (E1 o+ Y1) +€2 (E2 W + &0 Y2) +
(E3 o -~ &2 U1 + &1 Y +Eg Y3) €1 ~rey

Using GrassmannFunction in the form below, we get the same result.
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GrassmannFunction[{xy, {x, v}}, {X, Y}]

o Yo +e1 (E1 o +So Y1) +€2 (E2 W + &0 Y2) +
(E3 o — &2 U1 + &1 Y +Eg Y3) €1 ~ey

However, to allow for the two different exterior products that X and Y can have together, the
variables in the second argument {X, Y} may be interchanged. The parameters x and y of the
first argument {x y, {x,y}} are simply dummy variables and can stay the same. Thus ¥AX
may be obtained by evaluating:

GlY AX]

o Yo +e1 (E1 o+ Y1) +€2 (E2 W0 + &0 Y2) +
(E3 o + &2 U1 —E1 Y +Eg Y3) €1 rey

or using GrassmannFunction with {¥,X} as its second argument.
GrassmannFunction[{xy, {x, v}}, {¥, X}]

Eo o +e1 (E1 o +Eo W) +e2 (&2 W0 + &0 U2) +
(E3 o + &2 U1 —E1 Y + &g Y3) €1 ~rey

E The exponential of a sum

As a final example we show how GrassmannFunction manages the two different exterior
product equivalents of the scalar identity Exp[x+y]== Exp[x] Exp[Yy].

First calculate Exp[X] and Exp[y].
expX = GrassmannFunction[Exp[X]]
e + eo e; &1 + es° ey & + e 3 e; rney
expY = GrassmannFunction[Exp[Y]]
e’ 1 elo ey Y1 + e’ ey Yy + eV Y3 e; ~re;y

If we compute their product using the exterior product operation we observe that the order must
be important, and that a different result is obtained when the order is reversed.

G[expX A expY]

et @0t ep (E1 4 Y1) + @00 ey (€2 +U2) +
€80 (&3 — &l + &1 Uy +U3) e ney

G[expY A expX]

@sotdo 4 gSotdo e; (&1 + Y1) 4+ @Sotvo ey (Ex+Up) +
e (E3+ & Y1 - E1 ¥ +Us3) erne

We can compute these two results also by using GrassmannFunction. Note that the second
argument in the second computation has its components in reverse order.
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GrassmannFunction[ {Exp[x] Exp[y], {x, ¥}}, {X, ¥}]

e oo L efoto o) (&1 +Yy) + e ey (& 4 Yp) +
€00 (3~ &Yy + &1 U +U3) e1 ey

GrassmannFunction[ {Exp[x] Exp[y], {x, ¥}}, {¥, X}]

@sot¥o 4 gSotdo e; (&1 + Y1) 4+ @Sotvo ey (Ex+Up) +
e (34 & Y1 - E1 U2 +U3) e1ne

On the other hand, if we wish to compute the exponential of the sum X + ¥ we need to use
GrassmannFunction, because there can be two possibilities for its definition. That is,
although Exp [ x+y] appears to be independent of the order of its arguments, an interchange in
the 'ordering' argument from {X, ¥} to {¥, X} will change the signs in the result.

GrassmannFunction[{Exp[x +y], {x, ¥}}, {X, ¥}]

et 4 ef0t ep (E1 4 Y1) + @00 ey (€2 +U2) +
€0 (&3 — &l + &1 Uy +U3) €1 ney

GrassmannFunction[{Exp[x +y], {x, ¥}}, {¥, X}]

esotdo 4 gSotdo e; (&1 + Y1) 4+ @Sotvo ey (Ex+Up) +
e (E3+ & Y1 - E1 U2 +U3) €1 r e

In sum: A function of several Grassmann variables may have different results depending on the
ordering of the variables in the function, even if their usual (scalar) form is commutative.
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10 Exploring the Generalized
Grassmann Product

10.1 Introduction

10.2 Geometrically Interpreted 1-elements
Definition of the generalized product
Case A = 0: Reduction to the exterior product
Case 0 <A <Min[m, K]: Reduction to exterior and interior products
Case A = Min[m, K]: Reduction to the interior product
Case Min[m, K] < A < Max[m, K]: Reduction to zero
Case A = Max[m, K]: Reduction to zero
Case A > Max[m, K]: Undefined

10.3 The Symmetric Form of the Generalized Product
Expansion of the generalized product in terms of both factors
The quasi-commutativity of the generalized product
Expansion in terms of the other factor

10.4 Calculating with Generalized Products
% Entering ageneralized product
% Reduction to interior products
¥ Reduction to inner products
% Example: Case Min[m, k] <A < Max[m, k]: Reduction to zero

10.5 The Generalized Product Theorem
The A and B forms of a generalized product
% Example: Veification of the Generalized Product Theorem
¥ Verification that the B form may be expanded in terms of either factor

10.6 The Zero Interior Sum Theorem
Generalized Grassmann products with the unit scalar
Generalized Grassmann products with the unit n-element
The Zero Interior Sum Theorem
¥ Generating the zero interior sum

10.7 The Zero Generalized Sum
The zero generalized sum conjecture
% Generating the zero generalized sum
% Exploring the conjecture

10.8 Nilpotent Generalized Products
Nilpotent products of simple elements
Nilpotent products of non-simple elements
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10.9 Properties of the Generalized Product
Summary of properties

10.10 The Triple Generalized Sum Conjecture
% The generaized Grassmann product is not associative
% The triple generalized sum
The triple generalized sum conjecture
% Exploring the triple generalized sum conjecture
¥ An agorithm to test the conjecture

10.11 Exploring Conjectures
A conjecture
% Exploring the conjecture

10.12 The Generalized Product of Intersecting Elements
¥ ThecaseA<p
¥ Thecased=p
¥ The specia caseof A =p

10.13 The Generalized Product of Orthogonal Elements
¥ The generalized product of totally orthogonal elements
% The generalized product of partially orthogonal elements

10.14 The Generalized Product of Intersecting Orthogonal Elements
ThecaseA<p
¥ Thecased=p

10.15 Generalized Productsin Lower Dimensional Spaces
Generalized productsin 0, 1, and 2-spaces
¥ 0-space
¥ 1-space
¥ 2-space

10.16 Generalized Productsin 3-Space
To be completed

10.1 Introduction

In this chapter we define and explore a new product which we call the generalized Grassmann
product. The generalized Grassmann product was originally developed by the author in order to
treat the Clifford product of general elementsin a succinct manner. The Clifford product of
general elements can lead to quite complex expressions, however we will show that such
expressions aways reduce to simple sums of generalized Grassmann products. We discuss the
Clifford product in Chapter 12.

In its own right, the generalized Grassmann product leads to a suite of useful identities between
expressions involving exterior and interior products, and aso has some useful geometric
applications.

We have chosen to call it the generalized Grassmann product because, in specific cases, it
reduces to either an exterior or an interior product.
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For brevity in the rest of this book, where no confusion will arise, we may call the generalized
Grassmann product simply the generalized product.

10.2 Defining the Generalized Product

Definition of the generalized product

The generalized Grassmann product of order A of an m-element a and asimple k-element g is
m k
denoted a A B and defined by
m2a k

k-2 10. 1

Here, B is expressed in al of the ( 'j\ ) essentially different arrangements of its 1-element factors
k

into aA-element and a (k-A)-element. This pairwise decomposition of asimple exterior product
is the same as that used in the Common Factor Theorem [3.28] and [6.28].

The grade of a generalized Grassmann product a % B istherefore m + k - 22, and like the
m 2 k

grades of the exterior and interior products in terms of which it is defined, is independent of the
dimension of the underlying space.

Note the similarity to the form of the Interior Common Factor Theorem. However, in the
definition of the generalized product there is no requirement for the interior product on the right
hand side to be an inner product, since an exterior product has replaced the ordinary
multiplication operator.

For brevity in the discussion that follows, we will assume without explicitly drawing attention
to the fact, that an element undergoing a factorization is necessarily simple.

Case A = 0: Reduction to the exterior product

When the order A of a generalized product is zero, B! reduces to a scalar, and the product
A
reduces to the exterior product.

%%E == %AE A == 102
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Case0< A <Min[m, k]: Reduction to exterior and interior products

When the order A of the generalized product is greater than zero but less than the smaller of the
grades of the factors in the product, the product may be expanded in terms of either factor
(provided it issimple). The formula for expansion in terms of the first factor is similar to the
definition [10.1] which expands in terms of the second factor.

. i i
Raf T4 g (geal)  O<acMnm k) 10.3
a::alAal ==a2Aa2 == ees
m- A ma A ma

In Section 10.3 we will prove this aternative form, showing in the process that the product can
be expanded in terms of both factors, thus underscoring the essential symmetry of the product.

Case A = Min[m, k]: Reduction to theinterior product

When the order of the product A isequal to the smaller of the grades of the factors of the
product, there is only one term in the sum and the generalized product reduces to the interior
product.

a%ﬁ = a6f =Kksm

maK m oK 10. 4
aAB = f36a =ms<Kk

m2 k k m

Thisisaparticularly enticing property of the generalized product. If the interior product of two
elements is non-zero, but they are of unequal grade, an interchange in the order of their factors
will give an interior product which is zero. If an interior product of two factors isto be non-zero,
it must have the larger factor first. The interior product is non-commutative. By contrast, the
generalized product form of the interior product of two elements of unequal gradeis
commutative and equal to that interior product which is non-zero, whichever one it may be.

This becomes evident if we put A equal to kin the first of the formulae of the previous
subsection, and A equal to min the second.

Case Min[m, k] <A <Max[m, k]: Reduction to zero

When the order of the product A is greater than the smaller of the grades of the factors of the
product, but less than the larger of the grades, the generalized product may still be expanded in
terms of the factors of the element of larger grade, leading however to a sum of terms which is
zero.
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%%E == Mnim k] <ax<Max[m k] 10.5

This result, in which asum of termsisidentically zero, is asource of many useful identities
between exterior and interior products. It will be explored in Section 10.4 below.

Case A = Max[m, k]: Reduction to zero

When A is equal to the larger of the grades of the factors, the generalized product reduces to a
single interior product which is zero by virtue of its left factor being of lesser grade than its right
factor.

3

>

~®
]
o

A== Max[m k] 10. 6

Case A > Max[m, k]: Undefined

When the order of the product A is greater than the larger of the grades of the factors of the
product, the generalized product cannot be expanded in terms of either of its factorsand is
therefore undefined.

aﬁﬁ == Undef i ned A>Max[m k] 10.7
m k .

10.3 The Symmetric Form of the Generalized Product

Expansion of the generalized product in terms of both factors

If a and B are both simple we can express the generalized Grassmann product more
m

k
symmetrically by converting the interior products with the Interior Common Factor Theorem
[6.28].

To show this, we start with the definition [10.1] of the generalized Grassmann product.

From the Interior Common Factor Theorem we can write the interior product ae ! as:
m 2
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(3

w08 =3 408 &,

Substituting thisin the above expression for the generalized product gives:

B (o

aAB = Z (ozi eﬁj)ai /\/3j
mA kg r A Al ma k-2
j=1 =1

The expansion of the generalized product in terms of both factors a and /E is thus given by:
m

A Al M k- 10.
i=1 ]
a == al A al == a2 A a2 == y /3 == /31 A /31 == /32 A/32 S eee
m A m-2 m-A k A k-2 A k-

The quasi-commutativity of the generalized product

From the symmetric form of the generalized product [10.8] we can show directly that the
ordering of the factorsin aproduct isimmaterial except perhaps for a sign.

To show this we begin with the symmetric form [10.8], and rewrite it for the product of /E with

a,thatis, B % a . We then reverse the order of the exterior product to obtain the terms of a % B
m k m maAa k

except for possibly asign. The inner product is of course symmetric, and so can be written in
either ordering.

k
() 3
B . i o
E%% - lelé (B)JL eaz) EA A
k
() ()
= (ai 9,31) (=1) (M0 (k=2 4, gl
. [ A A m-A k-2
] = 1 =1
Comparison with [10.8] then gives:
= (=1) (M) (k-2)
q4f =1 Baa 10.
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It iseasy to see, by using the distributivity of the generalized product that this relationship holds
also for non-smplea and 3.
m k

Expansion in terms of the other factor

We can now prove the aternative expression [10.3] for a % B interms of the factors of asimple
m2 k

a by expanding the right hand side of the quasi-commutativity relationship [10.9].

m

(3)

__ (_1y (M) (k-2) = (_1) (M) (k-2) i) Ao
248 = ) gag = (D) 2,(pox ) g,

Interchanging the order of the terms of the exterior product then gives the required alternative
expression:

aAB = aiA(/seai) O<a<Mn[m K]
mA kg m-2 k A

i=1

a == alAal == aZAaZ == eee

m A m-A A m-2

10.4 Calculating with Generalized Products

% Entering a generalized product

In GrassmannAlgebra you can enter a generalized product in the form:

Ceneral i zedProduct [A] [X, Y]

where A isthe order of the product and X and Y are the factors. On entering this expression into
Mathematica it will display it in the form:

XAaY
A
Alternatively, you can click on the generalized product button o A o on the GA palette, and
O
then tab through the placeholders, entering the elements of the product as you go.

To enter multiple products, click repeatedly on the button. For example to enter a concatenated
product of four elements, click three times:

OAmARADO

u u O

If you select this expression and enter it, you will see how the inherently binary product is
grouped.
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([(oam) an)an

u O

Tabbing through the placeholders and entering factors and product orders, we might obtain
something like:

((xg¥) 42) g

Here, X, Y, Z, and Wrepresent any Grassmann expressions. Using Mathematica's Ful | For m
operation shows how thisisinternally represented.

Full Form[ ((XaY) 22) aw]

Ceneral i zedProduct [0] [
Ceneral i zedProduct [1] [General i zedProduct [4][X, Y], Z], W

Y ou can edit the expression at any stage to group the products in a different order.

Ful | Form[X% ((Y@Z) %V\)]

Ceneral i zedPr oduct [4] [X,
Ceneral i zedProduct [2] [General i zedProduct [3][Y, Z], W]

% Reduction tointerior products

If the generalized product a % B of simple elements is expanded in terms of the second factor B
mAx k k

it will result in asum of (A) terms (0 = A < K) involving just exterior and interior products. If it
is expanded in terms of the first factor a it will result in a sum of [T) terms (0 < A = m).
m

These sums, although appearing different because expressed in terms of interior products, are of
course equal due to the result in the previous section.

The GrassmannAlgebra function Tol nt er i or Pr oduct s will take any generalized product
and convert it to asum involving exterior and interior products by expanding the second factor
asin the definition. If the elements are given in symbolic grade-underscripted form,

Tol nteri or Product s will first create a corresponding simple exterior product before
expanding.

For example, suppose the generalized product is given in symbolic form as% % /g Applying

Tol nteri or Product s expands with respect to 8 and gives:
3

A=Tolnteri orProducts[aA/s]
423

(ag rop ragz ~Aag ©B1 ~B2) ~fB3 -
(0 rap na3 ~0a ©B1 ~B3) A2 + (01 A0 A3 A4 ©B2 ~33) ~ 31
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To expand with respect to a we reverse the order of the generalized product to give % a and
m 3

multiply by (-1) (™2 (K= (which we note for this case to be 1) to give:

B = Tol nteri orProducts[/sAa]
324

(Br~rB2rBzog rop) rogroy - (BLAB2rB3601 A03) Al A0y +
(Br~rPB2rBzor rog) Ao nag + (B1AB2 33802 A03) A0 AO4 -
(Br~rPB2rB36op rog) ror r0g + (BLAB2AB3003 A04) A0 A 02

Note that in the expansion A there are ( 2) (= 3) terms while in expansion B there are ( 3) (=6)
terms.

% Reduction to inner products

At this stage the results do not look similar. Next we develop the inner product forms:
Al = Tol nner Product s [A]

(03 rog©B2 ~B3) o rap A1 — (a3 r0g©B1 AB3) on ~og A B2 +
o3 ~0g©B1AB2) a1 ro2 AB3 - Aoy O B2 AB3) an Aoz APl +
Aoy ©B1AB3) o rag AB2 - Aoy ©B1AB2) o Ao AB3 +
Aoz O B2 ~fB33) on ~ag By - Aoz OB AB3) o Aag B+

( ) (o2 )

(o2 ) (o2 )

(o2 ) (o2 )

(02 nog3©B1 ~B2) o nag B3+ (a1 ~0g©B2 ~B3) 02 ~03 A 31 —
(a1 raa©B1 ~B3) a2 nag A2+ (a1 ~as©B1 ~B2) a2 oz ~ 33 —
(1 razg©B2 AB33) a2 nog A1+ (a1 ~0a3©B1 AB3) a2 ~oa B2 -
(01 rog3©B1 ~B2) 0g nag ~fB3+ (a1 Ar02©B2 AB3) ag A0y A 31 —
(1 ra2©B1 AB3) ag roy ~B2 + (a1 ~020B1 ~B2) a3 ~ 04 »[33

Bl = Tol nner Product s [B]

(a3 noa©B2 ~f33) ar ro2 AfB1 — (03 A4 ©B1 ~33) o1 ~Q2 A B2 +
o3 A0 ©B1 AB2) a1 ro AB3 - "oy OB ~fB3) og Aag APy +
Aoy ©B1ABR3) a1 rag AB2 - Aoy ©B1AB2) o1 Ao AB3 +
A3 O B2 ~33) o1 Aoy A B1 - A3 ©fB1 AB3) o1 Aoy A B2+

( ) (o2 )

(o2 ) (o2 )

(o2 ) (o2 )

(g rag©B1 ~B2) an ~og A3+ (a1 ~as ©B2 ~B3) a2 ~og ~fB1 —
(01 rog©B1 ~AB3) cg rag A2+ (a1 Ar0g©B1 AB2) 02 ~03 A B3 -
(a1 razg©B2 AB33) a2 nog A1+ (a1 ~a3©B1 AB3) a2 ~oa B2 -
(1 razg©B1 ~B2) a2 nog A3+ (a1 ~020B2 ~B33) ag ~og ~fB1 —
(01 rno2©B1 ~B3) ag rag ~fB2+ (a1 o2 ©B1 AB2) ag ~ 04 ~ 33

By inspection we see that these two expressions are the same. Calculating the difference in
Mathematica verifies this.

Al - Bl
0

The identity of the forms Al and B1 is an example of the expansion of a generalized product in
terms of either factor yielding the same result.
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& Example: Case Min[m, k] <A <Max[m, k]: Reduction to zero

When the order of the product A is greater than the smaller of the grades of the factors of the
product, but less than the larger of the grades, the generalized product may still be expanded in
terms of the factors of the element of larger grade. Thisleads however to a sum of terms which
is zero.

aAB =0 Mnim k] <ax<Mx[m K]
m2a k

When A is equal to the larger of the grades of the factors, the generalized product reduces to a
single interior product which is zero by virtue of its left factor being of lesser grade than its right
factor. Suppose A =k > m. Then:

aAfl = a6f == A=k>m
mk k m Kk

These relationships are the source of an interesting suite of identities relating exterior and
interior products. We take some examples; in each case we verify that the result is zero by
converting the expression to its scalar product form.

B Examplel

Aio3 = Tol nteri or Product sB[a%B]
3

anrPBrOBrAB3 -anrB20B1 AB3+arB36B1 B2

ToScal ar Product s [A123]

0

B Example 2

Az3s = Tol nteri or Product sB[a A B]
235

o ro2 A1 AB26B3A~Ba AR5 —01 ra2 AB1AB3OB2 AR APBs +

g Ao AB1ABa©PB2 B3 ABs —0q A0 AB1ABsOB2 AB3 ARy +
g Ao AB2 AB3©B1ABaABs —0q A0 AB2 ABa©B1 AB3ALBs +
o ro2 AB2ABsOB1AB3 ARy +01 A2 AB3ABaOSB1L AB2 ABs -~
o1 ro2 A3 AB5OB1AB2 ARBs +01 A2 AB4 AB5OB1 AB2 A B3

Expand [ToScal ar Product s [A35] ]
0
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B Example3

Agss = Tol nteri or Product sB[a A B]
245

o1 A0 A 31682 ~B3AB4 ~Bs ~
o1 ~02 A320B1 A3 ABa ~Bs +01 r02 AB3OB1AB2AB4s L5 -
o rop ~340B1AB2AB3 ARy +a1 A ABsOB1 AB2 AB3 A Bs

ToScal ar Product s [Asss]

0

10.5 The Generalized Product Theorem

The A and B forms of a generalized product

There is asurprising aternative form for the expansion of the generalized product in terms of
exterior and interior products. We distinguish the two forms by calling the first (definitional)
form the A form and the new second form the B form.

k
()
A aAB = (aeBJ)ABJ
maAa k m A k-
]=1
k 10. 10
()
B AAB = (aA/:-;J )e/:-;J
ma k e m k-a A
B = BLapl = BZApB? =
k A k-2 A k-

The identity between the A form and the B form isthe source of many useful relations in the
Grassmann and Clifford algebras. We call it the Generalized Product Theorem.

In the previous sections, the identity between the expansions in terms of either of the two factors
was shown to be at the inner product level. The identity between the A form and the B formis
a afurther level of complexity - that of the scalar product. That is, in order to show the identity
between the two forms, a generalized product may need to be reduced to an expression
involving exterior and scalar products.
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& Example: Verification of the Generalized Product Theorem

As an example we take the same generalized product a % B that we explored in section [10.4].
3

First we convert it to interior products as we did in that section.

A=Tolnteri orProducts[aA/s]
423

(ag nop ragz ~Aag ©B1 ~B2) ~fB3 -
(0p rap na3 ~0a ©B1 ~B3) AfB2 + (01 A0 A3 A4 ©B2 ~33) ~ 31

Next, we convert the same generalized product to its B form expression by using a modified
version of the GrassmannAlgebra function Tol nt er i or Pr oduct s. This modified version is
termed Tol nt eri or Product sB. (Note the'B' at the end of the function name).

B = Tol nteriorPr oductsB[aA/s]
423

o1 A0 ~03 A0g AB1OB2 ~B3 -
o1 A0 AOg3 A4 AB2OB1 AB3 +01 AO2 AO3 ~A04 ~AB3EB1 AR

Note that the A form and the B form at this first (interior product) level of their expansion both
have the same number of terms (in this case ( 2) =3).
We now convert these two expressions to their inner product forms.

Al = Tol nner Product s [A]

(03 n04©PB2 AB3) ag ~ndp A1 — (A3 A4 ©B1 A33) a1 A0 A3 +

(a3 rog ©B1 ~B2) o~ AfB3 - (2 ~og ©B2 ~B3) o1 A0z A 31 +
(02 nog©B1 ~B3) on ~rag a2 - (2 rog©B1 AB2) on ~03 A B3 +
(g rag©B2 AB33) a1 ~og A1 - (02 na3©B1 ~B3) o1 ~oa ~fB2 +
(g rag©B1 ~B2) a1 ~og A3+ (a1 ~as ©B2 ~B3) a2 nog ~fB1 —
(01 rog©B1 ~B3) cg nag A2+ (a1 Ar0g©B1 AB2) 02 ~03 A B3 -
(01 rog3©B2 ~B3) cg nag A1+ (a1 r03©B1 AB3) 02 ~oy A B2 -
(1 razg©B1 ~B2) a2 nog A3+ (a1 ~020B2 ~B3) ag ~og ~fB1 —
(1 ra2©B1 AB3) ag ~rog ~B2 + (a1 ~020B1 ~B2) a3 ~ 04 »[33
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Bl = Tol nner Product s [B]

(0g4 nB1OB2~B3) ag rop rag — (0g ~B2E6B1 ~B3) 01 Qo A O3 +

(g nB3©B1 ~B2) onraprag — (03 AB31©B2AB3) on ~og Aoy +
(a3 ~B26B1 ~B3) an rog rag - (03 ~B36B1AB2) a1 ~op Aoy +
(a3 raa©B2 AB33) a1 ~o2 A1 — (03 ~as ©B1 ~B3) a1 ~og ~fB2 +
(03 rog ©B1 ~B2) o nap AB3+ (02 AB31©B2AB3) ou ~oz3 ~rog —
(02 AB2OB1~B3) o ~ragrog + (02 AB3©B1 AB2) ou Aoz Ar0g —
(g raa©B2 nB33) a1 ~og A1+ (02 nas©B1 ~B3) ox ~og ~fB2 —
(g raa©B1 ~B2) an ~og A3+ (02 na3©B2 ~B33) a1 ~oa ~fB1 —
(02 nog©B1 ~AB3) on ~nag ~fB2+ (02 rog©B1 AB2) o1 Aoy A B3 -
(a1 ~B1O©B2AB3) ag rnag rag + (a1 ~B20B1~B3) a2 ~nog A~y —
(a1 AB3©B1 ~B2) o rnog rag + (a1 ~0g©B2 ~B33) a2 ~nog ~fB1 —
(01 rnog©B1 ~AB3) cg rag A2+ (a1 r0g©B1 ~B2) 02 ~03 A B3 -
(01 ro3© B2 ~B3) cg nag A1+ (a1 ~03©B1 AB3) 02 ~0y A B2 -
(a1 razg©B1 ~B2) a2 nog A3+ (a1 ~020B2 ~B33) ag ~og ~fB1 —
(1 ra2©B1 AB3) ag roy ~B2 + (a1 ~020B1 ~B2) a3 ~ 04 »[33

It can be seen that at this inner product level, these two expressions are not of the same form:
B1 contains additional terms to those of A1. The interior products of Al are only of the form
(ai ~aj ©Br A Bs),Whereas the extraterms of B1 are of theform (aj A Bj ©Br A Bs) .
Cadlculating their difference (and simplifying by using the GrassmannAlgebra function

Col | ect Ter ns) gives.

AB = Col | ect Ter s [B1 - Al]

(g ~B1OB2 ~B3 —0a ~B20B1 ~B3 +04 ~B38B1~B2) oq ~o ~0g +
(-(03 ~B1O6B2~B3) +az ~B2OB1 ~B3 -~z ~B3OB1APR2) 0g Al A0y +
(g nB1O6B2 B3 -02rB26PB1~B3+0a2rB336B1+B2) a1 ~03 r04 +
(-(o1 ~B1O6B2AB3) +a1 ~B20B1 ~B3 -1 ~B3OB1AR2) 02 ra3 A0y

To verify the equality of the two forms we need only show that this difference AB is zero. This
is equivalent to showing that the coefficient of each of the exterior productsis zero. We can do
this most directly by converting the whole expression to its scalar product form.

ToScal ar Pr oduct s [AB]
0

The fact that the expression AB is zero has shown us that certain sums of inner products are
zero. We generdize this result in Section 10.7.

% Verification that the B form may be expanded in terms of either
factor

In this section we verify that just as for the A form, the B form may be expanded in terms of
either of its factors.

The principal difference between an expansion using the A form, and one using the B form is
that the A form needs only to be expanded to the inner product level to show the identity
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between two equal expressions. On the other hand, expansion of the B form requires expansion
to the scalar product level, often involving significantly more computation.

We take the same generalized product a % B that we discussed in the previous section, and
3

show that we need to expand the product to the scalar product level before the identity of the
two expansions become evident.

B Reduction tointerior products

A =Tol nteriorPr oductsB[aA/s]
423

o1 A0 AO3 A04 ABLEOB2 ~AB3 -
o1 A0 AOg A4 AB2OB1 AB3 +01 A0 AO3 ~AQ4 AB3EB1 AR

To expand with respect to a we reverse the order of the generalized product to give B % a and
3

multiply by (-1) (™% (K= (which we note for this case to be 1) to give

B = Tol nteriorPr oductsB[/sAa]
324

a1 ~0 A3 ~B2 AB3©03 n0g —0g AOg ABLAB2 AB3OR A +
o1 ~og AB1rAB2rBzoog rog +02 A0z AB1AB2 B3O AOG —
Qp ~0ig AB1 A2 AB3zoar nag +0g A0y ~fB1AB2rBzoar A0

B Reduction toinner products

Al = Tol nner Product s [A]

(04 n31OB2AB3) ag ~rdp ~03 — (Q4 AB20B1A33) a1 A0 AO3 +

(g AB3©B1 ~B2) onraprag — (3 AB31©B2AB3) on Ao rog +
(03 AnB20B1~B3) on ~rap rog — (03 AB3©B1 ~AB2) on Ao rog +
(a3 raa©B2 AnB33) a1 ~o2 A1 — (03 ~as ©B1 ~B3) a1 ~og ~fB2 +
(03 rog ©B1 ~B2) o nap AB3+ (02 AB31©B2AB3) ou ~oz3 ~rog —
(02 AB20B1~B3) onragrog + (02 AB3©B1 AB2) ou Aoz Ar0g —
(g raa©B2 AB33) a1 ~ag A1+ (02 ~nas©B1 ~B3) ox ~og ~fB2 —
(g raa©B1 ~B2) an ~og A3+ (02 ~a3©B2 A~B33) a1 ~og ~fB1 —
(2 nog©B1 ~AB3) oq nag A2+ (02 ~og©B1 AB2) o Aoy A B3 -
(01 AB1OB2~B3) cg nag rog + (Q1 AB20B1 ~B3) a2 ~03 Ar0g —
(a1 AB3©B1 ~AB2) o rnag rag + (a1 ~0g©B2 ~B33) a2 oz ~fB1 —
(a1 raa©B1 ~B3) a2 nog A2+ (a1 ~as©B1 ~B2) a2 oz ~ 33 —
(01 ro3© B2 ~B3) cg nag A1+ (a1 ~03©B1 AB3) 02 ~oy A B2 -
(1 razg©B1 ~B2) a2 nog A3+ (a1 ~020B2 ~B33) ag ~og ~fB1 —
(1 ra2©B1 AB3) a3~y ~B2 + (a1 ~020B1 ~B32) a3 ~ 04 »[33
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Bl = Tol nner Product s [B]

(03 A0g ©B2 AnB3) 0g A0 A B —

(g rog ©B1 AB3) on nop AfB2 + (03 ~0og ©B1 ~B2) o A0 A B3 —
(g raa©B2 nB33) a1 ~og A1+ (02 ~nas©B1 ~B3) ax ~og ~fB2 —
(g raa©B1 ~B2) an ~og A3+ (02 ~a3©B2 ~B33) a1 ~og ~fB1 —
(2 nog©B1 ~B3) oq ~nag ~fB2+ (2 ~og©B1 AB2) 01 A0y A B3 +
(02 rog©og ~fB3) oq A1 AB2 - (G2 rog©03 AB3) 0 ~B1AB2 +
(a2 rBzoag roa) on ~B1 B2 - (a2 ra304 AB2) 01 ~B1 B3 +
(g ras©0a3 ~B32) a1 ~B1AB3 - (a2 ~B2003 raa) 01 ~ 31 A3 +
(g rag©ag ~fB1) on ~B2 ~B3 - (a2 ray©03 AB1) 0x ~B2 ~B3 +
(g rBr1oag roa) on ~B2 ~B3 + (a1 ~as©B2 ~B3) a2 oz ~fB1 —
(1 raa©B1 ~B3) a2 nag A2+ (a1 ~os©B1 ~B2) a2 oz ~ 33 —
(01 ro3© B2 ~B3) cg nag A1+ (a1 ~0g3©B1 AB3) 02 ~0y A B2 -
(01 nog3©B1 ~B2) 0g nag ~B3 — (a1 ro3©0g ~B3) 02 ~B1 A B2 +
(1 rags©0a3 ~f33) o2 ~fB1 ~B2 - (a1 ~B3©03 raa) 02 ~ 31 ~fB2 +
(a1 ragoaa ~B32) a2 ~fB1 AB3 - (a1 rag©03 AB82) 02 ~ 31 ~[B3 +
(01 B0z ~ay) 0 31 AB3 - (a1 r0ag©0ag ~B1) 02 ~ B2 B3 +
(a1 rags©0a3 ~fB31) o2 ~B2 ~B3 - (a1 ~B1O03 rQa) 02 ~ 32 33 +
(1 ra2©B2 ~B33) ag nog A1 — (a1 ~020B1 ~B3) ag ~og ~fB2 +
(01 rnop2©B1 ~B2) a3 ~nag B3+ (a1 r02©04 AB3) a3 ~B1 A B2 -
(01 rog©02 ~AB3) og ~fB1 AB2+ (a1 AB3©02 roy) ag ~B1 A B2 -
(a1 rag©aa ~fB32) a3 ~fB1 AB3 + (a1 ~ag©02 ~B2) oz ~ 31~ 33 -
(a1 rB2o02 roa) oz ~B1 AB3 + (a1 ~o2004 ~B1) a3 ~ 32 ~[33 —
(01 rog©02 ~AB1) 03 ~fB2 AB3+ (a1 AB1©02 roy) ag B2 ~ B3 -
(01 rog©0ag ~B3) og A1 AB2+ (a1 rag©02 AB3) aq ~B1 A B2 -
(a1 rBzoaz rag) g A1 AB2+ (a1 ~o2003 AB2) 0a ~B1AB3 -
(01 rog©0p ~B2) oq ~fB1 AB3 + (a1 AB2002 rog) ag ~B1 A B3 -
(cn rogo©0g ~fB1) og ~fB2 AB3+ (a1 rag©02 A1) aq ~ B2 ~ B3 -
(o

ABrE02 rag) 0q AB2AB3+2 (a1 ~c2©03 A0s) B1AB2AR3 -
2 (0n nag©az ~nag) B1APB2APB3+2 (01 rasop ~ag) B1 A B2 A 33

By observation we can see that A1 and B1 contain some common terms. We compute the
difference of the two inner product forms and collect terms with the same exterior product
factor:
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AB = Col | ect Ter s [B1 - Al]

(- (0a ~B1OB2AB3) +0oanPBrOB1 AB3 -04rB36B1AB2) a1 A2 AOg +
03 AB1EB2 "Bz —03AB200B1 AB3 +0a3 AB3OB1 AB2) a1 A2 A0y +
(02 nB1E©B2AB3) +a2AB20B1 A3 -2 AB3OB1AB2) 01 ~O3 AOs +
O2 03004 N33 —02 04003 A33 +02 A33003 ~04) 01 AB1AB2+
(0p A3 ©0g A32) +Q2 A 04003 AfB2 — 02 ABp ©03 A0g) Q1 ~ 31 ~ B3 +
O AO3©0g Af31 — 02 A0 ©03 A31 +02 A31003 A0y) 01 A B2 ~ B33 +
a1 ~AfB1OB2AB3 a1 AB20B1 AB3 +01 AB3OB1LABR2) A2 A3 A +
(01 A03©0gq A~33) +Q1 A 04003 Af33 —01 A33003 A04) 02 A 31 A B2 +
o1 A03©0g A3 —01 A0 003 A3 +01 AB320a3 A0y) 02 Af31 ~ B3 +
(01 A03©0gq ~f31) +Q1 r04003 Af31 —01 AB1©03 A04) 02 A 32 A 33 +
01 A02004 N33 — 01 AQ4002 AB3 +01 A33002 ~0g) 03 A1 AB2 +
(a1 nop©0g AB2) +01 ~0aOa2 AfB2 —0n AfB2002 ~0g) Qg ~B1AB3 +
o1 A0 ©0g Af31 —0L A0 Q02 A31 +01 A[31002 AOy) a3 A B2 A B33 +
(01 r02©0a3 A33) +Q1 Ar03602 Af33 — 01 AB3©02 A03) 04 A 31 A B2 +
1 A0200a3 A2 01 ~a300a2 AB2 +01 32002 ~03) 04 A1 AB3 +
(O(l AP O03 Af31) +01 AQ3802 A31 —Q1 A[31002 AO3) 04 AfB2 A B3 +
2 (0g ra360p r0g) +2 (01 A0 O3 AOl4 +01 AO4 S0 AO3))

B1 ~ B2 ~ 33

(
(-
(
(-
(
(
(-
(
(-
(
(-
(
(-
(
(-
(-

B Reduction to scalar products

In order to show the equality of the two forms, we need to show that the above differenceis
zero. Asin the previous section we may do this by converting the inner products to scalar
products. Alternatively we may observe that the coefficients of the terms are zero by virtue of
the Zero Interior Sum Theorem discussed Section 10.8.

ToScal ar Pr oduct s [AB]
0

Thisisan example of how the B form of the generalized product may be expanded in terms of
either factor.

10.6 TheZeroInterior Sum Theorem

Generalized Grassmann products with the unit scalar

Suppose in the Generalized Product Theorem that a is unity. Then we can write:
m

N noo
148 - J=l(19,31) B o= jZI(lAEx)eB;

When A is equal to zero we have the trivial identity that:
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When A greater than zero, the A form is clearly zero, and hence the B form is zero also. Thus
we have the immediate result that

k
()
i e i ==

£ f_x /31 10. 11
j=1

B = /31/\/31 == /32/\/32 == eee

k A k-a A k-a

We might express this more mnemonically as
/k3 = B;Aflx = /3)L2A/k321== /313,\5;31 == e
N . j 10. 12
= Brepl + p?ep? + pPop® + - =
k-2 A k-2 A k-2 A

Generalized Grassmann products with the unit n-element

In adevelopment mutatis mutandis of formulae 10.11 and 10.12 we determine the consegquences
of one of the elements being the unit n-element 1 .

Suppose in the Generalized Product Theorem that a isthe unit n-element 1 .
m

The interior product of the unit n-element with an arbitrary element isjust the complement of
that element, since:

Thus we see that when A is equal to k we have the trivial identity that:

TaA = B
ek =L

When Adislessthan k, the B form isclearly zero, and hence the A form is zero also. Note also
that the following expressions are equal, apart from a possible sign.

(_1—9/3j ) /\/3j = Ej—/\ﬁj = /3j 9/3j
A k-x A k- A k-

Since if the complement of an expression is zero, then the expression itself is zero, we have
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k

S
B ep =0

=1 A k-2

B = BLaBl = pZAp? = ..

k A k-2 A k-2

10. 13

Note that this isthe same result asin [10.11] and [10.12] except that the elements of grade A
have exchanged places with those of grade k-A in the interior products. We might express this

more mnemonically as.

B = BLapl = p2aAp? = BEaApS = ...

k A k- A k- A k-2
= ptepl + pZep® + pPep + .o =
A k- A k-2 A k-

10. 14

The Zero Interior Sum Theorem

These two results are collected together and referred to as the Zero Interior Sum Theorem. It is

vaidforO< A <Kk.

B = BLapl = p2aAp? = A = ...
k A k-2 A k-2 A k-
= Blep! + p2ep? + popd + .. =
A k-a A k-2 A k-a
= ptepl + pPep? + pPep + ... ==
k-2 A k-2 A k-2 A

10. 15

% Generating the zero interior sum

We can generate the zero interior sum by applying Tol nt eri or Pr oduct sBtothe

generalized product of an element with unity. For example:

B Example 2-elements

Tol nt eri or Product sB[l AB]
12
0

B Example 3-elements

Tol nt eri or Product sB[l AB]
13

B12B26PB3-PB1~B3SB2+PB2B36B1
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Tol nt eri or Product sB[l AB]
23
B1EB2~PB3-B26B1 B3 +B3OLB1 AB2

B Example 4-elements

Alternatively we can use the GrassmannAlgebra function | nt er i or Sum

InteriorSum[1] [A]

4
BreB2rPB3rBa-B20B1 B3 ~Bs+B3SB1~rPB2rBa—-BaeB1AB2AB3
Interiorsum[2] [B]

4
2 (BL~rB20PB3~Bsa) -2 (BLrB36B2~Ba) +2 (B ~Ba©PB2 ~B3)
InteriorSum[3] [A]

4

B1rAB2APB3OPBs -B1LrB2rB4OPB3 +B1AB3~B4OSB2 -B2 B3 ~B4aOB1

We can verify that these expressions are indeed zero by converting them to their scalar product
form. For example:

ToScal ar Product s [I nteri or Sum[3] [B] ]
4

0

10.7 The Zero Generalized Sum

The zero generalized sum conjecture

The zero generalized sum conjecture conjectures that if the interior product operation is
replaced in the Zero Interior Sum Theorem by a generalized product of order other than zero
(that is, other than by the exterior product), then the theorem still holds. That is

/3 == /311\/31 == /32/\/32 == /33’\/33 S el

k p k-p p k-p p k-p
— 1A 1+2A 2+3A3+..-::0 A#O

Bp Mf;-p Bp ?‘If;-p Bp )‘E-p 1016
= BLAB+B AR B AR e =0 %0

k-pr p k-pA p k-ptop
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% Generating the zero generalized sum

In GrassmannAlgebra we can use Gener al i zedSun{ p, A] [ B1 2 B2 A B3 A ---] togenerate
the zero generalized sum expression. Here p is the grade of the first factor. We aobtain an
equivalent sum if pisreplaced by p—A since for eachi:

/3i A/3i = (=1) (P~ (k-p-2) I3i Al3i
k-p A p b Akop

General i zedSum[2, 1]1[B1 AB2 AB3 AB4]
/31AﬁzfﬁsA/34*/31A/33%/32A/34+51A/34%/32A/33+
62A53%51A54752A54%51A53 +/33A/34%/31A/32

We can use the graded variable 8 as an argument to get the same resullt.
4
General i zedSum[2, 1][B]
4

/31ABz%BsA/34*/31A/33%/32A/34+51A/34%/32A/33+
/32A/33%/31AB4*/32A/34%/31A/33 +/33A/34%/31A/32

% Exploring the conjecture

We can use GrassmannAlgebra and Mathematica to explore the conjecture by tabulating cases
to seeif the result is zero. Here we tabulate the first 50 cases.

Fl atten[Tabl e [ToScal ar Product s [Gener al i zedSum[p, A] [>k<]]
{k, 2, 8}, {p, 1, k-1}, {& 1, Mn[p, k-pl}]]

{

01
01
0

0
1 0!
0

0
1 0!
0

}
0, 0,0
, 0, 0, 0O,
0, 0,0

0
, 0!
0

0
, 0}

o O O
o O O
o O O
o O O
o O O
o O O
o O O
o O O
o O O

10.8 Nilpotent Generalized Products

Nilpotent products of smple elements

Inthe case B isequal toa and a issimple and mis not zero, form B becomes:
k m m
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We can see from the right hand side that a A a iszero for al A except A equal to m (where the
generalized product reduces to the mterlor (and in this case inner) product). Thus

For example, we can calculate the generalized products of al orders for the 3-element a, to see
that they are all zero except for A equal to 3.

Tabl e [Tol nner Product s [g‘ég‘]’ {7, 0, 3}]

{0, 0, 0, ap roap r3©Q1 ACt2 A X3}
This result gives rise to a series of relationships among the exterior and interior products of
factors of asimple element. These relationships are independent of the dimension of the space

concerned. For example, applying the result to simple 2, 3 and 4-elements gives the following
relationships at the interior product level:

B Example 2-elements
Tol nteriorProducts [aaa] =
212
(a nopo0y) nop - (g rnopo0g) rog ==0
B Example 3-elements
Tol nteriorProducts[aaa] =0
313

(01 A0 AO3801) AO2 AO3 —
(a1 nop A3 ©0p) A0y A3 + (01 AQ2 AOZOOZ) AL AR ==

Tol nteri or Product s [aAa] =
323

(O(l AO(ZAO(s@O(1AO(2> A0z —
(01 A0 AQ3601 A03) AO2 + (A1 AO2 AO3O02 AO3) AQL ==

B Example 4-elements

Tol nteri or Product s [aAa] =
414

(1 A2 AO3 A0g© 01 ) AOR2 AOZ AOY —
(01 AOl2 AO3 AOEOO2) AOL AO3 A4 +
(01 AQ2 A3 A0 ©03) AQL AOD AOg —
(0g rnOp AOg AClE ©0g) Aag rop rag == 0
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Tol nteri or Product s [aAa =
4724

(01 AO2 AO3 AOLOO] ADD) AO3 A4 —
A1 A02 AOI3 AOI4 ©01 A QO3
o1 A0 AO3 AL OO AQ4

( ) A0 A +
( )
(01 AO2 AO3 A0 OO AQZ) AOL A4 —
( )
( )

AOQ AO3 +

o1 A0 AO3 AL OO0 AQO4
o1 A0 AO3 AL O03 AQ4

A1 AO3 +
AO(l AO(Z ::0

Tol nteriorProducts [aaa] =
434
(01 A0l AO3 AOLO O] AO2 AQ3) A4 —
(01 AO2 AO3 AOLOOL A2 AQ4) AOZ +
(0L AO2 AO3 A0 OO A3 AQg) A —

(g rnop AOg AClE©0p A0z Alty) raq ==0

At the inner product level, some of the generalized products yield further relationships. For
example, a % a confirms the Zero Interior Sum Theorem.

Si nplify[Col | ect Ter ms [Tol nner Product s [Z‘ﬁﬁ‘] 1]

2 (01 Q283 A0 —01 AO3E0D AOg +01 AOEO0D AO3) O] A0 A Q3 AO4

Nilpotent products of non-simple elements

From the axioms for the exterior product it is straightforward to show that for a general (not
necessarily simple) m-element a that a a a == (-1) "™ a » a. Thismeans, of course, that the
m m m m m

exterior product of a general m-element with itself iszero if mis odd.

In asimilar manner, the formula for the quasi-commutativity of the generalized product is:

aAB = (-1) (™ K2 gAg
mA kg k A m

This shows that the generalized product of a general m-element with itself is:

ada = (-1) ™D gAa

Thus the generalization of the above result for the exterior product isthat the generalized
product of ageneral m-element with itself is zero if m-A is odd.

ada = 0 m-2a € Oddl ntegers 10. 18
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10.9 Properties of the Generalized Product

Summary of properties

The following ssimple results may be obtained from the definition and results derived above.

& Thegeneralized product isdistributive with respect to addition

(5rp) 2y = a2y + 62y 10. 18
ya(ars) = yam e vep 10.20

& Thegeneralized product with a zero element iszero

OAa= aAO = 10. 21

A m mA

& Thegeneralized product with a scalar reduces to thefield product

The only non-zero generalized product with a scalar is of order zero, leading to the ordinary
field product.

alAa = alAa == ara ==a©a=aa 10. 22
0Om m 0 m m m
agb::a/\b:aeb::ab 10. 23

& Thegeneralized products of a scalar with an m-element are zero

For A greater than zero

a%rqn::rqnéa:: A>0 10. 24
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& Scalars may befactored out of generalized products

(2a) 2= as(ap) = 2(as8) 10.25

& Thegeneralized product is quasi-commutative

= (=1) (M) (k-2)
%ﬁ/s = (-1) E%% 10. 26

This relationship was proven in Section 10.3.

10.10 The Triple Generalized Sum Conjecture

In this section we discuss an interesting conjecture associated with our definition of the Clifford
product in Chapter 12. As already mentioned, we have defined the generalized Grassmann
product to facilitate the definition of the Clifford product of general Grassmann expressions. As
iswell known, the Clifford product is associative. But in general, a Clifford product will involve
both exterior and interior products. And the interior product is not associative. In this section we
look at aconjecture, which, if established, will prove the validity of our definition of the
Clifford product in terms of generalized Grassmann products.

% The generalized product is not associative

We take a simple example to show that the generalized product is not associative. First we set
up the assertion:

H=(xgy) gz #xgp [ro2):
Then we convert the generalized products to scalar products.

ToScal ar Pr oduct s [H]
y (X6z) -X (yoz) +x (yoez)

Clearly the two sides of the relation are not in general equal. Hence the generalized product is
not in general associative.
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& Thetriple generalized sum

B Triplegeneralized products
We define atriple generalized product to be a product either of the form (x ﬁy) Az or of the
mayg) up

form X % (y A %) . Since we have shown above that these forms will in genera be different, we
k K

will refer to the first one as the A form, and to the second as the B form.

B Signed triple generalized products

We define the signed triple generalized product of form A to be the triple generalized product of
form A multiplied by the factor (-1)°*, wheresp =
MA+ 2 X (L+2) + (Kem) g+ 3 p (1+p).

We define the signed triple generalized product of form B to be the triple generalized product of
form B multiplied by the factor (-1)%8 , where
S = m/\+%/\ (1+2) +ku+%u (1 + ).

B Triplegeneralized sums

We define atriple generalized sum of form A to be the sum of all the signed triple generalized
products of form A of the same elements and which have the same grade n.

n
~1)SA
2 0™ [x2y) 8
wheresp =mx+ 3 A (A+1) + (m+k) (n-2) + 3 (n-2) (n-x+1).

We define atriple generalized sum of form B to be the sum of all the signed triple generalized
products of form B of the same elements and which have the same grade n.

n
-1)Ss
2 b aslyas)
wheresg =mi+ 5 A (A+1) +k (N-2) + 3 (N-2A) (n-x+1).
For example, we tabulate below the triple generalized sums of form A for grades of 0, 1 and 2:

Tabl e[{i, TripleGeneralizedSumA[i1[x, v, z]}, {i, 0, 2}] //

Tabl eFor m

0 [xsy)52

1 e [ey)pz) e cnren gy 42
2 [lxgy) ez ont (nay)az) - [xsy) s
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Similarly the triple generalized sums of form B for grades of 0, 1 and 2 are

Tabl e[{i, TripleGeneralizedSunB[i1[x, y, z]}, {i, 0, 2}] //

Tabl eFor m

0o xslvsz)

S T T H I RS TR Y 4]

2 lslysl)oom e lyesl) ns bres)

Thetriple generalized sum conjecture

As we have shown above, a single triple generalized product isnot in genera associative. That
is, the A form and the B form are not in general equal. However we conjecture that the triple
generalized sum of form A isequal to the triple generalized sum of form B.

n n
- Sa == - Se
2 D [xay) a2 chxaly ez 10.27

wheresa =ma+ > A (A+1) + (M+k) (N-2) + 3 (N-2) (n-2x+1)

and sg=mi+ 3 A (A+1)+Kk (nff\)+% n-x) (n-x+1).

If this conjecture can be shown to be true, then the associativity of the Clifford product of a
general Grassmann expression can be straightforwardly proven using the definition of the
Clifford product in terms of exterior and interior products (or, what is equivalent, in terms of
generalized products). That is, the rules of Clifford algebra may be entirely determined by the
axioms and theorems of the Grassmann algebra, making it unnecessary, and indeed potentialy
inconsistent, to introduce any specia Clifford agebra axioms.

% Exploring the triple generalized sum conjecture

We can explore the triple generalized sum conjecture by converting the generalized products
into scalar products.

For example first we generate the triple generalized sums.

A=TripleGeneral i zedSumA[2] [)é y, z]
2

syl gz) - Bayl ez lsgy) 42

20014 26



ExpTheGeneralizedProduct.nb 27

B=TripleGeneral i zedSunB[2] [)3( y, z]
2

We could demonstrate the equality of these two sums directly by converting their difference into
scaar product form, thus allowing terms to cancel.

Expand [ToScal ar Product s [A-B]]
0

However it is more instructive to convert each of the termsin the difference separately to scalar
products.

X = Li st @@ (A-B)

{

— wX

X A
31

X1 = Expand [ToScal ar Product s [X]]

{0, - (X28Y2) (X3©Y1) ZAX1 + (X20Y1) (X3©Y2) Z AX1 +
X10Y2) (X3©Y1) ZAX2 - (X10Y1) (X3©Y2) Z AX2 -
X10Y2) (X20Y1) ZAX3 + (X16Y1) (X20Y2) Z A X3,
ZoYy2) (XzgOY1) X1 ~X2 + (ZOY1) (X3©Y2) X1 A X2 +
ZoYz) (X20Y1) X1 AX3 - (ZOY1) (X20Y2) X1 A X3 -
ZoY2) (X10Y1) X2 AX3 + (Z26Y1) (X10Y2) X2 A X3,
) (X3©Y1) X1 2AX2 - (ZOY1) (X3©Y2) X1 A X2 -

—~ o~ o~

(
(
(
(
(
z

(

(zoy2) (X20Y1) X1 AX3 + (ZOY1) (X20Y2) X1 ~X3 -
(zeX3) (X20Y2) X1 Y1 + (ZO6X2) (X3©Y2) X1 AY1 +
(zeX3) (X20Y1) X1 Y2 - (ZO6X2) (X3©Y1) X1 Y2 +
(zoy2) (X10Y1) X2 A~X3 - (ZOY1) (X1©Y2) X2 A~ X3 +
(zeX3) (X10Y2) X2 AY1 - (ZO6X1) (X3©Y2) X2 AY1 -
(zeX3) (X10Y1) X2 AY2 + (ZO6X1) (X3©Y1) X2 ~Y2 -
(zeXz2) (X10Y2) X3 rY1 + (ZO6X1) (X20Y2) X3 Y1 +
(zeXz2) (X10Y1) X3 rY2 - (ZO6X1) (X20Y1) X3 7Y2,
(X2©Y2) (X3©Y1) Z X1 - (X20Y1) (X3OY2) Z A X1 -
(X10Y2) (Xa©yY1) Z X2+ (X10Y1) (X3OY2) Z AX2 +
(X10Y2) (X20Y1) ZrX3 - (X1 0Y1) (X20Y2) Z AX3 +
(zeX3) (X20Y2) X1 Y1 - (ZO6X2) (X3©Y2) X1 AY1 -
(zeX3) (X20Y1) X1 Y2 + (ZO6X2) (X3©Y1) X1 Y2 -
(ZzeX3) (X10Y2) X2 AY1 + (ZO6X1) (X3O©Y2) X2 AY1 +
(zoX3) (X10Y1) X2 rY2 - (ZO6X1) (X3©Y1) X2 rY2 +
(zeXz2) (X10Y2) X3 rY1 - (ZO6X1) (X20Y2) X3 Y1 -
(ZeX2) (X18Y1) Xz aY2 + (26X1) (X26Y1) X3 Y2, 0}

Converting back to a sum shows that the terms add to zero.
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X2 = Pl us ee X1
0

% An algorithm to test the conjecture

It issimple to automate testing the conjecture by collecting the steps above in a function:

Test Tri pl eGeneral i zedSunConjecture[n_J[x_,y_,z ]:=
Expand[ ToScal ar Product s[ Tri pl eGeneral i zedSumA[ n] [ X, Y, zZ] -
Tripl eCeneral i zedSunB[ n][ X, Y, z] 1]

As an example of this procedure we run through the first 320 cases. A value of zero will
validate the conjecture for that case.

Tabl e [Test Tri pl eGener al i zedSunConj ecture[n] [x, y, z],

{n, 0, 4}, {m 0, 3}, {k, 0, 3}, {p, 0, 3}] 7/ Flatten
(0, 0,0, 0 0 0 000,00 0,0 0,0 0, 0,0, 0, 0,
0, 0000000000 000,00 0,00, 0,
0,000 00000000000 0 0,00, 0,
0, 0000000000 000,00 0,00, 0,
0,000 00000000000 0 0,00, 0,
0,000 0000000 000,00 0,00, 0,
0,000 00000000000 0 0,00, 0,
0, 0000000000 000,00 0,00, 0,
0,000 0000000 000,00 0,00, 0,
0, 0000000000000 00 0,000,
0,000 000000000000 0,00, 0,
0, 0000000000000 00 0,00, 0,
0,000 000000000000 0,00, 0,
0,000 0000000 000,00 0,00, 0,
0, 0000000000 000,00 0,0,0,0,
0,000 00000000000 0 0,00, 0}

10.11 Exploring Conjectures

Aswe have already shown, it is easy to explore conjectures using Mathematica to compute
individual cases. By 'explore’ of course, we mean the generation of cases which either disprove
the conjecture or increase our confidence that the conjecture is correct.

A conjecture

As an example we suggest a conjecture for arelationship amongst generalized products of order
1 of the following form, valid for any m, k, and p.
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-1)¢ ~1)¥ =
(s28) 27 0% poz) par 0¥ [xpg)pp=0 1028

Thesigns (-1)¢ and (-1)¥ areat this point unknown, but if the conjecture is true we expect
them to be simple functions of m, k, p and their products. We conjecture therefore that in any
particular case they will be either +1 or —1.

% Exploring the conjecture

The first step therefore is to test some cases to see if the formula fails for some combination of
signs. We do that by setting up afunction that calculates the formula for each of the possible
sign combinations, returning Tr ue if any one of them satisfies the formula, and Fal se
otherwise. Then we create a table of cases. Below we let the grades m, k, and p range from O to
3 (that is, two instances of odd parity and two instances of even parity each, in all
combinations). Although we have written the function as printing the intermediate results as
they are calculated, we do not show this output as the results are summarized in the final list.

TestPostulate[{m, k_, p_}]:=
Mdul e[ (X, Y, Z, o, B, v}, X=ToScal arProducts[(aAB) Ayl

Y = ToScal arProducts[(BAY ral;
klp/)1m

Z:ToScaIarProducts[(yAa A B];
plm 1k

TrueQ[X+Y+Z==0||X+Y-Z==0 || X-Y+Z==0|X-Y-Z==0]]

Tabl e [T = Test Postul ate[{m k, p}]; Print [{{m k, p}, T}I;
T, {m 0, 3}, {k, 0, 3}, {p, 0, 3}1//Flatten

{True, True, True, True, True, True, True, True, True, True,
True, True, True, True, True, True, True, True, True,
True, True, True, True, True, True, True, True, True,
True, True, True, True, True, True, True, True, True,
True, True, True, True, True, True, True, True, True,
True, True, True, True, True, True, True, True, True,
True, True, True, True, True, True, True, True, True}

It can be seen that the formulais valid for some values of € and ¢ in the first 64 cases. This
gives us some confidence that our efforts may not be wasted if we wished to prove the formula
and/or find the values of € and y an terms of m, k, and p.
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10.12 The Generalized Product of | ntersecting
Elements

& ThecaseA<p

Consider three simple elements a, 8 and y . The elements ¥y A a and y A B may then be
m k p p m p k
considered elements with an intersection . Generalized products of such intersecting elements

p
are zero whenever the grade A of the product is less than the grade of the intersection.

(wAa]A(wAB) == Ap 10. 29
p mj] A p k

We can test this by reducing the expression to scalar products and tabulating cases.

Flatten[Tabl e[A=ToScal ar Product s | (}’A(X] A (7,\/3)];
p M AAp k

Print [{{m k, p, A}, A}]; A, {m 0, 3},
{k, 0, 3}, {p, 1, 3}, {1 0, p-1}]]

{0, 0, 0, 0, 0,0, 0 0 00O0O,0 00 00 0,0,0, 0,
o, o,000600060000000,00 00 0,n0,
o, 0,00,06000000000,060 00 0,0,
o, 0,00,°600000000000 00, 0,0,
0, o,00,090008000000,0 0 0,0, 0,0}

Of course, thisresult isaso valid in the case that either or both the grades of a and g is zero.
m k

yA(yAB) == (yAa) Ay=yAy=0 ALp 10. 30
p A Ap pip

% ThecaseA=p

For the case where A is equal to, or greater than the grade of the intersection p, the generalized
product of such intersecting elements may be expressed as the interior product of the common
factor y with a generalized product of the remaining factors. This generalized product is of

p
order lower by the grade of the common factor. Hence the formulaisonly valid for A = p (since
the generalized product has only been defined for non-negative orders).
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(vm) A ()’AB) = (-1)P AP ((W\a) /3) oy
p m/ A p k P m) A-p k p

()’AOK A ()’Aﬁ] = (-1)P7 (a A (YAB])GY
A k p k p

p m p m Aa-p

10. 31

We can test these formulae by reducing the expressions on either side to scalar products and
tabulating cases. For A > p, the first formula gives

Fl atten [Tabl e [A = ToScal ar Pr oduct s [

(vm) A ()’AB) - (-1)P P ((wAa) A /3)67];

p m) A p k P m) A-p k p
Print [{{m k, p, A}, A}]; A {m O, 3}, {k, 0, 3},
{p, 0, 3}, (& p+1, Mn[m k]}]]

{0, o, 0, 0, 0, 0,0 0,00 0O 0,0 0 0,00,0,0, 0}
The case of A = pistabulated in the next section.

The second formula can be derived from the first by using the quasi-commutativity of the
generalized product. To check, we tabulate the first few cases:

Flatten [Tabl e[

ToScal ar PrOdUCtS[(}’Aa] A (7/\/3) - (-1)Pm (cx A (7/\/3]] ew],
p mj) A p k mAa-p p k p
{m 1, 2}, {k, 1, m}, {p, O, m}, {A p+1, Mn[p+m p+k]}]]
{0, 0, 0, 0, 0, O, O, O, O, 0, 0}

Finally, we can put 4 = A - p, and rearrange the above to give:

(aA(w/s))ew: (-h“((aw)AB)ew 10. 32
mu \p k p m p/ Kk p

Fl atten [Tabl e[

m u K

ToScal ar Pr oducts[(aA (7/\/3]] ey - (-1)PH ((an«]

p p m p
{
{0,
0

Aﬁ)ew],
Mok p
m 0, 2}, {k, 0, m}, {p, 0, m}, {w, O, Mn[m k]}]]

o, 0 0,0 0, 0,0, O, O, 0,

o, 0000000000, 0,0}

% The special caseof A =p

By putting A = pinto the first formula of [10.31] we get:
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(yAa)A(yAB) == (yAa/\B)ey
P \p k p M Kk p

Bylnterchanglng Y, ,and/lf we aso have two simple alternate expressions
yAra|l A|lyaB| = |yraaafB| Oy
p M P \p p M K p
ary|A|yaB| = |aryaB|OY 10. 33
m p/ P \p k m p k p
ary| A|Bay| = |aaBry|OY
m p/ Pk p m k p p
Again we can demonstrate this identity by converting to scalar products.
Flatten|
Tabl e[A ToScal ar Pr OdUCtS[(}’A(X] A (7/\/3) - (yAaA/s) ey],
m/ p \p k p m k p
Print [{{m k, p}, A}]; A {m 0, 3}, {k, 0, 3}, {p, 0, 3}]]
{0, o, 0, 0, 0, 0, 0, 00,0 00,0000 0,00 0,00,
o, 0,060,000 0000000 000,00 0,0,
o, 0,000 000000000 00,000 0,0}
10.13 The Generalized Product of Orthogonal
Elements
% The generalized product of totally orthogonal elements
It issimple to see from the definition of the generalized product that if a and /E aretotally
m
orthogonal, and A is not zero, then their generalized product is zero.
§/k3 a ©Bj =0 A>0 10. 34

We can verify this easily:
Fl atten[Tabl e[ToScal ar Products [a A B] /.
m k
Ot hogonal Si npli ficationRul es [{{% /E}}]
{m 0, 4}, {k, 0, m}, {A, 1, Mn[m k1}]]

{0, 0, 0, 0, 0,0, 000000000 0,0, 0,0 0}
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The GrassmannAlgebra function Or t hogonal Si npl i fi cati onRul es generates alist of

rules which put to zero al the scalar products of a 1-element from a with a 1-element from 3.
m k

% The generalized product of partially orthogonal elements

Consider the generalized product a % (7 A /3) of an element a and another element ¥ ~ 8 in
m p k m p k

which a and/l:;; are totally orthogonal, but y isarbitrary.
m p
Butsincea; ©B; = 0, theinterior products of a and any factors of y A B in the expansion of
m p k
the generalized product will be zero whenever they contain any factors of /E . That is, the only

non-zero terms in the expansion of the generalized product are of the form (cx oy ) Ayl aB.

m 2 p-x k
Hence:
aA(yAB) = (aA)’]AB ai ©Bj =0 AsMn[m p] 10. 35
mA p k I"I"I)Lp k
aA(yAB] == ai ©Bj =0 A>Mn[m p] 10. 36
m A p k

Fl atten[Tabl e [ToScal ar Product s [a A (7/\/3) - (aAy) AB ]/
mx \p k m2ap k

Ort hogonal Si npl i ficationRul es [{{ﬁﬁ /E}}]

{m 0, 3}, {k, O, m}, {p, O, m}, {A O, Mn[m p]}]]

0
1 0!
0

0
1 0!
0

0
) 0!
0

b 1 1 0! 0!

, 0,0
0}

By using the quasi-commuitativity of the generalized and exterior products, we can transform the

above results to:

0, 0,0, 0
0, 0,0, 0
0, 0,0, 0

o O O
o O O
o O O
o O O
o O O
o O O
o O O
o O O
o O O

(GA}’)AB: (—1)mlaA(}’Al3) ai ©Bf; =0 A <Mn[k, p] | 10.37
Ak m p)tk

(7/\0() AR = aj OB = A>Mnrk, p] 10. 38
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Flatten|
Tabl e[ToScaI ar Pr oducts[(a/\y] AB- (-1)™ aa (yA/s] ] /.
m p Ak m plk
Ot hogonal Si nplificationRul es[{{a, /E}}]
m

{m 0, 2}, {k, 0, m, {p, O, m}, {& O, Mn[k, pl1}]]
{0, 0, 0, 0, 0,0 0,0,000O0,00@000,0,0,0 0

10.14 The Generalized Product of I ntersecting
Orthogonal Elements

ThecaseA<p

Consider three simple elements a, 8 and ¥ . The elements ¥y A a and y A B may then be
m k p p m Pk
considered elements with an intersection . As has been shown in Section 10.12, generalized

p
products of such intersecting elements are zero whenever the grade A of the product isless than
the grade of the intersection. Hence the product will be zero for A < p, independent of the
orthogonality relationships of its factors.

% ThecaseA=p

Consider now the case of three simple elements a, 8 and ¥ where y istotally orthogonal to
m k p p
both a and /E (and henceto a E)' A simple element y istotally orthogona to an element a if
m m o] m

and only if aevy; == 0 for al y; belongingtoy.
m p
The generalized product of the elements y A a and y a /E of order A = pisascalar factor yey
p m p P P
times the generalized product of the factors a and 8, but of an order lower by the grade of the
m k

common factor; that is, of order A—p.

BENR NI
o] mj) A p k P P ma-p k

Y=YLAY2 A AYD aoy ==/|§evi A2p
p

10. 39

Note here that the factors of ¥ are not necessarily orthogonal to each other. Neither are the

p
factors of a. Nor the factors of /E .
m

We can test this out by making atable of cases. Here we look at the first 25 cases.
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Flatten[

Tabl e[ToScaI ar Pr OdUCtS[(}’A(X] A (7/\/3] - (797] (a A /3) ] /.
p M A\p k pp/ \MA-PK

Ot hogonal Si npl i ficationRul es [{{ﬁﬁ B’} {/k3 g}}]

{m 0, 2}, {k, O, m}, {p, 1, m+1}, {A p, p+Mn[m kl}]]
{0, 0, 0, 0, 0, 0, 0, 0, O, O, 0,
o, 0, 00000000000, 0

By combining the results of the previous section with those of this section, we see that we can
also write that:

()’AG]AB(XA(}’AB]
p m/ xkmxlp k

(-1)91((7Aa]A/3]ey== (—1)pm(aA(7A/3]]e)’ 10. 40
p M Ak/J p

mA p k p
Y=YLAY2 A AYp aey; = BOy =
p m k

We check the second rule by taking the first 25 cases.

Fl atten [Tabl e[

ToScal ar Products[(aA (7/\/3]]97- (-1)Pm (797] (aAB) ] /.
maA p k p p p ma k

Orthogonal Si nplificationRules [{{a ¥}, {/k3 ¥}}],
m p p

{m 0, 2}, {k, 0, m}, {p, 1, m+1}, {A, O, Mn[m k1}]]
(0, 0, 0, 0, 0,0 0,0 0,0, O,
0, 0,0 0,0 0,000 0, 00,0 0}

10.15 Generalized Productsin Lower Dimensional
Spaces

Generalized productsin 0, 1, and 2-spaces

In this section we summarize the properties of generalized products for spaces of dimension 0, 1
and 2.
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In spaces of all dimensions, generalized products in which one of the factors isa scalar will
reduce to either the usual (field or linear space) product by the scalar quantity (when the order

of the product is zero) or else to zero (when the order of the product is greater than zero). Except
for abrief discussion of the implications of this for 0-space, further discussions will assume that
the factors of the generalized products are not scalar.

In spaces of dimension 0, 1, or 2, al generalized products reduce either to the ordinary field
product, the exterior product, the interior product, or zero. Hence they bring little new to a study
of these spaces.

These results will be clear upon reference to the simple properties of generalized products

discussed in previous sections. The only result that may not be immediately obvious is that of

the generalized product of order one of two 2-elements in a 2-space, for example a % B.lnaz-
2

space, a and 3 must be congruent (differ only by (possibly) a scalar factor), and hence by
2
formula 10.17 is zero.

If one of the factors is a scalar, then the only non-zero generalized product is that of order zero,
equivalent to the ordinary field product (and, incidentally, also to the exterior and interior
products).

& 0O-space

In a space of zero dimensions (the underlying field of the Grassmann agebra), the generalized
product reduces to the exterior product and hence to the usual scalar (field) product.

ToScal ar Product s [a A b]

ab

Higher order products (for example a % b) are of course zero since the order of the product is
greater than the minimum of the grades of the factors (which in this case is zero).

In sum: The only non-zero generalized product in a space of zero dimensions is the product of
order zero, equivalent to the underlying field product.

& 1-space

B Products of zero order

In a space of one dimension there is only one basis element, so the product of zero order (that is,
the exterior product) of any two elements is zero:

(aeq) % (bej) ==abejare; ==

ToScal ar Products [ (aez) A (bei)]

0
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B Products of thefirst order

The product of the first order reduces to the scalar product.
(aer) & (bey) ==ab (ep0€1)
ToScal ar Products [ (aez) A (bei)]
ab (ejeeq)

In sum: The only non-zero generalized product of elements (other than where oneisascaar) in
a space of one dimension isthe product of order one, equivalent to the scalar product.

& 2-space

B Products of zero order

The product of zero order of two elements reduces to their exterior product. Hence in a 2-space,
the only non-zero products (apart from when one is a scalar) isthe exterior product of two 1-
elements.

(ae1+be2)€(ce1 +dey) == (ae;1 +bey)a(ce; +dey)

B Products of thefirst order

The product of the first order of two 1-elements is commutative and reduces to their scalar
product.

(ae1+be2)%(ce1 +dey) == (ae; +bey)e (ce; +dey)

ToScal ar Products[(ae; +be) a(cer +dez)]|

ac (ejee;) +bc (ep1eey) +ad (e19e;3) +bd (ex0e))

The product of thefirst order of a1-element and a 2-element is also commutative and reduces to
their interior product.

(aei1 +bey) % (Cepaey) =
(cCejprer) % (ae; +bey) == (Ceprer)e (ae; +bhey)
ToScal ar Products[(ae; +bey) a(c ey nez) |

-ac (epeez)e; -bc (epoeyx)e; +ac (epoe;)ex+hbce (e10€3) €

The product of thefirst order of two 2-elements is zero. This can be determined directly from
[10.17].

alAa == , A#EM
mAa m
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ToScal ar Products [ (ae1 aez) A (beinrey)]

0

B Products of the second order
Products of the second order of two 1-elements, or of a 1-element and a 2-element are
necessarily zero since the order of the product is greater than the minimum of the grades of the
factors.

ToScal ar Products[(ae; +be) 4 (cer +dez)]|

0

Products of the second order of two 2-elements reduce to their inner product:

(aeprey) 4 (beparey) = (aeprez)e (begaey)

Tol nner Products[(ae; aez) 4 (beirer)]
ae;re;0be;re;

In sum: The only non-zero generalized products of elements (other than where oneis a scalar)
in a space of two dimensions reduce to exterior, interior, inner or scalar products.

10.16 Generalized Productsin 3-Space

To be completed
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11.1 Introduction

In this chapter we explore the relationship of Grassmann agebra to the hypercomplex
algebras. Typica examples of hypercomplex agebras are the algebras of the real
numbers R, complex humbers C, quaternions Q, octonions (or Cayley numbers) O and
Clifford algebras C. We will show that each of these algebras can be generated as an
algebra of Grassmann numbers under anew product which we take the liberty of
calling the hypercomplex product.

This hypercomplex product of an m-element a and a k-element 3 is denoted a o 3 and
m k m  k

defined as a sum of signed generalized products of a with 3.
m k

Mn[m k] m Ak
aof = Z o aAf 11.1
m K = mx k

Here, the sign m& X isafunction of the grades mand k of the factors and the order X of
the generalized product and takes the values +1 or -1 depending on the type of
hypercomplex product being defined.

Note particularly that thisisan 'invariant' approach, not requiring the algebra to be
defined in terms of generators or basis elements. We will see in what follows that this
leads to considerably more insight on the nature of the hypercomplex numbers than
afforded by the usual approach. Because the generalized Grassmann products on the
right-hand side may represent the only geometrically valid constructs from the factors
on the left, it is enticing to postulate that all algebras with a geometric interpretation
can be defined by such a product of Grassmann numbers.

It turns out that the real numbers are hypercomplex numbers in a space of zero
dimensions, the complex numbers are hypercomplex numbers in a space of one
dimension, the quaternions are hypercomplex numbers in a space of two dimensions,
and the octonions are hypercomplex numbers in a space of three dimensions.

In Chapter 12: Exploring Clifford Algebrawe will also show that the Clifford product
may be defined in a space of any number of dimensions as a hypercomplex product
with signs:

2, k g -
mc . (_1)A(m-)t)+2 A (A-1)
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We could aso explore the algebras generated by products of the type defined by
definition 11.1, but which have some of the ng “ defined to be zero. For example the
relations,

A, k 2,k
mG =1, A= mG =0, A>0

defines the a gebra with the hypercomplex product reducing to the exterior product, and

mMEK 1, A=Mn[m k] "5 =0, A#Mn[m k]

defines the algebra with the hypercomplex product reducing to the interior product.

Both of these definitions however lead to products having zero divisors, that is, some
products can be zero even though neither of its factors is zero. Because one of the
principal characteristics of the hypercomplex product is that it has no zero divisors, we
shall limit ourselvesin this chapter to exploring just those algebras. That is, we shall

always assume that mg X is not zero.
We begin by exploring the implications of definition 11.1 to the generation of various
hypercomplex algebras by considering spaces of increasing dimension, starting with a

space of zero dimensions generating the real numbers. In order to embed the algebras
defined on lower dimensiona spaces within those defined on higher dimensional

spaces we will maintain the lower dimensiona relations we determine for the m&k
when we explore the higher dimensional spaces.
Throughout the development we will see that the various hypercomplex algebras could

be developed in alternative fashions by various combinations of signs m& “ and
metrics. However, we shall for simplicity generally restrict the discussion to
constraining the signs only and keeping products of theform e; ee; positive.
Although in this chapter we develop the hypercomplex product by determining more

and more constraints on the signs m&* that give us the properties we want of the
number systems R, C, Q, and O, it can be seen that thisis only one direction out of the
multitude possible. Many other consistent algebras could be developed by adopting

: .o mxk
other constraints amongst thesigns "o

e e6;

11.2 Some Initial Definitions and Properties

The conjugate

The conjugate of a Grassmann number X is denoted X° and is defined as the body X,
(scalar part) of X minusthe soul Xs (non-scalar part) of X.
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X=X, + Xs XC == Xy - X 11.2
Distributivity
The first property we define of the Hypercomplex product isits distributivity.
(Z a] of == (a°/3) 11. 3
= om )k m ok
o == o 11 4
o2 8] = 2 leeg)
Thenorm
The norm of a Grassmann number X is denoted n [ X] and is defined as the
hypercomplex product of X with its conjugate.
n[X] == XoX® == (Xo + Xs) © (Xp = Xs) == X%p” - Xs o Xs 11.5
Factorization of scalars
From the definition of the hypercomplex product we can use the properties of the
generalized Grassmann product to show that scalars may be factorized out of any
hypercomplex products:
(aa)oﬁzzao(aﬁ) ==a(a°/3) 11.6

Multiplication by scalars

The next property we will require of the hypercomplex product is that it behaves as

expected when one of the elementsisa scalar. That is:
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aob=boa=ba 11. 7
m m

m

From the relations 11.7 and the definition 11.1 we can determine the constraints on the
m 2, k . . . .
o which will accomplish this.

Mn[mO0]
ma2x, 0 moO,0 mo, 0
aob = Z 0 aAb= 0o aab= 0 ba
m maA m m
A=0
M n[0, m
0, A, m 0,0, m 0,0, m
boa == Z 0 bAa= "0 bra= "0 ba
m P A m m m

: . .  k . :
Hence the first constraints we impose on the M5 " to ensure the properties we require
for multiplication by scalars are that:

mgo __0gm 11.8

Thereal numbersR

The real numbers are a simple consequence of the relations determined above for scalar

multiplication. When the grades of both the factors are zero we have that o g’ ° .

Hence:

aocb=beca=ab 11.9

The hypercomplex product in a space of zero dimensions is therefore equivalent to the
(usual) redl field product of the underlying linear space. Hypercomplex numbersin a
space of zero dimensions are therefore (isomorphic to) the real numbers.

11.3 The Complex Numbers C

Constraints on the hypercomplex signs

Complex numbers may be viewed as hypercomplex numbers in a space of one
dimension.

In one dimension all 1-elements are of the form ae, where a isa scalar and e isthe
basis el ement.
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Let a be a 1-element. From the definition of the hypercomplex product we see that the
hypercomplex product of a 1-element with itself isthe (possibly signed) scalar product.

MnI[l,1]
1,21 1,0,1 1,1,1 1,1,1
ao°caq == Z o alAa == O aAaa+ O aea == o aea
A
A=0

In the usua notation, the product of two complex numbers would be written:

(a+ib) (c+id) = (ac-bd)+i(bc+ ad)
In the general hypercomplex notation we have:

(a+be)o(c+de) ==acc+ac(de) + (be)oc+ (be)o(de)
Simplifying thisusing the relations 11.6 and 11.7 above gives:

(ac+bdece) + (bc+ad) e =

(ac +bd1’clf’leee) +(bc+ad)e

Isomorphism with the complex numbers is then obtained by constraining Y5leoeto
be-1.

One immediate interpretation that we can explore to satisfy thisisthat e isaunit 1-

element (with eee == 1), and Yot

Thisthen isthe constraint we will impose to allow the incorporation of complex
numbers in the hypercomplex structure.

LLl 1 11. 10

Complex numbers as Grassmann numbers under the
hyper complex product

The imaginary unit i isthen equivalent to a unit basis element (e, say) of the 1-space
under the hypercomplex product.

i == eoe = 11.11

fiod==-161-==-1 11.12

In thisinterpretation, instead of the i being anew entity with the specia property
i? == -1, the focusis shifted to interpret it as a unit 1-element acting under a new
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product operation o. Complex numbers are then interpreted as Grassmann numbersin a
space of one dimension under the hypercomplex product operation.

For example, the norm of acomplex number a+g == a+be == a+b i can be calculated
as:

nfa+B] = (a+B)o(a-p) =a’-Bof=2a’+BOB=a +b’

n[a+pB] =a’ +BOR =a’ +b? 11.13

11.4 The Hypercomplex Product in a 2-Space

%% Tabulating productsin 2-space

From our previous interpretation of complex numbers as Grassmann numbersin a
space of one dimension under the hypercomplex product operation, we shall require
any one dimensional subspace of the 2-space under consideration to have the same
properties.

The product table for the types of hypercomplex products that can be encountered in a
2-gpace can be entered by using the GrassmannAl gebra function
Hyper conpl exPr oduct Tabl e.

T = Hyper conpl exProduct Tabl e[ {1, a, B, aAB}]

{{lel, 1oa, 108, 1o (anB)},
{ael, aca, aoB, ac (arB)}, {Bel, Boa, BoB, Bo (anB)},
{(anB)ol, (axnB)oa, (axrB)of, (axnrB)o(anrpB)}}

To make this easier to read we format this with the GrassmannAlgebra function
Tabl eTenpl at e.

Tabl eTenpl ate [T]

101 loa 1op3 lo (anp)

aol aoa aof3 oo (oaf)

Bel Boa Beop Bo (arp3)
(anB)el (anB)eal (anB)oB| (aanB) e (anp)

Products where one of the factors is a scalar have aready been discussed. Products of a
1-element with itself have been discussed in the section on complex numbers. Applying
these results to the table above enables us to simplify it to:
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1 a B arf

a - (ax6a) acf3 aco (aaf)
B Bea - (BeB) Be (aap)
arf (aaB)ea (aaB) o (aaB)e (anp)

In thistable there are four essentialy different new products which we have not yet
discussed.

aop ae (aap) (xaB)ca (axaB) o (anp)

In the next three subsections we will take each of these products and, with a view to
developing the quaternion algebra, show how they may be expressed in terms of
exterior and interior products.

The hypercomplex product of two 1-elements

From the definition, and the constraint L é’ t .. 1 derived above from the discussion

on complex numbers we can write the hypercomplex product of two (possibly) distinct
1-elements as
1,0,1 1,1,1 1,0,1
acfl== o aafl+ o (a©f) = o aarf- (axa©f)
The hypercomplex product e a can be obtained by reversing the sign of the exterior
product, since the scalar product is symmetric.

o _ 1,0,1 o
ach = » 1‘“’3‘(“ R) 11. 14
Beas=-"0 arB- (a6p)

The hypercomplex product of a 1-element and a 2-element

From the definition of the hypercomplex product 11.1 we can obtain expressions for
the hypercomplex products of a 1-element and a 2-element in a 2-space. Since the
space is only of two dimensions, the 2-element may be represented without loss of
generality as a product which incorporates the 1-element as one of its factors.

MnI[1,2]
1,22
oo (aapB) = Z G an (anp) =
A=0

2 1,1,2

l’g' ar(aaf) + é (aafB) ©a

2001 4 26



ExploringHypercomplexAlgebra.nb 9

Mn[2,1]
(aAB)Oa:: Z o (a/\B)éa::
A=0
2,0,1 2,1,1
o (aaBB)ra+ o (aaf)ea

Since the first term involving only exterior products is zero, we obtain:

1'é2 (arB) ©a
211 11. 15
o (aafl)Oa

ae (arpB) =

(aAB) oQ ==

The hypercomplex square of a 2-element

All 2-elements in a space of 2 dimensions differ by only a scalar factor. We need only
therefore consider the hypercomplex product of a2-element with itself.

The generalized product of two identical elementsiszero in all cases except for that
which reduces to the inner product. From this fact and the definition of the
hypercomplex product we obtain

(aaB)o(arB) ==
Mni2 2] 2,2 2,2,2
K (aAB)g(aAB) == 0 (aaB) O (arp)

A=0

(@aB) o (aaB) == &~ (aaB)© (anB) 11.16

The product tablein terms of exterior and interior products

Collecting together the results above, we can rewrite the hypercomplex product table
solely in terms of exterior and interior products and some (as yet) undetermined signs.

a B aarfl
1,0,1 1,1,2
- (a6 a) c aaf3B- (a6f) o (aap)E€E
1,0,1 1,1,2 11. 17
-0 aaB- (a6B) -(BepB) o (aaB)E
2,1,1 2,1,1 2,2,2
} o (aaf)Oa o (aafB)ep o (aaf) 6 (a
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11.5 The Quaternions Q

The product table for orthonormal elements

Suppose now that a and B are orthonormal. Then:
aea=peB =1

aeB == (a/\B)ea ==
(a0a) B (aaB) & (aaf) = (aba) (BOB)

The hypercomplex product table then becomes:

1 a B asf
1,0, 1 1,1,2
a -1 o aaf c B
1,0, 1 1,1,2
B - o aaf -1 - o a
2,1,1 2,1,1 2,2,2
aafl c B - o a (o

Generating the quaternions

Exploring a possible isomorphism with the quaternions leads us to the correspondence:

a— 1 B— 17 arfB — k 11.18

In terms of the quaternion units, the product table becomes:

1 i J k

. 1,0,1 1,1,2

1 -1 o k o J

. 1,01 1,1,2,

J - o k -1 - o 1
2,1,1 , 2,1,1, 222

k c J - o 1 (o]

To obtain the product table for the quaternions we therefore require:

1’g"1==1 l‘é’2:= -1 Z’é"l:l 213'123 -1 11. 19

These values give the quaternion table as expected.
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1 1 |3 k
i -1 k| -3
. . 11. 20
J -k -1 1
k 3 -1 -1

Substituting these values back into the original table 11.17 gives a hypercomplex
product table in terms only of exterior and interior products. This table defines the real,
complex, and quaternion product operations.

1 ‘ a ‘ B ‘ aafl

a  -(aea) arB- (a6B) -(arB)ea 11 91
B -aaB-(aBB) -(BEB) | -(aaB)eRB

arB  (aaB)Oa  (arB)OB - (arB)O (arp)

The norm of a quaternion

Let Qbe aquaternion given in basis-free form as an element of a 2-space under the
hypercomplex product.

Q==a+a+aaf 11. 22

Here, aisascaar, a isal-element and aaf is congruent to any 2-element of the space.

The norm of Qisdenoted n[ @ and given as the hypercomplex product of Qwith its
conjugate (F . expanding using formula 11.5 gives:

n[Q] = (Aa+a+aaB)e(a-a-aaf) =
a? - (a+aafB)o(a+aaf)

Expanding the last term gives:

n[Q] =a® -aca-ao (aaf) - (aaf)oa~- (arB)e (arp)
From table 11.21 we see that:

ao(aap) =-(arfB)Oa (aaB)oa== (arB)Oa
Whence:

ao (GAB) == —(a/\B) oa

Using table 11.21 again then allows usto write the norm of a quaternion either in terms
of the hypercomplex product or the inner product.
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n[Ql =a’ -aca- (aspB) o (anrp) 11. 23

n[Q] =a? +aea+ (aaB) O (arp) 11. 24

Intermsof 4, 3, and k
Q=za+bi+cjy +dk

n[Q] =a’-(bi+cj)o(bi+c3)- (dk)o(dk)
=a” -b? (doi) -c? (Foj) -d? (kok)

=a’ +b? (iei) +c? (joj) +d? (kek)

=a’ +b? +c? +d?

The Cayley-Dickson algebra

If we set a and B to be orthogonal in the general hypercomplex product table 11.21, we
retrieve the multiplication table for the Cayley-Dickson algebra with 4 generators and 2
parameters.

1 a B aafl

a -(a6a) aaf -(a6a) B 11. 25
B -aarf | -(BOB) (BeB) a
arf (aa) B -(BEB) a - (aca) (BEB)

In the notation we have used, the generators are 1, a, 8, and aAB. The parameters are
aea and Beg.

11.6 The Norm of Grassmann number

Thenorm

The first property that R, C, Q, and O possess in common is that of being normed.

The norm of a Grassmann number X is denoted n [ X] and has been defined in 11.5 as
the hypercomplex product of X with its conjugate.

AIX] == XoXE = (Xo + Xs) © (Xo - Xs) = Xp? = Xs o Xs
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The norm of an m-element a isthen denoted n [a] and defined as the hypercomplex
m m
product of a with its conjugate a® . If a is not scalar, then a® issimply - a. Hence
m m m m m

n[a] =aoa’ = —aoa m# 0 11. 26
m m m m m

We require that the norm of any element be a positive scalar quantity.

The norm of a simple m-element

If a issimple, then the generalized Grassmann product a Aa iszero for al A except A
m m m

equal to m, in which case the generalized product (and hence the hypercomplex
product) becomes an inner product. Thus for m not zero we have:

mmm
aoca = 0 aea m#0
m m m m

Equation 11.26 then implies that for the norm to be a positive scalar quantity we must

have o = -1,
n[a] =ada a sinple 11. 27
m m m m
mmm_ 11. 28

The norm of ascalar aisjust a == aea, so this formula 11.27 applies also for m
equal to zero.

The skew-symmetry of products of elements of different grade

We consider ageneral Grassmann number X == a+A, where a isits body (scalar
component) and Aisits soul (non-scalar component). We define the norm »[ X] of Xin
the standard way as the hypercomplex product of X with its conjugate XC .

n[X] = XoX; = (@a+A) o (a-A) =a’-AocA
The norm of X can be written in terms of X as;
n[X] = Body [X]? - Soul [X] °Soul [X]

To investigate the norm further we look at the product Ae A. Suppose A is the sum of
two (not necessarily simple) elements of different grade: an m-element a and ak-

element 8 . Then Ae A becomes:
k
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AoA == (a+/3)°(a+/3) =aoca+acfB+pBoa+fBof
m ok m k mm mk k m k k
We would like the norm of ageneral Grassmann number to be a scalar quantity. But

none of the generalized product components of a o{(s or |/<3 °a can be scalar if mand k

are different, so we choose to make 3 e a equal to - a o {(3 as afundamental defining
k m

axiom of the hypercomplex product, thus eliminating both products from the
expression for the norm. This requirement of skew-symmetry can always be satisfied
because, since the grades are different, the two products are aways distinguishable.

acp=-pBoa 11. 29

m K

The norm of a Grassmann number in terms of hyper complex
products

More generally, suppose A were the sum of several elements of different grade.

A=a+B+v+..
m k p

The skew-symmetry axiom then allows us to write Ac A as the sum of hypercomplex
sguares of the components of different grade of A.

AoA == (a+/3+x+..]°(a+/3+x+..] =aoca+ o +yoy+...
m -k p m -k p k k p p

And hence the norm is expressed simply as

n[X] =a% -aoa-Bof-yoy-..
m m k k p p

2
nla+a+B+y+..|]=a —-acea-pLo-yoy-...
[m{fg] aca-Bof-yoy 11. 30

The norm of a Grassmann number of smple components

Consider a Grassmann number Ainwhich the elements a, B, ... of each grade are
m Kk
simple.

A=a+B+v+..
m k p

Then by 11.28 and 11.30 we have that the norm of Ais positive and may be written as
the sum of interior products of the individual simple elements.
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2
nfa+a+B+y+..] =a + aa+ LOL+ YOy + ...
[a+a+Brys.] aca+ OB+ yoy 11.31

The norm of a non-simple element

We now turn our attention to the case in which one of the component elements of X
may not be simple. Thisisthe general case for Grassmann numbers in spaces of
dimension greater than 3, and indeed is the reason why the suite of normed
hypercomplex numbers ends with the Octonions. An element of any grade in a space of
any dimension 3 or less must be ssimple. So in spaces of dimension 0, 1, 2, and 3 the
norm of an element will always be a scalar.

We now focus our attention on the product a e a (where a may or may not be simple).
m m m

The following analysis will be critical to our understanding of how to generalize the

notion of hypercomplex numbers to spaces of dimension greater than 3.

Suppose a is the sum of two simple elements a; and a, . The product a o a then
m m m m m
becomes:

aoaq == (al +a2)°(a1 +a2) = Q1 °Q1 +A1 °02 + A2 °Q1 + 02 20
m m m m m m m m m m m m m m

Since a; and ap aresimple, a1 ea; and ay e ay are scalar, and can be written:

m m m m m m
aioa; +azx°ap == -1 901 -az Oa
m m m m m m m m

The expression of theremaining termsa; e az and ay e a; interms of exterior and

m m m m
interior products is more interesting and complex. We discuss it in the next section.

11.7 Products of two different elements of the
same grade

The symmetrized sum of two m-elements

We now investigate the remaining terms, products of two different elements of the same
grade. We have left this discussion to last as these types of term introduce the most
complexity into the nature of the hypercomplex product. It is their potential to
introduce non-scalar terms into the (usually defined) norms of hypercomplex numbers
of order higher than the Octonions that makes them of most interest.

Returning to our definition of the hypercomplex product and specializing it to the case
where both elements are of the same grade we get:
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m

ma,m
al °oap = Z o a1 Aap
m m 0 mA m

Reversing the order of the factors in the hypercomplex product gives:
0 A, m
oo °oa == Z ms o Aay
m m 0 m A m

The generalized products on the right may now be reversed together with the change of
sign (_1) (M-A) (M-A) _ (_1) (M-A) )

m

m A, m
o oy == E (_1)(m—/\) o a] Aar
m m 0 mAXA m

Thesum ay e ay + ap o a; May then be written finaly as:
m m m m

m

m A, m
ap oap + ap oay == Z 1+ (-1) ™)y "3 oy Ay 11. 32
m m m m oo mA m

Because we will need to refer to this sum of products subsequently, we will call it the
symmetrized sum of two m-elements (because the sum of products does not change if
the order of the elements is reversed).

Symmetrized sums for elements of different grades

For two (in general, different) smple elements of the same grade a; and a, we have
m m
shown above that:

m

ma,m
a1 °ay +0as 00y = Z L+ (-1)™" "6 a1 Aar
m m m m P mA m

Theterm 1 + (-1)™" will be 2 for mand A both even or both odd, and zero
otherwise. To get a clearer picture of what this formula entails, we write it out

explicitly for the lower values of m. Note that we use the fact already established that
mmm
o =-1.

e m=0

acb+boa==2ab 11. 33
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e m=1
ajoar +azoa; == -2 a; 9ay 11. 34
& m=2
2,0,2
aj °a +02 °aq; ==2( o alAaz—aleag) 11. 35
2 2 2 2 2 2 2
& m=3
3,1,3
ajoay +0p°o0] == ( o ai Aag—aleaz) 11. 36
3 3 3 3 313 3 3
& m=4

, 2,4
ap°ay +az °cag ==2( O ajAQx+ O Qi 90(2—0(160(2) 11. 37
4

The body of a symmetrized sum

We now break this sum up into its body (scalar component) and soul (non-scalar
components).

The body of a; e ay + az o a1 isthe inner product term in which A becomes equa to

m mm m m
m, that is; 2 me (a1 eag) .
m m
And since constraint 11.28 requires that B body of a e a becomes:
m m

Body [aoa] =a) o0 +BOdy[a1 cay + ay °a1] + 0o °ay
m m m m m m m m m m

= —(al ea; +2a19ay +as eag) =-aéa
m m m m m m m m

Hence, even if acomponent element like a isnot simple, the body of its hypercomplex

m
sguare is given by the same expression asiif it were simple, that is, itsinner product
square.
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Body [aoa] =-a0a 11. 38
m m m m

The soul of a symmetrized sum

The soul of a ¢ a isthen the non-scalar residue given by the formula:
m m

m-2
Soul [aea] = > (1+ (-1)™) "5 "y Ay 11. 39
m m = m A m

(Here we have used the fact that because of the coefficient (1 + (-1) (™% ), the
terms with A equal to m-1 is always zero, and we only sum to m-2).

For convenience in generating examples of this expression, we temporarily define the
soul of a o a asafunction of m, and denoteit n[ M . To make it easier to read we
m m

convert the generalized products where possible to exterior and interior products.

m-2
ngm7:= Z L+ (1) ™0y "E " Aay 7/
AT0 m A m

General i zedProduct Si nplify

With this function we can make a palette of souls for various values of m. We do this
below for mequals 1 to 6 to cover spaces of dimension from 1 to 6.

Pal etteTenpl ate[Table[{m n[m]}, {m 1, 6}]]

1 0
2,0, 2
2 2 0 a1 A0
2 2
31,3
3 2(a1Aa2) o
313
4,2, 4 4,04
4 2(a1Aa2) O +2 0 0 A0
4 2 4 4 4
51,5 5,3,5
5 2(0(1AO(2) (o) +2(O(1AO(2) o
5 15 5 3 5
6,2, 6 6,4, 6 6,0, 6
6 2(a1Aa2) o +2(a1Aa2) o +2 0 o1 A0
6 2 6 6 4 6 6 6

Of particular note is the soul of the symmetrized sum of two different simple 2-
elements.
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This 4-element is the critical potentially non-scalar residue in a norm calculation. It is
always zero in spaces of dimension 2, or 3. Hence the norm of a Grassmann number in
these spaces under the hypercomplex product is guaranteed to be scalar.

In aspace of 4 dimensions, on the other hand, this element may not be zero. Hence the
space of dimension 3 is the highest-dimensional space in which the norm of a
Grassmann number is guaranteed to be scalar.

We have aready seen that Grassmann numbers in a 2-space under the hypercomplex
product generate the quaternions. In the next section we shall see that Grassmann
numbers in a 3-space under the hypercomplex product generate the Octonions. The
Octonions therefore will be the last hypercomplex system with a scalar norm.

Summary of results of this section

Consider ageneral Grassmann number X.

X=a+a+B+y+...
m k p

Here, we suppose a to be scalar, and the rest of the terms to be nonscalar simple or non-
simple elements.

The generalized hypercomplex norm »[ X] of X may be written as:

n[X] =a? -aca-BoB-yoy- ..
mm ok k p op

The hypercomplex square a © a of an element, hasin general, both abody and a soul.
m
The body of a ° a isthe negative of the inner product.
m m
Body [a Oa] =-aoa
m m m m
The soul of a o a depends on the terms of which it is composed. If
m m

a = ajp +ap +ag + ...then
m m m m

Soul [%0%] =

m-2

ma,m
Z (1+ (-1) (MDY g (alAa2+a1Aa3+a2Aa3+..)
0 mAXA m m A m mAXA m

If the component elements of different grade of X are smple, then its soul is zero, and
its norm becomes the scalar:
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n[X] == a® +aea+LBOBR+yYOY+ ...
m m k k p p

Itisonly in 3-space that we are guaranteed that all the components of a Grassmann
number are simple. Therefore it is only in 3-space that we are guaranteed that the norm
of a Grassmann number under the hypercomplex product is scalar.

11.8 Octonions

To be completed
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12.17 Rotations
To be completed

12.1 Introduction

In this chapter we define a new type of algebra: the Clifford algebra. Clifford algebra was
originally proposed by William Kingdon Clifford (Clifford ) based on Grassmann's ideas.
Clifford agebras have now found an important place as mathematical systems for describing
some of the more fundamental theories of mathematical physics. Clifford algebrais based on a
new kind of product called the Clifford product.

In this chapter we will show how the Clifford product can be defined straightforwardly in terms
of the exterior and interior products that we have aready developed, without introducing any
new axioms. This approach has the dual advantage of ensuring consistency and enabling all the
results we have developed previously to be applied to Clifford numbers.

In the previous chapter we have gone to some lengths to define and explore the generalized
Grassmann product. In this chapter we will use the generalized Grassmann product to define the
Clifford product in its most genera form as a simple sum of generalized products. Computations
in general Clifford algebras can be complicated, and this approach at least permits us to render
the complexities in a straightforward manner.

From the genera case, we then show how Clifford products of intersecting and orthogonal
elements simplify. Thisis the normal case treated in introductory discussions of Clifford algebra.

Clifford algebras occur throughout mathematical physics, the most well known being the red
numbers, complex numbers, quaternions, and complex quaternions. In this book we show how
Clifford algebras can be firmly based on the Grassmann agebra as a sum of generalized
Grassmann products.

Historical Note

The seminal work on Clifford algebra is by Clifford in his paper Applications of Grassmann's
Extensive Algebra that he published in the American Journal of Mathematics Pure and Applied
in 1878 (Clifford ). Clifford became a great admirer of Grassmann and one of those rare
contemporaries who appears to have understood his work. The first paragraph of this paper
contains the following passage.

Until recently | was unacquainted with the Ausdehnungslehre, and knew only so much
of it as is contained in the author's geometrical papers in Crelle's Journal and in
Hankel's Lectures on Complex Numbers. | may, perhaps, therefore be permitted to
express my profound admiration of that extraordinary work, and my conviction that its
principles will exercise a vast influence on the future of mathematical science.
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12.2 The Clifford Product

Definition of the Clifford product

The Clifford product of elements a and E is denoted by a ¢ E and defined to be

Mn[mKk]

m ok 2=0

aof = Z (_1)A(m—)t)+%)t()t—1) (%%E)

Here, a QE is the generalized Grassmann product of order A.

12.1

The most surprising property of the Clifford product is its associativity, even though it is defined
in terms of products which are non-associative. The associativity of the Clifford products is not

directly evident from the definition.

% Tabulating Clifford products

In order to see what this formula gives we can tabulate the Clifford products in terms of
generalized products. Here we maintain the grade of the first factor general, and vary the grade

of the second.

Tabl e[

{aeB, Sum[CreateSignedGeneralizedProducts[a] [a B], {A, O, k}]},
m  k m  k

{k, 0, 4}] 7/ SinplifySigns // Tabl eForm

I 1

aeB  ggh- (D" (age)

a°8  ggg- D" (agg)-age

208 agg- LT (ass)-ager D7 (2eg)
acf  apgm DT (ao8) ager D" (xp) +a
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% The grade of a Clifford product

It can be seen that, from its definition 12.1 in terms of generalized products, the Clifford product
of a ande is asum of elements with grades ranging from m+ kto | m- k| in steps of 2. All the

elements of a given Clifford product are either of even grade (if m+ kis even), or of odd grade
(if m+ kisodd). To caculate the full range of grades in a space of unspecified dimension we
can use the GrassmannAlgebra function RawGr ade. For example:

RawGrade[aoB]
3 2
{1, 3, 5}

Given a space of a certain dimension, some of these elements may necessarily be zero (and thus
result in a grade of G- ade0), because their grade is larger than the dimension of the space. For
example, in a 3-space;

Vs, Grade[aofs]
3 2
{1, 3, Grade0}

In the genera discussion of the Clifford product that follows, we will assume that the dimension
of the space is high enough to avoid any terms of the product becoming zero because their grade
exceeds the dimension of the space. In later more specific examples, however, the dimension of
the space becomes an important factor in determining the structure of the particular Clifford
algebra under consideration.

% Clifford products in terms of generalized products

As can be seen from the definition, the Clifford product of a simple m-element and a simple k-
element can be expressed as the sum of signed generalized products.

For example, oo B may be expressed as the sum of three signed generalized products of grades
2

1, 3 and 5. In GrassmannAlgebra we can effect this conversion by applying the
ToGener al i zedPr oduct s function.

ToGener al i zedPr oduct s [gz ° /3]
2
965988988
Multiple Clifford products can be expanded in the same way. For example:

ToCGeneral i zedPr oduct s [gz oBoy]
2

lgag) ey (gaglavloss)ovlaagav-lgsp)ave-lgag) e
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ToCener al i zedProduct s can aso be used to expand Clifford products in any Grassmann
expression, or list of Grassmann expressions. For example we can express the Clifford product
of two general Grassmann numbers in 2-space in terms of generalized products.

V,; X=CreateG assmannNunber [£] ¢ Creat eG assmannNunber [§]
(o+e€1 &1 +€2 & +&3€1n€3) ¢ (Yo +€1 Y1 +€2Y2 +Yz3 €1 r€2)
X; = ToGeneral i zedPr oduct s [X]

50%2110 +§o§(el Y1) +§o%(ez U2) +§o§(2//3 €1 r€2) + (€1 &1) %2//0+
(9151)%(912//1)+(91§1)% 8
(€2 &2) A (€1 Y1) + (€2 &2) A (€2 Y2) + (€2 &2) A (Y3 €1 r€2) +

(E3 €1 r€2) %2//0+ (&3 e1”92)%(91 Y1) + (§3elAez)§(ez U2) +

(€2 Y2) + (€1 &1) A (Y3 €1 r€2) + (€2 &2) %l/foJr

(E3 €1 r€2) A (Ug €1 r€2) + (€1 &1) A (€1 ¥1) + (€1 &1) & (€2 U2) +
(Use1r€2) + (€2 &) A (€1 U1) + (€2 &2) A (€2 U2) +

A
1

(€2 &2) A (Vs e1r€2) - (E3 €1 1€2) A (€1 ¥1) - (S3 €1 r€2) A (€2 ¥2) -
e

% Clifford products in terms of interior products

The primary definitions of Clifford and generalized products are in terms of exterior and interior
products. To transform a Clifford product to exterior and interior products, we can either apply
the GrassmannAlgebra function Tol nteri or Product s to the results obtained above, or
directly to the expression involving the Clifford product.

Tol nt eri or Product s [aols]
3 2

—(aa rop ~a3OB1AB2) + (A2 A030B1) ~fB2 -
(0g rap nag©fBa) Ay +ag ~ap ~ag ~fB1 A B2

Note that Tol nt eri or Pr oduct s works with explicit elements, but also as above, automatically
creates asimple exterior product from an underscripted element.

Tol nteri or Product s expands the Clifford product by using the A form of the generalized
product. A second function Tol nt eri or Pr oduct sB expands the Clifford product by using the
B form of the expansion to give a different but equivalent expression.

Tol nt eri or Product sB[aoB]
3 2

—(a1 r0p A3 OB1 AB2) —01 A2 ~03 ABLOB2 +
O A0 A0 AB2 OB +0y A0 A0z AB1L A B2

In this example, the difference is evidenced in the second and third terms.
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% Clifford products in terms of inner products

Clifford products may also be expressed in terms of inner products, some of which may be
scalar products. From this form it is easy to read the grade of the terms.

Tol nner Product s [a ° /3]
3 2

o1 A3 O L1 AB2) 02 -

03 ©B2) 0u A0 A B +

0 ©B2) o1 ro3 AB1 — (02O B1) og Aoz AR -
01 OfB1) 02 A3 AfB2 +01 A0z AQ3 A fB1 A2

~(ag r0o3 ©B1 ~fB2) o1 +
(01 ~02©B1 ~B2) a3 -
(03 ©B1) ag ~n0op ~ B2 +
(01 ©B2) oz roz APy +

(
(
(
(

% Clifford products in terms of scalar products

Finally, Clifford products may be expressed in terms of scalar and exterior products only.

ToScal ar Product s [a ° /3]
3 2

(a2©B2) (az©PB1) au - (2©B1) (a3©PB2) g —
(1 ©B2) (3 ©B1) 02 + (1 ©B1) (A3©B2) 2 +
(01 ©B2) (02©B1) o3 -~ (1©B1) (2©B2) a3 — (3O B2) 01 ~ Q2 ~ By +
(03 ©PB1) ar rp A~ + (02O B2) ag nag A1 - (026B1) ag ~rag A B2 —
(01 ©B2) ag a0z ~fBr + (WO B1) G2 ~03 AB2 +01 A0z AQ3 ~fB1 A2

12.3 The Reverse of an Exterior Product

Defining thereverse

We will find in our discussion of Clifford products that many operations and formulae are
simplified by expressing some of the exterior products in aform which reverses the order of the
1-element factors in the products.

We denote the reverse of asimple m-element « by a , and define it to be:

(a1 AazA"-Aam)T == QA Q-1 A **c A Q] 12.2

We can easily work out the number of permutations to achieve this rearrangement as
1
2 m(m- 1) . Mathematica automatically smplifies (-1)z ™™ toim(m1)

2001 4 26



ExploringCliffordAlgebra.nb 8

1
aT == (—1) zMm (m-1) a == fl.m (m-1) a 12. 3
m m m

The operation of taking the reverse of an element is called reversion.

In Mathematica, the superscript dagger is represented by SuperDagger. Thus
Super Dagger [a] returnsa’ .
m m

The pattern of signs, as mincreases from zero, aternatesin pairs.

i1 -1, -1,11 -1 -111 -1, -1, -

& Computing thereverse

In GrassmannAlgebra you can take the reverse of the exterior products in a Grassmann
expression or list of Grassmann expressions by using the function G assmannRever se.
GrassmannRever se expands products and factors scalars before reversing the factors. It will
operate with graded variables of either numeric or symbolic grade. For example:

GrassmannReverse[{1, x, xay, aa3, B, ae(B-Y)}]
3 k m k p

{1, X, yaX, 3azroz roz, Bk - B2 APB1,
OmA s A0 A0 OBk Aer Ao AL —QmA - A0 A0 OYp Aves AY2 AY1 )

On the other hand, if we wish just to put exterior products into reverse form (that is, reversing
the factors, and changing the sign of the product so that the result remains equal to the original),
we can use the GrassmannAlgebra function Rever seFor m

ReverseForm[{1, x, xay, % B, %e(/ks-wpr)}]

L (“14k) K
{1, X, =(yrX), —(agroprcg), L0 B nByapy,
R K I M a0 A OBk A A B A BL) -

jl(fl+m> m (-1+p) p (Otm A == A0 A O O©Yp At AY2 AYL )1

12.4 Special Cases of Clifford Products

% The Clifford product with scalars

The Clifford product of a scalar with any element simplifies to the usua (field) product.
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ToScal ar Product s [a o a]
m

aog AQ2 A AQm

a =a
ca=aa 12.4

Hence the Clifford product of any number of scalarsisjust their underlying field product.

ToScal ar Products[a<¢boc]

abc

% The Clifford product of 1-elements

The Clifford product of two 1-elementsiis just the sum of their interior (here scalar) and exterior
products. Hence it is of grade {0, 2}.

ToScal ar Products[x ¢y]

XOY +X nY

Xoy z=XAYy +XOY 12.5

The Clifford product of any number of 1-elements can be computed.

ToScal ar Products[x ey ¢2z]

Z (XOY) -y (XOZ) +X (YOZ) +X Ay rZ

ToScal ar Product s[woeX oy ¢ 7]

(WOZ) (XOY) - (WOY) (XeZ) + (WOX) (YOz) + (YOZ)WaX - (XOZ) WAY +
(XOY) WAZ + (WOZ) XAy - (WOY) XAaZ+ (WOX)YAZ+WAXAYAZ

The Clifford product of an m-element and a 1-element

The Clifford product of an arbitrary simple m-element and a 1-element results in just two terms:
their exterior and interior products.

Xoa=XAad+a6X
a x+a 12.6
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::A——lme
aoX =aax - (-1) adX 12.7

By rewriting equation 12.7 as:

(-1)"aoX =Xra-abX
m m m

we can add and subtract equations 12.6 and 12.7 to express the exterior product and interior
products of a 1-element and an m-element in terms of Clifford products

1
an==—(x<>a+(—1)ma<>x) 12.8
m 2 m m
1
aeX = — (xoa—(—l)maox) 12.9
m 2 m m

The Clifford product of an m-element and a 2-element

The Clifford product of an arbitrary m-element and a 2-element is given by just three terms, an
exterior product, a generalized product of order 1, and an interior product.

- AR = (- m -
acf =oarf-(-1)"asp-a0p 12. 10

m 2 m 2

% The Clifford product of two 2-elements

By way of example we explore the various forms into which we can cast a Clifford product of
two 2-elements. The highest level is into a sum of generalized products. From this we can
expand the terms into interior, inner or scalar products where appropriate.

We expect the grade of the Clifford product to be a composite one.

RawGrade [ (X ay) ¢ (UaV)]

{0, 2, 4}

ToGeneral i zedProducts[(Xay) ¢ (UaV)]

xAyguAvfoy%uAvfoyguAv
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The first of these generalized products is equivalent to an exterior product of grade 4. The
second is a generalized product of grade 2. The third reduces to an interior product of grade 0.
We can see this more explicitly by converting to interior products.

TolnteriorProducts[(Xay) ¢ (UaV)]
—(UAVOXAY) - (XAYOU) AV+ (XAYOV)AU+UAVAXAY
We can convert the middle terms to inner (in this case scalar) products.

Tol nnerProduct sS[(Xay) ¢ (UaV)]

—(UAVEXAY) + (VOY) UAX -
(VEX)Ury - (UBY)VAaAX+ (UBX)VAY +UrAVAXAY

Finally we can express the Clifford number in terms only of exterior and scalar products.

ToScal arProducts[ (X ay) ¢ (UaV)]

(uey) (vex) - (uex) (vey) + (Vey) uax -
(VEX)Ury - (UBY)VAaAX+ (UBX)VAY +UrVAXAY

The Clifford product of two identical elements

The Clifford product of two identical elements y is, by definition
P

P
1
Yoy Z (-1)* PRz 20D (YAY)
PP F s PAp

Since the only non-zero generalized product of the form Ay is that for which A = p, that is
P P

¥ vy, we have immediately that:
P P

1
yoy = (-1)zZP P yoy
p p p p

Or, dternatively:

YOy =y oy =yoy' 1211
p P p p p P
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12.5 Alternate Formsfor the Clifford Product

Alternate expansions of the Clifford product

The Clifford product has been defined in Section 12.2 as:

Mn[m k] i
as - Z (_1))\(m-)\)+?—)\()\—1) (aAB)
k m 2k

m
A=

o

Alternate forms for the generalized product have been discussed in Chapter 10. The generalized
product, and hence the Clifford product, may be expanded by decomposition of «, by

decomposition of E or by decomposition of both a and E

% The Clifford product expressed by decomposition of the
first factor

The generalized product, expressed by decomposition of a is:

(3)

alAP = a A(Bea') a=oa' ral =a’rad?® = ..
m Ak . 2 m A ma A ma

i=1

Substituting this into the expression for the Clifford product gives:

Mn[m k] (:}) i
aof = Z(_l))\(n»-)\)+?-)\()\-1) a A(Bea')
m Kk m-2a k
A=0 i=1
a=oa' ral =a’ra® =
m A ma A ma

Our objective isto rearrange the formula for the Clifford product so that the signs are absorbed
into the formula, thus making the form of the formula independent of the values of mand A. We
can do this by writing (-1) 7 * b o« =a " (where o " is the reverse of o ) and
interchanging the order of the decomposition of a into a A-element and a (m-A)-element to
absorb the (-1)* ™ factor: (-1)* ™ a = a' ra' = o® ana? = --- .

o A
m m-a A m-a A

Mn[m k] (:)) t
aOB == al A (Beal )
m Kk m-a K 2

A=0 i=1

a == al Aal == a2 Aa2 ==
m m-a A m-a A
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Because of the symmetry of the expression with respect to A and (m-A), we can write u equal to
(m-2) and then A becomes (m-u). This enables us to write the formula a little simpler by
arranging for the factors of grade u to come before those of (my). Finally, because of the
inherent arbitrariness of the symbol i, we can change it back to A to get the formulain a more
accustomed form.

Mn[mKk] (:)) _ -
aofB = Za' A(Bea' )
m K = / A k m2a 12.12
= i=1
az=ataral =a’ad? =
m A mA A ma

The right hand side of this expression is a sum of interior products. In GrassmannAlgebra we
can develop the Clifford product o/ks as a sum of interior products in this particular form by

using Tol nt er i or Pr oduct sD (note the final 'D'). Since a isto be decomposed, it must have an
m
explicit numerical grade.

B Examplel

We can expand any explicit elements.

Tol nteriorProductsD[(Xay) ¢ (UaV)]

XAYOVaU+Xar (UAVEY) =Y A (UAVEX) +UAVAXAY

Note that this is a different (although equivalent) result from that obtained using
Tol nteriorProducts.

TolnteriorProducts[(Xay) ¢ (UaV)]
—(UAVOXAY) - (XAYOU) AV+ (XAYOV)AU+UAVAXAY
B Example 2

We can aso enter the elements as graded variables and have GrassmannAlgebra create the
requisite products.

Tol nt eri or Product sD[aoB]
2 2
BraB2O0p ray +0a A (BrrB2Oaz) —02 A (BrrPB260n) +a1 A0z A1 A3
B Example3

The formula shows that it does not depend on the grade of g for its form. Thus we can still
k

obtain an expansion for general 3. For example we can take:
k
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A = Tol nteri or Product sD[goB ]
k

Beoy Aoy + 01 A (/390(2) - 02 A (/390(1) +01 AO2 Af3
k k k k

B Example4

Note that if k is less than the grade of the first factor, some of the interior product terms may be
zero, thus simplifying the expression.

B = Tol nteri or Product sD[goB ]
- (0 A0 ©B) + A0 AO2
If we put k equal to 1 in the expression derived for general kin Example 3 we get:

Al=A/. k-1

B0z oy +01 A (BEO2) —02 A (BOay) +01 A2 A f3

Although this does not immediately look like the expression B above, we can see that it is the
same by noting that the first term of Al is zero, and expanding their difference to scalar products.

ToScal ar Product s[B-Al]

0

Alternative expression by decomposition of the first factor

An aternative expression for the Clifford product expressed by a decomposition of a is obtained

by reversing the order of the factors in the generalized products, and then expanding the
generalized products in their B form expansion.

(-1)f V20D (gadl ) od

As before we write (-1) TAO-D oi ogl " and interchange the order of E and o:iA to absorb the
sign (-1)% (MY to get:

Mn[m k] (:})
aof = E (a' AB)ea'
m K m-2A Kk
=0 i=1
a=oa' ral =a’ra® =
m A ma A maa
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In order to get thisinto aform for direct comparison of our previously derived result in formula

12.12, we write (-1)* ™* q == al}\
to get finally:

1

AT = Q" A

A

2

. ,\2 = ... , then interchange A and (m-2) as before

Mn[mKk]

asfl
m
k =0

1

m A

W
Z (_1)A(m—)t) (Oi a
i=1

A==0 A X

1
m-2a

== a2 A az

A m-2

B
k

Jed,
oa
m-

12. 13

As before, the right hand side of this expression is a sum of interior products. In
GrassmannAlgebra we can develop the Clifford product a< g in this form by using
m ok

Tol nt eri or Product sC. Thisisdone in the Section 12.6 below.

The Clifford product expressed by decomposition of the second

factor

If we wish to expand a Clifford product in terms of the second factor @ , we can use formulas A
and B of the generalized product theorem (Section 10.5) and substitute directly to get either of:

k
Mn[m k] ()L) +
a o - -1 A (M-2) =) ] A ]
m E );) Z'( ) (m B)L ) kB-A 12. 14
= 1_1
B = BLAaBl = pZAp% = ...
k A k-a A k-a
k
Mn[m k] ()L)
a< == _1 A (M-2) oA ] (=) ]
m E b Z'( ) (m kB-A) B)L 12. 15
= ]:1
B = Brapl = BPAp? =
k A k-a A k-a
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The Clifford product expressed by decomposition of both

factors

We can similarly decompose the Clifford product in terms of both a and g. The sign
m k

(-1) 7 1 can be absorbed by taking the reverse of either oﬁ org .
A

2=0

12. 16

12.6 Writing Down a General Clifford Product

% Theform of a Clifford product expansion

We take as example the Clifford product ae E and expand it in terms of the factors of its first

factor in both the D form and the C form. We see that all terms except the interior and exterior
products at the ends of the expression appear to be different. There are of course equal numbers
of terms in either form. Note that if the parentheses were not there, the expressions would be
identical except for (possibly) the signs of the terms. Although these central terms differ
between the two forms, we can show by reducing them to scalar products that their sums are the

same.
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B TheD form

X = Tol nt eri or Product sD[gz ° /3]
k

/390(4 A3 A0 A0 + 0 A (/39014 A O3 /\Otg) -
k k

O A (/Seou A O3 /\O(l) + 03

g A (/Seot;; A O /\O(l)

g A Og A (/59013 /\Otg)

O3 A Olg A (/59012 /\O(l) + 04
)

O AO3 AQg A ([390{2
k

B TheC form

A O3 A (/39014 /\Otg) +
k
A Olg A (/39013 /\O(]_) +
k
A0 AOg A (/39013) +
k

AOp AO3 A0y /\/3
k

Note that since the exterior product has higher precedence in Mathematica than the interior
product, a; » Bea, iSequivaent to (a1 A /3) e a, , and no parentheses are necessary in the terms
k k

of the C form.

Tol nt eri or Product sC[aoB]
4K

BO0g A0z A0 A0 —01 A3004 AQ3 AQp +02 N304 A3 At —
k k k

a3 /\/390(4 AOp A0 + Oy /\/390(3 AOp A0 + 01 ~AOQ /\/390(4 AO3 —
k k k

01 AO3 AB3004 A0 + 01 AO4 A3003 AQp +02 AO3 A3O04 A0ty —
k k k

O A Oy /\/390(3 A0 + O3 /\O(4/\/39012 A — 01 A0 AQ3 /\/390(4+
k k k

O] AOp AOlg A3803 —01 AO3 AO4 N300 +02 AO3 A0lg ABOOL +Q1 AQp AOI3 AO4 Af3
k k k k

Either form is easy to write down directly by observing simple mnemonic rules.

& A mnemonic way to write down a general Clifford product

We can begin developing the D form mnemonically by listing the oﬁ . This list has the same

form asthe basis of the Grassmann algebra of a 4-space.

¢ 1. Calculate the Oi

These are al the essentialy different combinations of factors of al grades. The list has the same
form asthe basis of the Grassmann algebra whose n-element is .
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Decl areBasi s[4, a]; B=BasisA[]

{1, o, o2, 3, 04, Q1 AQ2, Q1 AQ3, O1 AC4, O2 AO3, O2 AO4, O3 A04,
O3 A0l A0, O AOpg AOlg, Og AO3 AOg, Op AO3 AQg, O] AOlp AOI3 A QY }

& 2. Calculate the cobasis with respect toa

A = Cobasi sA[]

{ar rap rag ray, Op A0z A0y, - (01 A03 A04),
01 A0z A0lg, —(Q1 A0 AQ3), O3 AQ4, — (02 AQ4), O2 ~03,
o1 A~ Og,y *(O(]_ /\Otg), a1 A0, Qg, —0O3, O2, —01, 1}

& 3. Takethereverse of the cobasis

R = GrassmannRever se [A]

{ag rag rnap nay, Og r03 A0p, - (04 A03 A01),
Og A0 A0, —(Q3 A0 AQ), O4 ~AQ3, — (04 AC2), O3 A02,
o4 n0y, -(Q3A01), O2 AOL, O4, —03, Q2, —C1, 1}

& 4. Taketheinterior product of each of these elements with/ks

S = Thr ead [BeR]
k

{/SGOMAO%AOQAO&, /SGOMAO!:;AOQ, /Se—(oqutngtl), /SGOMAOQAO!L

Be-(ozgrnap r0y), BEas r0g, BO- (04 r0z), BEag A0y, BO04 A0y,
k k k k

=

Be-(agnrou), BOay nou, BOA4, BE-03, BOay, BE-a1, BOl}
k k k k k k k

& 5 Taketheexterior product of the elements of thetwo listsB and S

T =Thread[BA S]

{1A (/Seont;;Aotngtl), ag A (/59014/\013/\012),

Oz A (EG*(OMAO%AO&))y az A (/59014A012A011)1 014A<§9*(013A012A011))1
ag A0z A (/SGOMAO!:;), o1 A Og A (EG*(OMAOQ)), o1 A Otg A (/SeasAOlz),

Qz A Q3 A (/SGOMAOQ), O A Oty A (/Se—(otngtl)), g A 0tg A (/SeazAOll),

o1 AO2 AO3 A (/Seou), o1 A0 AOg4 A (/Se—otg), o1 A3 AOg A ({(390(2),

Oz A O3 A Qg A (/39*011), 01 A0 AOE A O A (/391)}
K K
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& 6. Add theterms and simplify the result by factoring out the scalars

U= Fact or Scal ars [Pl us ee T]

/390(4 A3 A0 A0 + 0 A (/390(4 A O3 /\Otg) -

k k

oo A (/390(4 A O3 /\O(]_) + 03 A (/390(4 A O A O
k

O(4/\(/390(3/\O(2/\O(1 +O(1/\O(2/\(/39014/\O(3 70(1/\013/\(/390(4AO(2)+
k k

g3 A Og A (/390(2 A1 | +01 A0 AO3 A (/390(4 - 01 AQ02 AQg A (/390(3) +

k k

O(l/\O(4/\(/390(3/\O(2)+O(2/\O(3/\(/390(4/\O(1)70(2/\O(4A(/390(3AO(1)+
k k
) )+011A012A013A014A/3

01 A O3 A Qg A (/39012 — 0 O3 AQOg A (/390!1
K

& 7. Comparetotheoriginal expression

X=U

True

12.7 The Clifford Product of I ntersecting
Elements

General formulae for intersecting elements

Suppose two simple elements ¥ ~a a and y » 8 which have a simple element ¥ in common. Then
p p kK p

m

by definition their Clifford product may be written as a sum of generalized products.

(e (yoe) -

But it has been shown in Section 10.12 that for A = p that:

(yAa) A (7{/\ )-—( 1)P AP ((yAa) A /3) ey
p m p M) -p+rk p

Substituting in the formula above gives:

Mn[mk]+p .
(_1)A(p+m—)\) +5 A (A-1) (7{/\0&) A (Y’\B)
k

m)
A=0 P P

(-1)P* (M) +3 A (A-1) ((7{/\0&) A B) oy
p

Mn[mk]+p
) p m) A-pk

(7{/\(1) ° (7{/\[3
p - m p Kk 1o

Since the terms on the right hand side are zero for A < p, we can define u = A - p and rewrite the
right hand side as:
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( Mn[m k]

m
P w=0

wAa)O(wAB) - (-1)® Z (=1)# o) +3 1 (1-1) ((yAa)AB)ex
Pk p M KK P

where w = mp + % p (p-1). Hence we can finaly cast the right hand side as a Clifford

product by taking out the second y factor.
P

p m p

(XAG) < (XAB) == (—1)mp+%p (p_l) ((
k

p

yaa

) <)

SR 1

p

12. 17

In asimilar fashion we can show that the right hand side can be written in the alternative form:

(XAa)O(XAB) == (_1)-;-P(p—1) (ao(
p m p k m

YAB
p k

)

S 1
p

By reversing the order of a and y in the first factor, formula 12.17 can be written as:

p

(a/\w)o()ﬂ\ﬁ) == (_1)—;-p(p—1) ((7/\
m p p k p

Al ©
m

q

oY
p

12. 18

12. 19

And by noting that the reverse, ¥' of y is (-1) 7P (-1  we can absorb the sign into the
P P P

formulae by changing one of the ¥ to ¥' . For example:
P P

og) - (re) = () o)y

m p p kK p m k p

In sum: we can write:
(aAwT)°(wA/3) = (-1)MP ((GAX)°B)97
m p p k m p k p
g) - foe) = 0 e ()
m p p k m p Kk p
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((aAw]°B]67== (ao(wAB]]ew 12. 23
m p k p p k p

The relations derived up to this point are completely general and apply to Clifford products in an
arbitrary space with an arbitrary metric. For example they do not require any of the elements to
be orthogonal .

Special cases of intersecting elements

We can derive special cases of the formulae derived above by putting a and g equa to unity.
m k
First, put 8 equa to unity. Remembering that the Clifford product with a scalar reduces to the
k
ordinary product we obtain:

(anﬁ) oy = (1) (a°7)97== (-1)™° (anr)evr
m o p p m o p p m o p p

Next, put a equal to unity, and then, to enable comparison with the previous formulag, replace g
m k
by a.
m
YT ° (yAa) == (yoa) oy = (yAa) oy
p pm p - m p p - m p

Finally we note that, since the far right hand sides of these two equations are equal, al the
expressions are equal .

(a/\yT] oy = YT o (an)
m m
L 12.24

== (yoa] oYy == (XAQ] ey = (-1)MP (aoy) ey
p m p p m p m p p

By putting a to unity in these equations we can recover the relation 12.11 between the Clifford
product of identical elements and their interior product.
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12.8 The Clifford Product of Orthogonal
Elements

The Clifford product of totally orthogonal elements

In Chapter 10 on generalized products we showed that if o and E are totally orthogonal (that is,
a; ©B; =0 for each & belonging to a and B; belonging toe, then aee == 0, except when A
=0.

Thus we see immediately from the definition of the Clifford product that the Clifford product of
two totally orthogonal elementsis equal to their exterior product.

%”E:%Af ai ©Bj =0 12. 25

The Clifford product of partially orthogonal elements

Suppose now we introduce an arbitrary element ¥ into « ¢ 8, and expand the expression in terms
p mo ok

of generalized products.

Mn[mk+p] h
) i (_1)A(m-)u)+7)\()\—1) OKA(YAB)

m 2
Pk A=0 Pk

But from formula 10.35 we have that:

aA(YAB) == (GAX)AB a ©B; =0 AsMn[m p]

m2a\p k m A p k

Hence:
ao(yl\ﬁ) == (QOX]AB ai ©Bj =0 12. 26
m p k m p k

Similarly, expressing (aw) o B in terms of generalized products and substituting from
m p k

equation 10.37 gives:

Mn[p, k]

(a;xy) of3 ==
k

1
(_1)A(m+p—)\) +F A QDM (YAB)
m p m p Ak

A=0
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1 1 .
But (-1)* (MP-0) sz AA-lyema 9y A (P-1) +7 4 (A-1) "hence we can write:

(a/\X]OB::a/\(XOB) Q; GBJ =0 12. 27
m p k m p k

& Testing the formulae

To test any of these formulae we may aways tabulate specific cases. Here we convert the
difference between the sides of equation 12.27 to scalar products and then put to zero any
products whose factors are orthogonal. To do this we use the GrassmannAlgebra function
Ort hogonal Si npli ficati onRul es. We verify the formulafor the first 50 cases.

? Orthogonal Si nplificationRul es

Orthogonal Si nplificationRul es[ {{X1, Y1}, {X2,Y2},---}] develops a list of
rules which put to zero all the scalar products of a 1-el ement from
Xi and a l-elenment fromYi. Xi and Yi nmay be either variables,
basis el ements, exterior products of these, or graded vari abl es.

Flatten[Tabl e[ToScal ar Products[(an{) oB-an (70/3)] /.
m p k p ok

m

Orthogonal Si npli ficationRul es[{{a, /k3}}]
{m 0, 3}, {k, 0, m}, {p, 0, m+2}]]

{, o 000,000 000,0000000000000n0,
0, 0000600000000 000000000 000 0}

12.9 The Clifford Product of I ntersecting
Orthogonal Elements

Orthogonal union

We have shown in Section 12.7 above that the Clifford product of arbitrary intersecting
elements may be expressed by:

o) (reg) = o (feog) ) o
m p p kK m p k p

(anﬁ) ° (YAB) = (-1)"™P (ao (YAB))GY
m o p p Kk m p k p

But we have aso shown in Section 12.8 that if « and g are totally orthogonal, then:
m k
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(a;xy) of3=ana (70[3)
m p k m p k
a o (7;\[3) == (aoy) AB

m p k m p k

Hence the right hand sides of the first equations may be written, in the orthogonal case, as:

(%AXT) O(XAE] ==
P P 12.28
(-1)™mP (aA (woﬁ]] oy o OB ==
m p k p
[anv') < (x~) =
P P 12. 29
(-1)mP ((oww] AB] oy o OB =
m p k p

Orthogonal intersection

Consider the case of three simple elements «, 8 and ¥ where y is totally orthogonal to both «
m kg p p m

and E (and hence to a a E)' A simple element y is totally orthogonal to an element « if and only
m p m

if aey; =0 foral y; belongingto y. Here, we do not assume that « and E are orthogonal.
m p m

As before we consider the Clifford product of intersecting elements, but because of the
orthogonality relationships, we can replace the generalized products on the right hand side by
the right hand side of equation 10.39.

Mn[imk]+p h
(7{/\01) ° (Y’\B) - Z (_1))\(p+m—)\) +3 A (A-1) (Y/\a) A (YAB)
m) A

m
P Pk 1o P Pk

Mn[mk]+p

- Z (_1)A(p+m—)\)+%—)\()\—l) (7{97{) (a A /3)
b pop) \MA-Pk
Let u = A - p, then this equals:
Mnimk] i
(yAa) o (YAB) - (797) (=1) (B+P) (M) 5 (usp) (uep-1) (aAB)
p m p Kk p p o mu k
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Mn[m k] i
(_1)u (M) +5 p (u-1) (aAB)
mu k

1
- (_1)mp+7 p (p-1) (797
p p n=0

Hence we can cast the right hand side as a Clifford product.

(an)o (YAB) = (=1)mP*7 P 0D (797) (aOB)
p m p k p p mo K

Or finally, by absorbing the signs into the left-hand side as:

(anv') o [xr8) =

m k
P P 12. 30
(wew] (aOB) aeyj = Oy =0
p P m kK m k

Note carefully, that for this formula to be true, « and E are not necessarily orthogonal.
However, if they are orthogonal we can express the Clifford product on the right hand side as an
exterior product.

12. 31

12.10 Summary of Special Cases of Clifford
Products

Arbitrary elements

The main results of the preceding sections concerning Clifford Products of intersecting and
orthogonal elements are summarized below.

& Yy isan arbitrary repeated factor
p

¥ oy =yoy =yoy 12. 32
PP P

p p p
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Yoy =Y oy =vyoy' 12. 33
P P P P P P
Yoy oy = (XT ex) ¥ = (XGXT) ¥ 12. 34
P P P P p/p p p/p
2
YOy o¥oY = (wew) 12.35
P P P P P P
& vy isan arbitrary repeated factor, a isarbitrary
p m
(a/\xT) oy == XT o (x/\a)
m m
PooR R 12. 36
== (Xoa) Oy == (XAQ) ey = (-1)MP (aoy) oy
p M p p M p m p p
& vy isan arbitrary repeated factor, a and B are arbitrary
p m k
(anT)°(wAl3) = (-1)"P ((a/\x)w)ew 12. 37
m p p k m p k p
(anT)°(wAl3) = (-1)"P (a°(w/\/3))ew 12. 38
m p p k m \p p
Arbitrary and orthogonal elements
& yisarbitrary, a and B aretotally orthogonal
p m k
ao(wAB) (aox)AB ai ©Bj =0 12. 39

m p k m p k
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(a/\w)oﬁzza/\(woﬁ) aj ©Bj =0 12. 40
& vy isan arbitrary repeated factor, a and B aretotally orthogonal
p m K
) () -
i i 12. 41
(-1)™P (aA (70/3)) oy o OB ==
p p
[aor) e e -
P P 12. 42
(-1)™MP ((oww) AB) oy o OB ==
k p

& a and B arearbitrary, y isarepeated factor totally orthogonal to both

a and
m k

[ax') = (8
m p p Kk

12. 43
(wew) (a<>/3) aj ©ys = Bj ©ys =0
p p/ ‘M Kk
Orthogonal elements
& a and B aretotally orthogonal
m k
%OIE::?nAE aj ©Bj =0 12. 44
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& a,p,and y aretotally orthogonal

g ft) -

(XTGX] (aAB) ai ©Bj = aj ©ys = Bj 6ys =0

12. 45

Calculating with Clifford products

The previous section summarizes some alternative formulations for a Clifford product when its
factors contain a common element, and when they have an orthogonality relationship between
them. In this section we discuss how these relations can make it easy to calculate with these type
of Clifford products.

& TheClifford product of totally orthogonal elementsreduces tothe
exterior product

If we know that all the factors of a Clifford product are totally orthogonal, then we can
interchange the Clifford product and the exterior product at will. Hence, for totally orthogonal
elements, the Clifford and exterior products are associative, and we do not need to include
parentheses.

12. 46
ai ©Bj =aj ©ys = Bj Oys =0

Note carefully however, that this associativity does not extend to the factors of the m-, k-, or p-
elements unless the factors of the m, k-, or p-element concerned are mutualy orthogonal. In
which case we could for example then write;

aq oazo--.oam ==

o 12. 47
Q1 AQQ A=+ A Qp ai ©aj =0 | #]

B Example

For exampleif xay and z are totally orthogonal, that isxez == 0 and yez == 0, then we can write

(XAY)©Z ==XAYAZ =XA(Yo0Z) ===-YA(X0Z)
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But since x is not necessarily orthogonal to y, these are not the same as
XoyoZ = (XoyY)azZ=Xo(Yaz)
We can see the difference by reducing the Clifford products to scalar products.

ToScal arProduct S[{(XAaYy) ©Z, XAy AZ, Xa(YyoZ), -ya(Xoez)}] /.
Othogonal Sinplificati onRules[{{xay, z}}]

{(XAYAZ, XAYAZ, XAYArZ, XAYArZ}

ToScal arProducts[{Xxey ¢z, (Xoy)az, Xo(Yyaz)}] /.
Othogonal Sinplificati onRules[{{xay, z}}]

{(Z (XOY) +XAYAZ, Z (XOY) +XAaYrZ, Z (XOY) +Xaynz}

12.11 Associativity of the Clifford Product

Associativity of orthogonal elements

In what follows we use formula 12.45 to show that the Clifford product as defined at the
beginning of this chapter is associative for totally orthogonal elements. This result will then
enable us to show that by re-expressing the elements in terms in an orthogonal basis, the
Clifford product is, in general, associative. Note that the approach we have adopted in this book
has not required us to adopt ab initio the associativity of the Clifford product as an axiom, but
rather show that associativity is anatural consequence of its definition.

Formula 12.45 tells us that the Clifford product of (possibly) intersecting and totally orthogonal
elementsisgiven by:

) 0) = (o) 2o
m p pk p p m  k

ai OB =a; Oys =B Oys =0
Note that it is not necessary that the factors of a be orthogonal to each other. Thisis true aso for

the factors of E or of y.
p

We begin by writing a Clifford product of three elements, and associating the first pair. The
elements contain factors which are specific to the element (a, E , w), pairwise common (v, &, €),
m r p 9 s

and common to all three (e). This product will therefore represent the most general case since
other cases may be obtained by letting one or more factors reduce to unity.
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On the other hand we can associate the second pair to obtain the same result.

(aAeAeAy) ° ((7/\6/\[3/\6) ° (6/\5/\0)/\6))
m s z p p z k q q s r z

(%Ae/\enp,) o (=1)Zk+z (5+0) ((eUa*)e(?Mg )

s z z q

- (_1)zk+z(s+r) ((GT A(ST)G(GA(S)) (a/\e/\e;\y
z q z q m s z p

z q

= 1 (o ag)efong)) ([ ax) o feny]) (ane) ~ (520)
=1 (o ax)efeny]] ([¢'~8) e [erg)) (arprome)

In sum: We have shown that the Clifford product of possibly intersecting but otherwise totally
orthogonal elements is associative. Any factors which make up a given individual element are
not specifically involved, and hence it is of no consequence to the associativity of the element
with another whether or not these factors are mutually orthogonal.

- (_1)zk+z (s+r) +sz +ks ((OT AéT)e(eAé)) (a/\eAeAY) 0(7{;\5;\[3;\(‘))
z q m z s p p S k T

A mnemonic formula for products of orthogonal elements

Because e and y are orthogonal to each other, and e and 6 are orthogonal to each other we can
z p S q

rewrite the inner products in the alternative forms:

[#rex)elen) = o) [y o)
("n6")o(cas) = (c'ec) (& 08)

S q s q S S q q

The results of the previous section may then summarized as:
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(aAGAeAX] ° (XAGABAa] 4 (5A€A&)A9)

m s z p p Z k Q9 q s r z
= (-1)SK (fey] (eTee) 12. 48
o] o] z z

(GTGG) (5T95) (aABAwAe)
s s q q m k r z

A mnemonic for making this transformation is then

1. Rearrange the factors in a Clifford product to get common factors adjacent to the Clifford
product symbol, taking care to include any change of sign due to the quasi-commutativity of the
exterior product.

2. Replace the common factors by their inner product, but with one copy being reversed.

3. If there are no common factors in a Clifford product, the Clifford product can be replaced by
the exterior product.

Remember that for these relations to hold all the elements must be totally orthogonal to each
other.

Note that if, in addition, the 1-element factors of any of these elements, y say, are orthogonal to
P

each other, then:

YOY = (¥19v1) (¥29¥%2) - (¥p ©¥p)
PP

Associativity of non-orthogonal elements

Consider the Clifford product (a o /ks) + y Where there are no restrictions on the factors a, E and
m p m

¥ . It has been shown in Section 6.3 that an arbitrary simple m-element may be expressed in

P

terms of m orthogonal 1-element factors (the Gram-Schmidt orthogonalization process).
Suppose that v such orthogonal 1-elementse;, e,, ---, e, have been found in terms of which

a, E and y can be expressed. Writing the m-elements, k-elements and p-elements formed from
m p

thee; ase; ,e, ,ande, respectively, we can write:
m kK p

a=zal e B=3b" e ¥ =32c° e
m m k k p p

Thus we can write the Clifford product as:

(a<>/3)<>7== (z:aj gf o=Zb' e |o=cSe; =2xzal b ¢t (e,» oe,)oes
m K p m k p m k p

But we have already shown in the previous section that the Clifford product of orthogonal
elements is associative. That is:
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(ej oe,)oes ==ej O(Qr Oes) ==ej o e ¢€eg
m k p m k p m K p

Hence we can write:

(ao[j) oy=xxza b cSeg o (er °es) =ao (/3"7)
m p m k p m k p

We thus see that the Clifford product of general elementsis associative.

(a°B)°w==a°(/3°w] =aofBeoy 12. 49
p m k p m k p

The associativity of the Clifford product is usually taken as an axiom. However, in this book we
have chosen to show that associativity is a consequence of our definition of the Clifford product
in terms of exterior and interior products. In this way we can ensure that the Grassmann and
Clifford algebras are consistent.

% Testing the general associativity of the Clifford product

We can easily create a function in Mathematica to test the associativity of Clifford products of
elements of different grades in spaces of different dimensions. Below we define a function
caled Cli ffordAssoci ativityTest which takes the dimension of the space and the grades
of three elements as arguments. The steps are as follows:

» Declare a space of the given dimension. It does not matter what the metric is since we do not
useit.

 Create genera elements of the given grades in a space of the given dimension.

» To make the code more readable, define a function which converts a product to scalar product
form.

» Compute the products associated in the two different ways, and subtract them.

» The associativity test is successful if aresult of O is returned.

CiffordAssociativityTest [n_]J[m, k_, p_]:=
Modul e[{X, Y, Z, S}, V,; X=CreateEl enent [£];
m

Y = Cr eat eEl enent [w]; Z = Cr eat eEl enent [C]:
k p

S[X_] :=ToScal ar Product s[x]; S[S[X¢Y] ¢Z] -S[X¢ S[YoZ]]]
We can either test individual cases, for example 2-elements in a 4-space:

CiffordAssociativityTest [4][2, 2, 2]

0
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Or, we can tabulate a number of results together. For example, elements of all grades in al
spaces of dimension 0, 1, 2, and 3.

Tabl e[C i ffordAssociativityTest [n]1[m k, p],
{n, 0, 3}, {m O, n}, {k, 0, n}, {p, 0, M}]

0
{ 0,
0,
0

eee
eoo
e
oo
eee
oo
eee
oo
eee
eee
eoo
e
oo
eee
oo
oo
oo
oo
oo
cee

12.12 Decomposing a Clifford Product

Even and odd generalized products

A Clifford product a ¢ E can be decomposed into two sums, those whose terms are generalized
products of even order ( ao E ) , and those whose terms are generaized products of odd order
(e B ) . Thatis

o

%OE:: (aoB) +(a<>B) 12. 50

where, from the definition of the Clifford product:

Mn[mK]

- Z (_1))\(m-)\)+%)\()\—1) (%e{?)

A=

>

oo
m

~®

o

we can take just the even generalized products to get:

(aoB) Y (-1) % (%ﬁf) 12. 51

(Here, the limit of the sum is understood to mean the greatest even integer less than or equal to
M n[mk].)

The odd generalized products are:

(gog) = 0™ 2 D (aap) 1282
0 A=1,3,5, .
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(In this case, the limit of the sum is understood to mean the greatest odd integer less than or
equal toM n[ m K] .)

Note carefully that the evenness and oddness to which we refer is to the order of the generalized
product not to the grade of the Clifford product.

The Clifford product in reverse order

The expression for the even and odd components of the Clifford product taken in the reverse
order is ssimply obtained from the formulae above by using the quasi-commutativity of the
generalized product.

Mrin A MR Z+(m2) (k-2)
y, bifeeg) - Ol (i (48]

4, . 1=0,2,4

(ea) =

€ A=0

But, since A is even, this simplifies to:

prg) = com St (aag)  w2ss

Hence, the even terms of both products are equal, except when both factors of the product are of
odd grade.

= (-1)™K (%"{f) 12. 54

e

(gea)

e

In alike manner we can show that for A odd:

(/3<>a) = (-1)X Mnik] (_1)%”“,\) (k-2) (aAB)
kK ™o A=1,3,5, mak
(EO%)O ==
M n[m k] . 12. 55
(1™ (" (-1)% (as8)
2=1.3,5 mak
(Boa) =-(-1)™ (aep) 12. 56
k mig m k /g4

2001 4 26



ExploringCliffordAlgebra.nb 35
The decomposition of a Clifford product
Finally, therefore, we can write:
aop=(aop) +(aop 12. 57
m k m k /g m
(-1)™ Boa = (aep) - 12. 58
k m m k /g
which we can add and subtract to give:
1 mk
(aoﬁ) ==—(a<>B+(—1) o ) 12. 59
m k /g 2 \m g
1 mk
(aoﬁ) ==—(a<>B—(—1) 12. 60
m kl/log 2 'm k
B Example: An m-element and a 1-element
Putting k equal to 1 gives:
1
aAB==—(a<>B+(—1)mB<>a) 12. 61
m 2 \'m m
1 m m
—(ao/3-(-1) /3<>a)==-(-1) aop 12. 62
2 \'m m m
B Example: An m-element and a 2-element
Putting k equal to 2 gives:
1
12. 63

2

m 2

(%og +§o% ) =arfB-aef
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1

—(ao -/3oa)==-(-1)maA/3 12. 64
2 m 2 m mlo

N

12.13 Clifford Algebra

Generating Clifford algebras

Up to this point we have concentrated on the definition and properties of the Clifford product.
We are now able to turn our attention to the algebras that such a product is capable of generating
in different spaces.

Broadly speaking, an algebra can be constructed from a set of elements of a linear space which
has a product operation, provided all products of the elements are again elements of the set.

In what follows we shall discuss Clifford algebras. The generating elements will be selected
subsets of the basis elements of the full Grassmann algebra on the space. The product operation
will be the Clifford product which we have defined in the first part of this chapter in terms of the
generalized Grassmann product. Thus, Clifford algebras may viewed as living very much within
the Grassmann algebra, relying on it for both its elements and its operations.

In this development therefore, a particular Clifford algebrais ultimately defined by the values of
the scalar products of basis vectors of the underlying Grassmann algebra, and thus by the metric
on the space.

In many cases we will be defining the specific Clifford algebras in terms of orthogonal (not
necessarily orthonormal) basis elements.

Clifford algebras include the real numbers, complex numbers, quaternions, biquaternions, and
the Pauli and Dirac algebras.

Real algebra

All the products that we have developed up to this stage, the exterior, interior, generalized
Grassmann and Clifford products possess the valuable and consistent property that when applied
to scaars yield results equivalent to the usual (underlying field) product. The field has been
identified with a space of zero dimensions, and the scalars identified with its elements.

Thus, if a and b are scalars, then:
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aob:aAb==aeb=a€b==ab 12. 65

Thus the real algebraisisomorphic with the Clifford algebra of a space of zero dimensions.

% Clifford algebras of a 1-space

We begin our discussion of Clifford algebras with the simplest case: the Clifford algebras of 1-
space. Suppose the basis for the 1-space is e; , then the basis for the associated Grassmann
algebrais {1, e;}.

V1, BasisA[]

{11 el}

There are only four possible Clifford products of these basis elements. We can construct a table
of these products by using the GrassmannAlgebra function d i f f or dPr oduct Tabl e.

CliffordProduct Tabl e[]

{{1011 1081}, {8101, eloel}}

Usually however, to make the products easier to read and use, we will display them in the form
of a palette using the GrassmannAlgebra function Pal et t eFor m (We can click on the palette
to enter any of its expressions into the notebook).

C, =diffordProduct Tabl e[]; Pal etteForm[C;]

lol|loe
e; © 1 €1 ¢0e;
In the general case any Clifford product may be expressed in terms of exterior and interior

products. We can see this by applying Tol nt eri or Product s to the table (although only
interior (here scalar) products result from this simple case),

C, =TolnteriorProducts[C;]; Pal etteForm[C;]

1 ‘ e

e, e oe;
Different Clifford algebras may be generated depending on the metric chosen for the space. In
this example we can see that the types of Clifford agebra which we can generate in a 1-space

are dependent only on the choice of a single scalar value for the scalar product e; ee; . The
Clifford product of two general elements of the algebrais
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(a+bey)o(c+dey) // ToScal ar Product s

ac+bd (e;oe;) +bce; rade;

It is clear to see that if we choose e; ee; = -1, we have an agebra isomorphic to the complex
algebra. The basis 1-element e; then plays the role of the imaginary unit i. We can generate this
particular algebra immediately by declaring the metric, and then generating the product table.

Decl areBasi s[{i}]; DeclareMetric[{{-1}}1;
diffordProduct Tabl e[] // ToScal ar Products // ToMetri cForm//
Pal et t eFor m

=

However, our main purpose in discussing this very simple example in so much detail is to
emphasize that even in this case, there are an infinite number of Clifford algebras on a 1-space
depending on the choice of the scalar value for e; ee; . The complex algebra, although it has
surely proven itself to be the most useful, isjust one among many.

Finally, we note that all Clifford algebras possess the real agebra as their simplest even
subalgebra.

12.14 Clifford Algebras of a 2-Space

% The Clifford product table in 2-space

In this section we explore the Clifford algebras of 2-space. As might be expected, the Clifford
algebras of 2-space are significantly richer than those of 1-space. First we declare a (not
necessarily orthogonal) basis for the 2-space, and generate the associated Clifford product table.

V,; C =diffordProduct Tabl e[]; Pal etteForm[C, ]

1ol |  loes | loe;, | lo(ejney)

e ol ‘ e o€ ‘ € 0€ ‘ €10 (€ r€z)

e, o1l ‘ e, oe; ‘ [SPRA=P} ‘ €2 ¢ (€1 ~€2)
(e1 ~€2) ‘ (e1 ~€2) 091‘ (€1 ~€2) 092‘ (€1 r€2) © (€1 r€2)

To see the way in which these Clifford products reduce to generalized Grassmann products we
can apply the GrassmannAlgebra function ToGener al i zedPr oduct s.
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C, = ToGeneral i zedProducts[C,]; Pal etteForm[GC,]

1a1 lae; lae;
0 0 0
e; Al e, Ae; +e;Ae e, A€y +€e1 A€
14 10€ +€ 46€; 14€z +€1 A€
e, Al e, Ae; +e, Ae e, A€y +€5 A€
2 4 28€ +€ 46 24€; +82 408
(el/\ez)€1 (elAez)%el—(elAez)%el (elAez)%ez—(elAez)%ez (€1

The next level of expression is obtained by applying Tol nteri or Product s to reduce the
generalized products to exterior and interior products.

C; =TolnteriorProducts[C]; Pal etteForm[GC;]

1 ‘ el ‘ eg ‘ el /\eg
e ‘ e 6e1 ‘91992 + € /\92‘ €1 r€26€;
eg ‘eleeg—el /\eg‘ egeeg ‘ el /\ezeeg
€ A€ ‘ -(epre2068€1) ‘ -(eprex0€3) ‘ -(epre0€; 7€) - (61 7€0€1) 7€)
Finally, we can expand the interior products to scalar products.
C, = ToScal arProducts[C]; Pal etteForm[C;]
1 ‘ e ‘ e, ‘ e, ne
e; ‘ e, ee; ‘ €, 0663 +e; ~Aey ‘ —(eleez)el+
er ‘ e, 06e; —-€e; ~es ‘ €, 6€es ‘ - (exoe) e1 +
€ Aez‘ (e10€2) €1 - (E16€1) €2 ‘ (exo€2) €1 - (B16€2) 92‘ (e10€2)% - (€10

It should be noted that the GrassmannAlgebra operation ToScal ar Product s also applies the
function ToSt andar dOr der i ng. Hence scalar products are reordered to present the basis
element with lower index first. For example the scalar product e, ee; does not appear in the
table above.

Product tablesin a 2-space with an orthogonal basis

This is the Clifford product table for a general basis. If however,we choose an orthogonal basis
inwhich e; ee, iszero, the table simplifies to:

G =C /. e10€, »0; Pal etteForm[G]

1 ‘ e ‘ e, ‘ €1 A€

el ‘ el eel ‘ el /\eg ‘ (el eel) eg

e, ‘ (e1 ~€2) ‘ (SPRSXSP) ‘ - (e;oey) €1
e /\eg‘ (e1ee1) ‘ (exee€3) ‘ (e1ee1) (exeey)

This table defines all the Clifford algebras on the 2-space. Different Clifford algebras may be
generated by choosing different metrics for the space, that is, by choosing the two scalar values
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e, 6ee; and e, 0e,.
Note however that allocation of scalar values a to e; ee; and b to e, ee, would lead to
essentially the same structure as allocating b toe; ee; andatoe; ee;.

In the rest of what follows however, we will restrict ourselves to metrics in which e; ee; == +1
and e, oe, == +1, whence there are three cases of interest.

{e18€; -»+1, e eeg—)+1}
{eleel —)+1, er eez—)—l}
{e18€; - -1, e eeg—)—l}

As observed previoudy the case {e; ee; » -1, e, e, » +1} is isomorphic to the case
{e;0€; » +1, e, ©€, » -1}, S0 we do not need to consider it.

&% Casel. {e;0€e1 » +1, e 065 » +1}

Thisis the standard case of a 2-space with an orthonormal basis. Making the replacements in the
table gives:

G =G /. {e;0e;, »+1, e, 0€e, » +1}; PaletteForm[GCs]

1 ‘ e, ‘ e, ‘el e

e, ‘ 1 ‘ N ‘ e,

e ‘_(el/\eZ)‘ i ‘ -e;
e, /\eg‘ —e, ‘ e, ‘ -1

Inspecting this table for interesting structures or substructures, we note first that the even
subalgebra (that is, the algebra based on products of the even basis elements) is isomorphic to
the complex algebra. For our own explorations we can use the palette to construct a product
table for the subalgebra, or we can create a table using the GrassmannAlgebra function
Tabl eTenpl at e, and edit it by deleting the middle rows and columns.,

Tabl eTenpl ate [GCs]

1 e, ‘ e, ‘ €1 A€,
e, 1 ‘ N ‘ e,
e - (e rez) ‘ i ‘ -e;
e —e, ‘ e, -1
1 €1 A€
€1 Ae) -1

If we want to create a paette for the subalgebra, we have to edit the normal list (matrix) form
and then apply Pal et t eFor m For even subalgebras we can also apply the GrassmannAlgebra
function Evend i f f or dPr oduct Tabl e which creates a Clifford product table from just the
basis elements of even grade. We then set the metric we want, convert the Clifford product to
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scalar products, evaluate the scalar products according to the chosen metric, and display the
resulting table as a pal ette.

C; =Evend iffordProduct Tabl e[]; DeclareMetric[{1, 0}, {0, 1}];
Pal ett eFor m[ToMet ri cFor m[ToScal ar Products[C; 111

1 ‘el NP
€1 A€ -1

Here we see that the basis element e; a e, has the property that its (Clifford) squareis - 1. We
can see how this arises by carrying out the elementary operations on the product. Note that
e, 0€; =€, e, =1 since we have assumed the 2-space under consideration is Euclidean.

(B1a€2) 0 (€1A€2) ==-(€24€1) ¢ (EB1A€) == -(€16€;1) (€20€7) == -1

Thus the pair {1, e; re,} generates an algebra under the Clifford product operation,
isomorphic to the complex algebra. It is also the basis of the even Grassmann al gebra of /2\

&% Case?2. {e10€e1 » +1, e 065 » -1}

Here is an example of a Clifford algebra which does not have any popular applications of which
the author is aware.

G =G /. {e10e; » +1, e, 0€e, » -1}; PaletteForm[C; ]

1 ‘ e, ‘ e, ‘el =

er ‘ 1 ‘ e ‘ e,

e ‘_(el/\eZ)‘ =dl ‘ e
e, Aez‘ —e, ‘ —e, ‘ 1

&% Case 3. {e19€e1 » -1, ep 065 » -1}

Our third case in which the metricis{{- 1, 0}, {0, - 1} }, isisomorphic to the quaternions.

G =G /. {e10e;»-1, e;0€e,; »-1}; PaletteForm[G]

1 ‘ e, ‘ e, ‘el N

er ‘ -1 ‘ e ‘ _e,

(7] ‘_(el/\eZ)‘ =dl ‘ €1
e Aez‘ e, ‘ —e; ‘ -1

We can see this isomorphism more clearly by substituting the usual quaternion symbols (here
we Mathematica's double-struck symbols and choose the correspondence
{e; -1, €; »J, €1 A€ »>k}.
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G =G /. {e;-»1, e;»7, e;ae, »k}; PaletteForm[Gy]

Having verified that the structure is indeed quaternionic, let us return to the original
specification in terms of the basis of the Grassmann algebra. A quaternion can be written in
terms of these basis elements as:

Q==a+be; +ce,+de;re, == (a+be;) + (C+dey) re,

Now, because e; and e, are orthogonal, e; e, is equa to e; o e,. But for any further
calculations we will need to use the Clifford product form. Hence we write

Q=a+bej+cey+de;oey =

(a+bey) + (c+dey) oey 12.66

Hence under one interpretation, each of e; and e, and their Clifford product e, ¢ e, behaves as
a different imaginary unit. Under the second interpretation, a quaternion is a complex number
with imaginary unit e, , whose components are complex numbers based on e; asthe imaginary
unit.

12.15 Clifford Algebras of a 3-Space

% The Clifford product table in 3-space

In this section we explore the Clifford algebras of 3-space. First we declare a (not necessarily
orthogonal) basis for the 3-space, and generate the associated Clifford product table. Because of
the size of the table, only the first few columns are shown in the print version.

V3; C =diffordProduct Tabl e[]; Pal etteForm[C; ]

101 loe; loe, loes

e; ol e;oe; SR =P €1 ¢€3

e, ol e, oe; e, o€y e, oej

ez ol e;oe; ez o€y ez oej
(e1~€2) o1 (€1 ~€2) o€ (€1 r€2) o€ (€1 ~€2) €3 (€1
(e1 ~€3) 1 (€1 ~€3) o€ (€1 n€3) o€ (€1 ~€3) €3 (€1
(2 r€3) o1 (€2 r€3) o€y (€2 r€3) o€ (€2 r€3) €3 (e
(e1r€3nr€3) 01 (B r€3n€3) €1 (€1 7€2r€3) € (€5 7A€31€3)0€3| (€14
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¥ Crf3: The Pauli algebra

Our first exploration is to Clifford algebras in Euclidean space, hence we accept the default
metric which was automatically declared when we declared the basis.

Mat ri xForm[Metric]

1 00
010
0 01

Since the basis elements are orthogonal, we can use the GrassmannAlgebra function
CliffordToO t hogonal Scal ar Products for computing the Clifford products. This
function is faster for larger calculations than the more general ToScal ar Product s used in the
previous examples.

C, = ToMetricForm[Cl i ffordToOt hogonal Scal ar Products[C;]11;
Pal ett eForm[C;, ]

1 €1 e, es €1 A €7 ey

e, 1 €1 ~€e) €1 » €3 e, e

€2 - (e1 r€2) 1 €2 7 €3 -€1 - (€1 ¢

es - (e1 ~€3) - (ex ~ne3) 1 €1 A€ re3 —€

e, ~ ey -e5 €1 €1 ~A€s €3 -1 - (ey
€, r €3 -€3 - (e; r€3 r€3) e, €, A €3 -
€2 A3 €1 AE2 €3 -€3 <P -(e1r€3) ey v
€1 r€2 €3 €2nr€3 - (€1 r€3) €1 1€ -€3 e

We can show that this Clifford algebra of Euclidean 3-space is isomorphic to the Pauli algebra.
Pauli's representation of the algebra was by means of 2x2 matrices over the complex field:

o = (o 1)

0 i
10 "2“( n)

i O

The isomorphism is direct and straightforward:

{l ol o,ee, o€, 0363, 010, & €1 A6,
01 03 © €1 A€3, 02 O3 & €2 AL3, 01 O2 O3 & €1 A€y AC3}

To show this we can:

1) Replace the symbols for the basis elements of the Grassmann agebra in the table above by
symbols for the Pauli matrices. Replace the exterior product operation by the matrix product
operation.

2) Replace the symbols by the actual matrices, alowing Mathematica to perform the matrix
products.

3) Replace the resulting Pauli matrices with the corresponding basis elements of the Grassmann
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algebra.
4) Verify that the resulting table is the same as the original table.
We perform these steps in sequence. Because of the size of the output, only the electronic
version will show the complete tables.
B Step 1. Replace symbolsfor entities and operations
G = (G, // Repl aceNegativeUnit) /. {1-1I, e; -0y, €, »0,, €3 503} /.
Wedge - Dot ; Pal etteFor m[GC;]
I o1 O2 O3 01. O2 0O1. O3 02
o1 I 01. O2 0O1. O3 02 O3 01. O
02 -01. O2 I O . O3 - 01 -01. O2. O3 O
O3 -01. O3 - 02. O3 I O1. O2. O3 - 01 —C
01. O2 - 02 (o] 0O1. O2. O3 — 1 —02. O3 01.
01. O3 —-—03 —01. O2. O3 (o] O2. O3 — 1 - 01
O2. O3 0O1. O2. O3 —-03 02 —01. O3 01. O2 -
O1. O2. O3 O2. O3 —01. O3 O1. O2 —-03 02 —C
B Step 2. Substitute matrices and calculate
C=GC/ {I"(é 2) "1"(2 é) "2"(2 _oi)' "3"(3 -01)};
Mat ri xFor m[C, ]
10 01 0 -i 10 i 0 0 -1 0 i
o) (1ol (5 o) lo ) (o 5) (2ol (5ol
01 10 i 0 0 -1 0 -1 1 0 1 0
1ol loa)l lo ) (ool ol o) foi)
_i i 10 i 0 -1 i 1 0
5 o) (o3 (o1) [iol (5 0) (0 o) (654
1 0 0 1 0 -1 10 0 0 -1 0
o 1) (Gl (5 o) (oa) ol (2ol (5o
i 0 0 1 01 1 0 -1 0 0 -i 0 -1
o ) (o) (1ol (o) (o 2 (5 o) (1 o)
0 -1 -1 0 -1 0 01 0 1 1 0 -1 0
2ol Lo 1) lo 5 (1ol [io o 2) (o3
0 1 1 0 -1 0 0 -1 0 1 i 0 -1 0
o)l los) Lo o) (5ol (ol lo ) (o o
1 0 0 1 0 1 i 0 -1 0 0 -1 0o -1
o) (ool (a0l o) (o o) (o) [
H Step 3:

Here we let the first row (column) of the product table correspond back to the basis elements of
the Grassmann representation, and make the substitution: throughout the whole table.
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C =C, /. Thread[First [C,] » Basi sA[]] /.
Thread[-First [C4] - -Basi sA[]]

{{1, e1, €z, €3, €1 ~€3, €1 A€3, € ~€3, €1 A€y n€3},

{e1, 1, e; ~n€2, €1 1€3, €2, €3, €1 €2 n€3, €2 n€3},

(€2, -(e1n€2), 1, e n€3, -€1, - (€1 7€217€3), €3, - (€1 r€3)]},
(€3, -(e1n€3), —(€2n€3), 1, €1 ~€2 €3, -€1, -€2, €1 7€},
{€1r€2, -€2, €1, €1 r€2 €3, -1, —(€21r€3), €1 r€3, -€3},
{e;~e3, -€3, - (€1 r€31€3), €1, €21r€3, -1, - (€1 r€2), €2},
{€2r€3, €1 A€ n€3, —€3, €2, - (€1 r€3), €1 A€z, -1, -€1},
{e; ey ne3, €3 1€3, - (€1 7€3), €1 ~€, -€3, €, —€1, -1}}

B Step 4. Verification
Verify that thisisthe table with which we began.

G =G

True

¥ Cf3*: The Quaternions

Multiplication of two even elements aways generates an even element, hence the even elements
form a subalgebra. In this case the basis for the subalgebra is composed of the unit 1 and the
bivectorse; ae; .

C, =Evend i ffordProductTable[] 7/
diffordToOrt hogonal Scal ar Products //
ToMetricForm PaletteForm[G]

1 ‘ €1 A€ ‘ €1 A €3 ‘ €5 A €3
elAez‘ =dl ‘—(eers)‘ € r€3
elAeB‘ € r€3 ‘ =il ‘—(elAez)
eZAeB‘_(el/\e3)‘ €1 r € ‘ =1

From this multiplication table we can see that the even subalgebra of the Clifford algebra of 3-
space is isomorphic to the quaternions. To see the isomorphism more clearly, replace the
bivectors by i, j, and k.

G =C /. {esa€3 51, 146357, €1 a6, ok}; PaletteForm[G]
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The Complex subalgebra

The subalgebra generated by the pair of basis elements {1, e; ae, ae3} isisomorphic to the
complex agebra. Although, under the Clifford product, each of the 2-elements behaves like an
imaginary unit, it is only the 3-element e; ae; 1 e; that also commutes with each of the other
basis elements.

% Biquaternions

We now explore the metric inwhich {e; ee; - -1, e, e, - -1, ezoez - -1}.
To generate the Clifford product table for this metric we enter:
Decl areMetric[Di agonal Matrix[{-1, -1, -1}11;

G =diffordProduct Tabl e[] // ToScal ar Products // ToMetri cForm
Pal ett eFor m[GCs ]

1 er e, es €1 A€ €1 A €3
& -1 €1 A€, €1 A €3 —e, —e;
ez - (€1 r€2) =1 €z r€3 e - (€1 r€2 r€3)
€3 -(ey re3) - (ez2 ~€3) =il € r€x n€3 e
€1 A€ e, -e €1 A€s A3 -1 €s A3
€1 ~ €3 €3 - (€1 r€2 r€3) =Gl - (ez2 ~e€3) =1
€ r €3 €1 A€z A €3 €3 -€z €1 r€3 -(e1~€2)
€ r€x €3 | — (€3 r€3) € r€3 -(ey1re€z) -€e3 e

Note that every one of the basis elements of the Grassmann algebra (except 1 and e; ae; aez)
acts as an imaginary unit under the Clifford product. This enables us to build up a general
element of the algebra as a sum of nested complex numbers, or of nested quaternions. To show
this, we begin by writing a general element in terms of the basis elements of the Grassmann
algebra:

Q:=a+be+cey+dez+ee;re; +fe;rez+geznres+hegre;ne;

Or, as previously argued, since the basis 1-elements are orthogonal, we can replace the exterior
product by the Clifford product and rearrange the terms in the sum to give

Q== (a+be;+ce,+ee;oey) + (d+f e +ge, +he;oey) oe;
This sum may be viewed as the complex sum of two quaternions

Q =a+be;+cey,+ee; o€y ==
Q ==d+fe +ge,+he;oe; ==

(a+bey) + (c+ee;) e,
(d+fey)+(g+hey)oe;

Q= Q +Qoes
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Historical Note

This complex sum of two quaternions was called a biquaternion by Hamilton [Hamilton,
Elements of Quaternions, p133] but Clifford in a footnote to his Preliminary Sketch of
Biquaternions [Clifford, Mathematical Papers, Chelsea] says 'Hamilton's biquaternion is a
guaternion with complex coefficients; but it is convenient (as Prof. Pierce remarks) to suppose
from the beginning that all scalars may be complex. As the word is thus no longer wanted in its
old meaning, | have made bold to use it in a new one."

Hamilton uses the word biscalar for a complex number and bivector [p 225 Elements of
Quaternions] for a complex vector, that is, for avector x + i y, where x and y are vectors; and
the word biquater nion for acomplex quaternion qo + i q; , whereq, and g, are quaternions. He
emphasizes here that "... i is the (scalar) imaginary of algebra, and not a symbol for a
geometrically real right versor ..."

Hamilton introduces his biquaternion as the quotient of a bivector (his usage) by a(real) vector.

12.16 Clifford Algebras of a 4-Space

% The Clifford product table in 4-space

In this section we explore the Clifford algebras of 4-space. First we declare a (not necessarily
orthogonal) basis for the 4-space, and generate the associated Clifford product table. Because of
the size of the table, only the first few columns are shown in the print version.
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V4; C =diffordProduct Tabl e[]; Pal etteForm[C, ]

101
e; ol
e, ol
ez ol
e; ol
e rey) 0l
€, Ae3

€1 A€y

(
(€1 ) o1
(€1 ) o1
(€2 n€3) 01
(€2 n€4) 01
(€3 rney) ol
(€1 r€z n€3)
(€1 r€2 ~€4)
(€1 ~€3 n€y)
(€ n€3 n€y)
(€1 ~n€2 n€3 1€y

<
<
<
<

1
1
1
1

) ol

loe;
e, 0e;
e, 0e;
e o€
€4 0 €1
€ r€) €
e

/\e3 <>el

€1 A€4) 0€1
e

e

A e3
A By

(
(e )
(€1 )
(e2 ) °€e1
(e ) °€1
(€3 ~n€4) o€
€1 A€ AB3) €1
€1 A€2 ABy) C€1

€1 A3 7€y) 0€g

( )
( )
( )
(B2 n€3n€) o€
(€1 r€2 A€3 A€

4) ©€1

loe,
e, e,
e,oe,
e; ey
€4 © €y

(€1 ~€2 n€3
(€1 r€2 ~ €4
(€1 ~n€3 n€y
(

eg /\e3 /\e4

o= ==
o

D

N

(€1 n€2 n€3 A

4) ©€2

% Cf4: The Clifford algebra of Euclidean 4-space

Our first exploration is to the Clifford algebra of Euclidean space, hence we accept the default
metric which was automatically declared when we declared the basis.

Metric

{{1, 0, 0, 03},

{0, 1, 0, 03},

{0, 0, 1, 03},

{0, 0, 0, 13}

Since the basis elements are orthogonal, we can use the faster GrassmannAlgebra function

CliffordToOt hogonal Scal ar Product s for computing the Clifford products.
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G =diffordToOt hogonal Scal ar Products[C;] // ToMetri cForm
Pal ett eForm[C; ]
1 e1 (SP) e3
e, 1 €1 A€ €1 A €3
e, - (ep ~€3) 1 €, A €3
€3 -(e1 ~€3) - (€2 ~€3) 1
€y -(e1r€y) - (€2 ~€y) - (ez r€y)
€1 A€ (k) e €1 A€2 AB3
€1 A €3 -€3 -(€1 r€2 n€3) e
€1 A€y -€4 -(€1 r€2r€y) -(€1r€3r€4)
€o A B3 €1 A2 A3 —e3 e
€, A€y €1 A€ AEy -€y4 - (€2 r€31r€4)
€3 A€y €1 A3 A€y €r A3 AEy -€y4
€1 A€ AE3 €, A €3 - (€1 ~re3) €, A€
€1 A€ A€y €5 A€y - (€1 ~€4) — (€1 A€ AB3A€y)
€1 A3 Ay €3 A€y €1 A€ A3 ABy - (€1 r€y1)
€, AE3 A€y — (€1 A€ A€3 A€y) €3 A€y - (ex r€y)
€1 AEr AB3 A By - (e A3 r€y) €1 A3 A€y - (€1 A€ r€y)

This table is well off the page in the printed version, but we can condense the notation for the

basis elements of A by replacing e; ...

GrassmannAlgebra function ToBasi s| ndexedFor m For example

l-e123

1- (e; ae ae3) // ToBasi sl ndexedForm

arej by e ..;. To do this we can use the

To display the table in condensed notation we make up arule for each of the basis elements.
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G =G, /. Reverse[Thread[Basi sA[] -» ToBasi sl ndexedFor m[Basi sA[1]111;
Pal ett eForm[G; ]

1
€
€2
€3
€4

€1,2
€1,3
€1,4
€2,3
€2,4

€3,4

€1,2,3
€1,2,4
€1,3,4
€2,3,4

€1,2,3,

e (SP)

1 €1,2
=@q, 2 1
-€1,3 -€2,3
-€1,4 -€2.4

-€> €1
-€3 -€1,2,3
-€4 -€1,2,4
€1,2,3 -€3
€1,2,4 -€4
€1,3,4 €2,3,4
€2,3 -€1,3
€2,4 -€1,4
€3,4 €1,2,3,4
-€1,2,3,4| €34
4 —€2,34 €134

e3 €y
€1,3 €1,4
€2,3 €2,4
1 €3, 4
-€3 4 1
€1,2,3 €1,2,4
€1 €1,3,4
-€1,3,14 €
€2 €2,3,4
-€2,3,4 €2
-€ey4 e3
€1,2 €1,2,3,4
-€1,2,3,4 €12
-€1,4 €1,3
-€2.4 €2,3
-€1,2,4 | €1,2,3

€1,2 €1,3 €1,4
(SP) e3 €4
-€ -€1,2,3 | -€1,2,.
€1,2,3 -€ -€1,3,.
€1,2,4 €1,3,4 -€
-1 -€2,3 -€24
€2, 3 -1 -€3,4
€24 €34 -1
-€1,3 €1,2 €1, 2,3,
-€1,4 | -€1,2,34| €12
€1,2,3,4 -€1,4 €1,3
-€3 €2 €2,3,4
-€4 -€2,3,4 €2
€2,3,4 -€4 €3
-€1,3,4 €1,2,4 -€1,2,;
-€3,4 €2,4 -€2,3

¥ Cr,": The even Clifford algebra of Euclidean 4-space

The even subalgebra is composed of the unit 1, the bivectors e; 1 e; , and the single basis 4-
elen]entel ACy AC3 ACy.

C; =Evend i ffordProductTable[] 7/
diffordToOrt hogonal Scal ar Products //
ToMetricForm Pal etteForm[G;]

€1 A€y

1

A €5
~ €3
N
~ €3
N
N

AB3 ABy

€1 A€
-1

€2 A €e3

€2 A€y
-(e1r€3)
-(e1rey)

€1 A€ A€3 A€y

- (e3 ~€y)

€1 re3

- (€2 ~€3)
-1

€3 A€y

€1 A€

- (€1 r€4)

€r A€y

- (1 r€2 r€3 n€y)

€1 A€y
- (e2rey)
- (€3 r€y)
-1
€1 A€ A3 A€y
e, A€y
€1 re3

- (ez re3)

€s re:

€] re:

- (e r€
€1 A€y n€e:

€3 A €y
- (exr€
- (e r€
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& (Cf13: TheDirac algebra

To generate the Dirac algebra we need the Minkowski metric in which there is one time-like
basiselement e; ee; == +1, and three space-like basiselements e; ee; = -1.

{e18€e; = 1, e, e, == -1, ez3ee;3 == -1, e, 0€4 = —1}

To generate the Clifford product table for this metric we enter:

V4; DeclareMetric[Di agonal Matrix[{1, -1, -1, -1}11]

{{1, 0, 0, 03},

{0, -1, 0, 03,

{0, 0,

-1, 0},

{0, 0, 0, -1}}

G =diffordToOt hogonal Scal ar Products[C;] // ToMetri cForm
Pal ett eFor m[GCs ]

1
€1
€
€3
€4
€1 A€
€; r€e3
€1 A€y
€2 A €e3
€7 A€y
€3 A€y
€1 A€s A3
€1 A€2 Ay
€1 A3 rBy
€2 n€3 7€y
€1 A€ AB3 A€y

€1

- (€1 ~€2)
- (€1 ~€3)
- (€1 r€4)
-e,
_e3
-ey
€1 A€7 A3
€1 A€3 A€y
€1 1€3 7€y
€s A3
€r A€y
€3 A€y

- (1 r€2 n€3 n€y)

- (€2 r€3 7€)

€7
e, A€y
-1
- (€2 ~€3)
- (€2 ~€4)
-e;

- (€1 r€p n€3)
—-(e1r€2 7€4)
€3
€4
€2 n€3 7€y
€1 re3
€1 A€y
€1 A€ A3 A€y
—- (€3 r€y4)

- (e1r€3r€4)

€3
€, Ae3
€, A3
-1
-(e3~e€y)
€1 A€3 B3
_el
-(e1r€3r€4)
-e,
- (exre3n€y)
€4
-(e1r€2)

-(e1r€217€318€4)

el /\e4
eg /\e4
€1 A€2 ABy

- (€1

To confirm that this structure is isomorphic to the Dirac algebra we can go through the same
procedure that we followed in the case of the Pauli algebra.
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B Step 1. Replace symbolsfor entities and operations
G = (G // Repl aceNegativeUnit) /. {1-1I, e1 - ¥o,
€, » Y1, €3 > ¥2, €, »¥s} /. Wedge » Dot ; Pal etteForm[C ]
I Yo Y1 Y2 Y3
Y0 I Yo- Y1 Yo- Y2 Yo- ¥3
Y1 -Y0- Y1 -I Y1 Y2 Y1- Y3
Y2 -Y0- Y2 -Y1- Y2 -I Y2- Y3
Y3 -Y0- Y3 -Y1- Y3 -Y2. Y3 -I
Y0- Y1 -Y1 -0 Yo- ¥1- Y2 Y0- Y1- ¥3
Yo- Y2 -2 -Y0- Y1 Y2 -Y0 Yo- ¥2- ¥3
Yo- ¥3 -73 -Y0- Y173 -Yo0- ¥2- Y3 -Y0
Y1- Y2 Y0- Y1- Y2 Y2 -1 Y1-¥2- Y3
Y1- Y3 Y0- Y1- V3 3 —¥1-¥2- Y3 -1
¥2- Y3 Yo- ¥2- 73 Y1- Y2 %3 Y3 -2
Y0o- Y1 ¥2 Y1- Y2 Y0- Y2 —-Y0- V1 Yo- Y1 ¥2- ¥:
Y0- ¥1- Y3 Y1- Y3 Y0- ¥3 —Y0- ¥1- ¥2- 73 —Y0- Y1
Y0- ¥2- %3 ¥2- Y3 Y0- ¥Y1- ¥2- ¥3 Y0- ¥3 —Yo- ¥2
Y1-¥2- Y3 -Y0- ¥1- ¥2- 73 -Y2- 73 Y1- Y3 —Y1- Y2
Yo- Y1 ¥2- Y3 —¥1-¥2- 73 -Yo0- ¥2- 73 Y0- Y173 —Y0- ¥1- Y2
B Step 2. Substitute matrices and calculate
1 0 0O 10 0 O 00 0 -1
0100 01 0 O 00 -1 O
G=CG/ {11010 |00-1 0] |01 0 of
00 01 00 0 -1 10 0 O
0 0 0 1 0 0 -10
0 0 -2 0 0O 0 0 1 .
2>l 5 0 ol 211 0 o o }; MatrixForm[G;]
i 0 0 O 0 -1 0 0
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-1 0
0 1
0 0
0 0,
-1

0 0

0\
-1 0,
0
-1 0 0 O
0 0 0 -1
-i 0 0
0 0O
o 0 0
-1 00
0
0 0O
-i 0 0,
0
-1 00
0 0 0,
_i
0 0 0,

-1 0 0 O
0

0 0
0 0 O
-1 0 0 O
0 0 O
0 0
0

-1

-1

0

-1

0

0

-1

0 0O
-1

0

0o 0
-i 0 0
0

0 0 O

0 0

i
-i 0
0
-1 0 0 O
-1 0 0 0
i 0
0 0 -1
0 0 0 1
-1
0 0 0 i
-1 0 0 O
0
0 0 0 -i
-1 0 0O
0O -1 00
0
00 0 -i
0 0 -i
0
0 -1 00
-1 0 00
0 0 -i
00 0 -i
0O 0 -10
0 -1 0 O

-1

-1

o o

- O

00 O
00

0
0
0

o o

-1

o

O +H O o

- O O O

1000
0100
0010
00 01

-1
0
0

0O 0 O

-i 0 0

-1 0 0

0O 0 O

-1

0 0O

-1 00
0

-i 0 O
-1

0 O
-1
-1

0 0
-1

0 0

0 0O

-1 0 0

0 0
0

i
0
0 0 O
0
1
0O 0 O
0
-1
0
-1
0
0 0
0
0 0
-1
0 0
0
-1
-1

0
00 O
0

0 0O

-1
-1
0
00 O
0
0
-1 0 0 O

0O 0 O

-1 0 0
-1

1000
0100
0010
0 0 01
00 01
0010
0100
1000
0O 0 O
0 -i 0 O
i 0 0 O
0O 0 O
0
0
0 -1 00
-1 0 00
0 0O
-1
-1
-1 0 0 O
0
-1
0 0 0 -i
0
0 0 0 -1
0
-i 0 0
-i 0 0 0

0
0 0 -1
00 0 -1
00 0 -1
00 -1 0
0
0 0
-i 0 O
0O 0 -10
-1 0 O
0 -1 0
-1 0 O
0 0 0 1
0 0 -1
-1 0 0 0
0 0 -10
0 0 0 1
-1 0 0 O
-1 0 0 O
0 0 -1
0 0 0 1
-1 0 0 O
0 0 0 1
0 0 -10
0 -i O
-1
0 0 -i
0 -i O

-1

0O 0 0 -i,
0 -i 0 O
0 0 -i

0
-1

-1

0
-1 0 0 O
0 0O

0

0 0
0

o <00 000 ©co o oo
HOOOOHOO O 00 OO -
©ooroO0+dO0 500 o
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H Step 3:

C =Cg /. Thread[First [Cs] » Basi sA[]] /.
Thread[-First [G] » -Basi sA[]];

B Step 4. Verification

G =G

True

% Cfoq: The Clifford algebra of complex quaternions

To generate the Clifford algebra of complex quaternions we need a metric in which all the scalar
products of orthogonal basis elements are of the form e; ee; (i not equal to j) are equal to - 1.
That is

{el 981 == —1, 82 982 == —1, e3 ee3 == —1, e4 ee4 == —1}
To generate the Clifford product table for this metric we enter:

V4; DeclareMetric[Di agonal Matrix[{-1, -1, -1, -1}1]

{{-1, o, o, 03, {0, -1, O, O}, (O, O, -1, O}, {O, O, O, -1}}

G =diffordToOt hogonal Scal ar Products[C,] // ToMetri cForm
Pal ett eFor m[GCs ]

1 e e, €3
e, -1 e €1 A €3 e,
e - (€1 r€2) =1 €z r€3 e
€3 - (ey re3) - (ex re3) =il €3
€4 - (€1 r€4) - (€2 ~€4) -(e3~e€y)
€1 A€ e, -€; €1 A€2 A3 €1 A
€1 r€3 €3 - (€1 €2 ~€3) -€; €1 A
€1 1€y €y - (€1 r€2 n€y) -(epre3nr€y)
€2 A €e3 €1 A€2 A3 €3 -€e € A
€2 A€y €1 A€ n€y ey - (€2 €3 7€)
€3 A€y €1 A€3 Aey €2 A3 A By €y
€1 A€ €3 - (ez ~e3) € ~€3 - (€1 r€2) €1 A€
€, A€5 A€y —(ez r€y) €1 A€y -(e1r€21r€318€4) - (e
€1 r€3 r€y - (€3 r€y) €1 A€ B3 A€y €1 A€y — (e
€ r€3 A€y -(e1r€2r€318€4) - (€3 r€y) €z €y — (€
€1 A€y AB3 A€y €2 A€3 A€y - (€1 r€3r€y) €1 A€ A€y - (e

Note that both the vectors and bivectors act as an imaginary units under the Clifford product.
This enables us to build up a general element of the algebra as a sum of nested complex
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numbers, quaternions, or complex quaternions. To show this, we begin by writing a general
element in terms of the basis elements of the Grassmann agebra:

X = Creat eG assmannNunber [a]

a’+e,at+e;a’?+ega’resat+rae ey, +rat e neg
a’e;re,+a%ey;neg+ra’e,ne, +atl%e;ne,+alt e ey neg
a? e;repnes +at¥ e neznes +a*esneznes +al® e nep nezney

We can then factor this expression to display it as a nested sum of numbers of the form
G =a +a e;.(Of course any basis element will do upon which to base the factorization.)

X=(a’+alte;) + (@ +a’e;)re, +
(@ +afey) + (@ +ate;) nes) nes+ ((@*+a’ ey) +
(@°+a'?e;)ae, + ((@%+a®ey) + (@ +a®e;) ney) nes) ney

Which can be rewritten in terms of the G as

Xz=C +Gre + (G+CGregx)aes + (G +CGaey+ (G +CGaey)aez)aey
Again, we can rewrite each of these elementsas Q == G + G e, toget

X=Q +Qres+ (& +Q arez) aey
Finally, wewriteQQ, == Q +Q ae; toget

X=QQ +Q rey

Since the basis 1-elements are orthogonal, we can replace the exterior product by the Clifford
product to give

X=(a’+ale;) + (a2+a%ey) oey +
((@®+afe;) + (@8 +a'te;)oe,)oes+ ((@*+a’e;) +
(@ +a?e;)oer + ((@% +aey) + (@ +a'®e;)oey) 0e3) oe,
=0 +G e+ (G+Geer)oe3+ (G+Goer+ (G +Goey)oes)oey

::Q_+Q<>e3+((2; +Q4°e3)‘>e4

12.17 Rotations

To be completed
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13.6 Matrix Powers
% Positive integer powers
%% Negative integer powers
& Non-integer powers of matrices with distinct eigenvalues
& Integer powers of matrices with distinct eigenvalues

13.7 Matrix Inverses
A formulafor the matrix inverse
& GrassmannMatrixInverse

13.8 Matrix Equations
& Two types of matrix eguations
& Solving matrix equations

13.9 Matrix Eigensystems
Exterior eigensystems of Grassmann matrices
& GrassmannM atrixEigensystem

13.10 Matrix Functions
Distinct eigenvalue matrix functions
& GrassmannMatrixFunction
% Exponentials and Logarithms
& Trigonometric functions
& Symbolic matrices
& Symbolic functions

13.11 Supermatrices
To be completed

13.1 Introduction

This chapter introduces the concept of a matrix of Grassmann numbers, which we will call a
Grassmann matrix. Wherever it makes sense, the operations discussed will work also for
listed collections of the components of tensors of any order as per the Mathematica
representation: a set of lists nested to a certain number of levels. Thus, for example, an
operation may also work for vectors or alist containing only one element.

We begin by discussing some quick methods for generating matrices of Grassmann
numbers, particularly matrices of symbolic Grassmann numbers, where it can become
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tedious to define al the scalar factors involved. We then discuss the common agebraic
operations like multiplication by scalars, addition, multiplication, taking the complement,
finding the grade of elements, simplification, taking components or determining the type of
elements involved.

Separate sections are devoted to discussing the notions of transpose, determinant and adjoint
of a Grassmann matrix. These notions do not carry over directly into the algebra of
Grassmann matrices due to the non-commutative nature of Grassmann numbers.

Matrix powers are then discussed, and the inverse of a Grassmann matrix defined in terms of
its positive integer powers. Non-integer powers are defined for matrices whose bodies have
distinct eigenvalues. The determination of the eigensystem of a Grassmann matrix is
discussed for this class of matrix.

Finally, functions of Grassmann matrices are discussed based on the determination of their

eigensystems. We show that relationships that we expect of scaars, for example
Log[Exp[A]] =A or Si n[A]? + Cos [A]? = 1, can till apply to Grassmann matrices.

13.2 Creating Matrices

% Creating general symbolic matrices

Unless a Grassmann matrix is particularly simple, and particularly when a large symbolic
matrix is required, it is useful to be able to generate the initial form of a the matrix
automatically. We do this with the GrassmannAlgebra Cr eat eMat ri xFor mfunction.

?CreateMat ri xForm

CreateMatri xForm[D] [X,S] constructs an array of the specified
di mensions with copies of the expression X formed by indexing
its scalars and variables with subscripts. Sis an optional
list of excluded synbols. Dis a list of dinensions of
the array (which may be synbolic for lists and matrices).
Note that an indexed scalar is not recognised as a scal ar
unless it has an underscripted O, or is declared as a scalar.

Suppose we require a 2x2 matrix of general Grassmann numbers of the form X (given
below) in a 2-space.
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X=a+be +ce+de;ae,

a+be,+ce,+de;ne,
We declare the 2-space, and then create a 2x2 matrix of the form X.

V,; M=CreateMatri xForm[{2, 2}][X]; Matri xForm[M]

(a]_'l + €1 b]_'l +€2Cq,1 +d1,1 €1 A€ aAy,2 +€3 b]_'z +€2Cy,2 +d1y2 €1 A €2
azvl + €1 b2,1 + € 02'1 +d211 €1 r€) a2'2 + €1 b2'2 + €7 02'2 +d2y2 €1 rey

We need to declare the extra scalars that we have formed. This can be done with just one
pattern (provided we wish all symbols with this pattern to be scalar).

Decl areExtraScal ars[{Subscript [_, _, _1}1

{a, b, c,d e f, g h k (_e_)?lnnerProductQ _ |, }

)

& Creating matrices with specific coefficients

To enter a Grassmann matrix with specific coefficients, enter a placeholder as the kernel
symbol. An output will be returned which will be copied to an input form as soon as you
attempt to edit it. You can select a placeholder and enter the value you want. The tab key
can be used to select the next placeholder. The steps are:

» Generate the form you want.

Y = Creat eG assnmannNunber [O]

O+0€e; +0€ +0€e1 Al

CreateMatri xForm[{2, 2}]1[VY]

{{o0+0€e1 +0€ +0€1 A€, O+0€1 +0€2 +0€1 €2},
{O+0€1 +0€) +0€1 A€y, O+0€; +0€ +0€1 r€2}}

» Start editing the form above.

{{2+0€e; +0€, +0€1 ACy, O+0€1 +0€, +10€;7 A€y},
{O+0€1 +0€2 +0€1 A€, O+0€1 +0€2 +0€1 A€2}}

« Finish off your editing and give the matrix a name.
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A={{2+3e;, e;1+6e,}, {b-9e;re;5, € +€1a€}}; Matri xFor m[A]

( 2+3e; e, +r6ep )
5*981/\82 €, +€1 A€y

% Creating matrices with variable elements

To create a matrix in which the Grassmann numbers are expressed in terms of x, y, and z,
say, you can temporarily declare the basis as { x, y, z} before generating the form with
Cr eat eG assmannNunber . For example:

B = Basis; DeclareBasis[{X, V¥, z2}]

{x,y, z}

Z = Creat eG assmannNunber [O]

O+XO+YO+ZO+0XAY +0XAZ+0YAZ+0XAYAZ
Here we create a vector of elements of the form Z.

CreateMatri xForm[{3}]1[Z] // Matri xForm

O+XO+YO+ZO+0O0XAY+0XAZ+0OYAZ+0OXAYAZ
O+XO+YO+ZO+0XAY+0XAZ+0O0YAZ+0OXAYAZ
O+XO+YO+ZO+0XAY+0XAZ+0OYAZ+0OXAYAZ

Remember to return to your original basis.

Decl ar eBasi s [B]

{e1, €2, €3}

13.3 Manipulating Matrices

& Matrix smplification

Simplification of the elements of a matrix may be effected by using GrassmannSi nplify.
For example, suppose we are working in a Euclidean 3-space and have a matrix B:
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Vi; B={{1+XaX, 2+e10€,}, {€1A€2, 3+XAYAZAW}};
Mat ri xFor m[B]

1+XaX 2+e08e;
€1 A€ 3+XAYArZaAW

To simplify the elements of the matrix we enter:
G[B]

{{11 2+elee2}1 {e31 3}}

If we wish to simplify any orthogonal elements, we can use ToMet r i cFor m Since we are in
a Euclidean space the scalar product term is zero.

ToMetri cForm[g[B]]

{{11 2}1 {e31 3}}

% The grades of the elements of a matrix

The GrassnmannAl gebr a function Gr ade returns a matrix with each element replaced by a
list of the different grades of its components. Thus, if an element is composed of severa
components of the same grade, only that one grade will be returned for that element. For
example, take the matrix A created in the previous section:

A// Matri xForm

( 2+381 e]_+682 )
5*981/\32 €, +€1 A€y

Grade[A] // Matri xForm

{0, 13 1
({O, 2} {1, 2})

& Taking components of a matrix

We take the matrix Mcreated in Section 13.2.
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M// Matri xForm

a]_'l + €1 bl,l + € cl,l +d111 €1~ € a]_'z + €1 b]_'z + €7 01'2 +d1y2 €1 rey
dz 1 +€;1 b2'1 +€2Co 1 +d2,1 €1 A€ Az 2 +€; b2'2 +€2 C2 2 +d2y2 €1 A €2

The body of Mis given by:

Body [M] // Mat ri xForm

a1 A2
az,1 aAz2
and its soul by:

Soul [M] // Matri xForm

er by 1 +€Cy1+dy €146, e by +€C2+d2€1 08,
€1 b1 +€Cy 1 +dz €106, €1 b5 +€,C2+d22€1 108,

The even components are extracted by using EvenGr ade.

EvenG ade [M] // Matri xForm

a]_'l +d1y1 €1~ €y a]_'z +d1'2 €1 A€y
azvl +d2y1 €1~ €y a2'2 +d2'2 €1 A€y

The odd components are extracted by using ddG ade.

OddGrade [M] // Matri xForm

e1 b1 +e2C11 e by z2+e€2Cy2
€11 +€2,Co1 €1 by +€5C;

Finally, we can extract the elements of any specific grade using Ext r act Gr ade.

Extract G ade[2] [M] // Matri xForm

(dl,l err€ dize Aez)
dy1€1r€2 dy2e€1n6€:

% Determining the type of elements

We take the matrix A created in Section 13.2.

2001 4 26



Explor GrassmannMatrixAlgebra.nb

A// Matri xForm

2+3e; e, +r6ep
5*981/\82 €, +€1 A€y

EvenG adeQ, OddG adeQ, EvenSoul Qand Gr adeQ al interrogate the individual elements
of amatrix.

EvenG adeQ[A] // Matri xForm

Fal se Fal se
( True Fal se)

QddGr adeQ[A] // Matri xForm

Fal se True
( Fal se Fal se)

EvenSoul Q[A] // Matri xForm

Fal se Fal se
( Fal se Fal se)

G adeQ[1] [A] // MatrixForm

Fal se True
( Fal se Fal se)

To check the type of a complete matrix we can ask whether it is free of either True or
Fal se values.

FreeQ[G adeQ[1] [A], Fal se]

Fal se

FreeQ[EvenSoul Q[A], True]

True
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13.4 Matrix Algebra

& Multiplication by scalars

Due to the Li st abl e attribute of the Ti nes operation in Mathematica, multiplication by
scalars behaves as expected. For example, multiplying the Grassmann matrix A created in
Section 13.2 by the scalar a gives:

A// Matri xForm

( 2+3e; e, +r6ep )
5-9e; 1€, € +€1 1€

aA// Matri xForm

a(2+3e;) a(e; +6ey)
(a(579e1Ae2) a (e; +e1Ae2))

¥ Matrix addition

Due to the Li st abl e attribute of the Pl us operation in Mathematica, matrices of the same
size add automatically.

A+M

{{2+3e;+a;,; +e1 by 1 +€,Cy 1 +dy 1 €1 1€,
(S58 +682 +ag 2 +€;1 b]_'z +€2Cq,2 +d1y2 e /\eg},
{5+a2,1 + €1 b2,1 + €2 02,1—981 NP} +d2y1 €1 A€y,
€2 +8z2+€1 by +€2C2+€1 1€ +Uz2€1 062}

We can collect like terms by using G assmannSi npl i fy.

GIA+M

{{2+a1,1+€1 (3+by 1) +e€2C1 1 +dy 1 €1 n8E2,
a2 +€1 (L+by,) +e; (6+Cp ) +dy €1 06213,
{5+az1+€1 by +€2Cp1 + (-9+dz1) €1 1€,
az 2 +€1by2+e (L+Co2)+ (1+d22)€14€2})
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% The complement of a matrix

Since the complement is a linear operation, the complement of a matrix is just the matrix of
the complements of the elements.

™M // MatrixForm

a1 +€;1 b]_'l +€2Cq,1 +d1,1 €1 A€ aAy,2 +€3 b]_'z +€2Cy,2 +d1y2 €1 A €2

dz 1 +€;1 bgvl +€2C2 1 +d2,1 €1 A€ Az 2 +€3 bgvz +€2 C2 2 +d2y2 €1 A €2
This can be simplified by using GrassmannSimplify. In a Euclidean space this gives:

GI[M] // Matri xForm

(ez by,1-€1Cy1+dy 1 +a,1 €146 €201 2-€1C12+0d12+812€1 1€
€2 by1-€1Cz1 +do1 +az1 €148 €2D0y2-€1C22+dy2+822€1 1€

& Matrix products

As with the product of two Grassmann numbers, entering the product of two matrices of
Grassmann numbers, does not effect any multiplication. For example, take the matrix Ain a
2-space created in the previous section.

Mat ri xFor m[A] A Mat ri xFor m[A]

2+3e; e, +r6ep ) ( 2+3e; e, +r6ep
A
5-9e; 1€, € +€1 1€ 5-9e; 1€, € +€1 1€

To multiply out the product AxA, we use the GrassmannAlgebra Mat r i xProduct function
which performs the multiplication. The short-hand for MatrixProduct is a script capital M
M, aobtained by typing [esc/SCM [esc].

MI[AAA]

{{(2+381) A <2+3e]_) + (e]_ +682) A (57981 /\92),
(2+3e€1)r (€1 +6€3) + (B3 +6€2) A (B2 +€11€2) 1,
{(5-9e1r€2)~(2+3€1) + (B2 +€1nr€2) ~ (5-9€1nr€2),

(

5-9ei1nr€2)n (€1 +6€2) + (B2 +€11€2) A (B2 +€11€2) )}

To take the product and simplify at the same time, apply the GrassnmannSi npl i fy function.
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GIMIAAA]] // MatrixForm
4 +17e; +30e; 2e, +12e, +19e; ~€;
(10+1581+582*1381/\ez 581+3082

B Regressive products
We can aso take the regressive product.

GIMI[AvA]] // MatrixForm
( ernex v (-9e; -54ep) eprev (19+e; +6e7)

(53] /\ezv<*13*2781*982*981 /\eg) €1 /\egv<*981*5282 + €1 /\ez)

B Interior products

We calculate an interior product of two matrices in the same way.

P=gIM[ABA]]

{{4+9 (e;oe;) +11e; +30e,, 3 (e10€1) +19 (e16€,) +6 (ex0€3)},
{10 - 27 (ep ~rey0€1) -9 (e; re0€, 7€) +5€5 -13 €1 ney,
e,0e, -9 (epre,0€1) -53 (61 re0€,) +€1 7€0€1 A€} )

To convert the interior products to scalar products, use the GrassmannAlgebra function
ToScal ar Product s on the matrix.

P1 = ToScal ar Pr oduct s [P]

{{4+9 (e;oe;) +11e; +30e;,, 3 (e10€1) +19 (e16€,) +6 (ex0€3)},
{10+9 (e;0€,)2-9 (e;0e;) (e,0€,) +27 (61 0€,) €; +5e, -
27 (e;0e;) e, -13e; r6,, —(B10€5)%2 +e,0€, + (B, 0€;) (€,0€,) +
9 (e;oe,)e; +53 (e, 0e,)e1 -9 (e;oe;) e -53 (epoe;,) e} )

This product can be simplified further if the values of the scalar products of the basis
elements are known. In a Euclidean space, we obtain:

ToMetri cForm[P1] // Matri xForm

13+11e; +30e: 9
1*2282*1381/\32 2+5381*982
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B Clifford products

The Clifford product of two matrices can be calculated in stages. First we multiply the
elements and expand and simplify the terms with G assmannSi npli fy.

Cl = g[M[A-A]]

{{2<>2+32<>e1 +38102+8105+98109179810(e]_ AB2) +
68205754820<el AB2), 201 +620e, +3€10€1 +
19e,0e,+€10 (€1 1€;) +6E0€; +6€50 (€7 1€) ),

{502+35<>el +92<>57982<><e]_ AB2) -9 (e A92)<>2+
(e1 7€) o5 -27 (e r€3) o€ -9 (€1 7 €2) © (€1 1 €2),

5¢e,+650e, +e08€)5 +€2 0 (€1 r€2) -9 (€1 ~r€2) 001 —
53 (epr€2) o€+ (€1 r€2) 0 (€1 4€2) 1)}

Next we can convert the Clifford products into exterior and scalar products with
ToScal ar Products.

C2 = ToScal ar Product s[Cl1]

{{4+9 (eoe,) +17e; +9 (e;0€5) €1 +
54 (e;ce;)e; +30e, -9 (e;oe1) e; -54 (epoe;) ey,
3 (e;oe;) +19 (e;oe,) +6 (e, 0€,) +2€1 - (B16€3) €1 -
6 (e;0e,) e +12e, + (e10€1) €, +6 (B16€5) €, +19€ r€5 1},
{10-9 (e;0€,)2+9 (e;0e;) (e,0€,) +15e; -27 (e;0€,) €1 +
9 (ep;0e,)e; +5e, +27 (e10e1) e, -9 (e;oe;,) e, -13e; ~ey,
(eleez)2 +e,6e, - (ep1oe;) (e;oe;) +5e; -9 (e;0e;3) €1 -
54 (e,ce,)e; +30e, +9 (e;oe,) e, +54 (e;oe,) €51}

Finally, if we arein a Euclidean space, this simplifies significantly.

ToMetri cForm[C2] // Matri xForm

13+71e; +21 e, 9-4e; +13e, +19e; r €
19 +24e;, +32e, -13e; ~r€3 -49e; +39 e,

2001 4 26



Explor GrassmannMatrixAlgebra.nb 13

13.5 The Transpose

Conditions on the transpose of an exterior product

If we adopt the usual definition of the transpose of a matrix as being the matrix where rows
become columns and columns become rows, we find that, in general, we lose the relation for
the transpose of a product being the product of the transposes in reverse order. To see under
what conditions this does indeed remain true we break the matrices up into their even and
odd components. Let A== A, + A, and B == B, + B, , where the subscript e refers to the even
component and o refers to the odd component. Then

(AAB)T = ((Ac +As) A (Be +Bs)) " == (Ac ABe + A ABy + AgaBs + A aBg) T ==
(A aBe)T + (AcaBo)T + (A aBe)T + (A aBo)T

B"AAT == (B, +Bo) A (A +A)T =
(Bl*'BZ)"(AZ*'AZ) ==BZAAZ+BZAAZ+BZAAZ+BZAAZ

If the elements of two Grassmann matrices commute, then just as for the usual case, the
transpose of a product is the product of the transposes in reverse order. If they anti-
commute, then the transpose of a product is the negative of the product of the transposesin
reverse order. Thus, the corresponding terms in the two expansions above which involve an
even matrix will be equal, and the last terms involving two odd matrices will differ by asign:

(Ac aBe)T = Bl aA]
(A aBo) =By aAl
(Ao aBe)T =Bl AA]
(Ao aBo)T == - (B] a A])

Thus

(AaB)T =BT AAT -2 (Bl A Al) =

13.1
BTAAT +2 (A, ABo) T
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(AAB)T:: BTAAT E—3 AY)ABO == 132

% Checking the transpose of a product

It is useful to be able to run a check on a theoretically derived relation such as this. To
reduce duplication effort in the checking of severa cases we devise atest function called

Test TransposeRel ati on.

Test TransposeRel ation[A ,B ]: =
Modul e[ { T}, T=Tr anspose;
GILTIM AAB]]] = GIM T[B] AT[Al]-2M T[ OddGr ade[ B] ] AT[ CddGr ade[ A]1]1]

As an example, wetest it for two 2x2 matrices in 2-space:

A// Matri xForm
( 2+3e; e, +r6ep

5*931/\32 €, +€1 A€y

M// MatrixForm
<a1'1 + €1 bl,l + € cl,l +d111 €1 r€) a]_'z + €1 b]_'z + €7 01'2 +d1y2 €1 rey

dz 1 +€;1 b2'1 +€2C2 1 +d2,1 €1 A€ Az 2 +€; b2'2 +€2 C2 2 +d2y2 €1 A €2

Test TransposeRel ati on[M A]

True

It should be remarked that for the transpose of a product to be equal to the product of the

transposes in reverse order, the evenness of the matrices is a sufficient condition, but not a
necessary one. All that is required is that the exterior product of the odd components of the
matrices be zero. This may be achieved without the odd components themselves necessarily

being zero.
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Conditions on the deter minant of a general matrix

Due to the non-commutativity of Grassmann numbers, the notion of determinant does not
carry over directly to matrices of Grassmann numbers. To see why, consider the diagonal
Grassmann matrix composed of 1-elements x and y:

x 0
( 0 vy )
The natural definition of the determinant of this matrix would be the product of the diagonal
elements. However, which product should it be, xay or yax? The possible non-

commutativity of the Grassmann numbers on the diagonal may give rise to different
products of the diagonal elements, depending on the ordering of the elements.

On the other hand, if the product of the diagonal elements of a diagonal Grassmann matrix is
unique, as would be the case for even elements, the determinant may be defined uniquely as
that product.

& Deter minants of even Grassmann matrices

If a Grassmann matrix is even, its elements commute and its determinant may be defined in
the same way as for matrices of scalars.

To calculate the determinant of an even Grassmann matrix, we can use the same basic
algorithm as for scalar matrices. In GrassmannAlgebra this is implemented with the
function G assmannDet er i nant . For example:

B = EvenG ade [M]; Matri xFor m[B]

ai 1 +d1y1 €1 A€ Qi 2 +d1'2 €1 A €2
azvl +d2y1 €1~ € a2'2 +d2'2 €1 A€y

Bl = GrassnmannDet er m nant [B]

(1,1 +dy 1 €1 4€2) A (A2 +dz,2€1 n€2) —
(a,2 +d;,2 €1 4€2) A (82,1 +dz 1 €1 7€)

Note that G assmannDet er mi nant does not carry out any simplification, but instead
leaves the products in raw form to facilitate the interpretation of the process occurring. To
simplify the result one needs to use Gr assmannSi npl i fy.
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G[Bl1]

-y 281 +a1,1822+ (A2201,1 —A21 012 -83,2021+@3,1022) €116

13.6 Matrix Powers

& Podtive integer powers

B Powers of matrices with no body

Positive integer powers of a matrix of Grassmann numbers are ssmply calculated by taking
the exterior product of the matrix with itself the requisite number of times - and then using
G assmannSi npl i fy to compute and simplify the result.

We begin in a4-space. For example, suppose we let

Va; A= {{X, ¥}, {u, v}}; MatrixFor m[A]

(0 v)

u v

The second power is.

MI[AAA]

{{XAX+YyarU, XAy +YyaV}, {UAX+V AU, UrY +VAaV}}
When simplified this becomes:

A = GIM[AAA]]; MatrixForm[A;]

-(uay) - (Vay) +Xay
- (UAV) +UAX unasy

We can extend this process to form higher powers:

Ag = GIM[AAA]]; MatrixFormiAs]

—(UAVAY) +2UArAXAY VAaXay
*(U/\V/\X) 72U/\VAy+U/\X/\y
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As = G[AAA]; MatrixForm[As]

—(UAVAY) +2UArAXAY VAaXay
- (UaVaX) —2UAV Ay +UAXAY

Because this matrix has no body, there will eventually be a power which is zero, dependent
on the dimension of the space, which in this case is 4. Here we see that it is the fourth power.

As = GIM[AAA]]; MatrixForm[A:]
00
lo ol
B Powers of matrices with a body

By giving the matrix a body, we can see that higher powers may no longer be zero.

B=A +ldentityMatrix[2]; Matri xFor m[B]

(1+x Y
u 1+v

By = GIM[BAM[BAM[BAB]]1]]; MatrixForm[B,]

1+4X-6Uury-4urvay+8UaraXary 4y -B6VAYy +6Xay+4Vaxay
( 4u-6UrvV+BUAX-4UAVAX 1+4v+6uUunry-8uUuavay+4uUarX

B Grassmannlnteger Power

Although we will see later that the GrassmannAlgebra function G assmannMat r i xPower
will actually deal with more general cases than the positive integer powers discussed here,
we can write a simple function G- assmannl nt eger Power to calculate any integer power.
Like Grassmannhat ri xPower we can also easily store the result for further use in the
same Mathematica session. This makes subsequent calculations involving the powers
aready calculated much faster.

G assnmannl nt eger Power[ M, n_?Posi tivel ntegerq: =

Modul e[ { P}, P=Nest Li st[ g[ M[ Mn#]] & M n-1] ;
Grassnmannl nt eger Power[ M m_, Di mensi on] : =Fi rst[ Take[ P, {m]];
Last[ P]]

As an example we take the matrix B created above.
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B

{({1+x, ¥y}, {u, 1+v}}

Now we apply G assnannl nt eger Power to obtain the fourth power of B.

Grassnmannl nt eger Power [B, 4] // Matri xForm

1+4X-6Uury-4Uurvay+8Uarxay 4y -6V AYy +6 XAy +4VaXxay
4u-6UrvV+BUAX-4UArVAX 1+4v+6Uunry-8uUuavay+4UnrX

However, on the way to caculating the fourth power, the function

G assmannl nt eger Power has remembered the values of the al the integer powers up to
the fourth, in this case the second, third and fourth. We can get immediate access to these by
adding the Di mensi on of the space as a third argument. Since the power of a matrix may
take on a different form in spaces of different dimensions (due to some terms being zero
because their degree exceeds the dimension of the space), the power is recalled only by
including the Di mensi on as the third argument.

Di mensi on
4

G assmannl nt eger Power [B, 2, 4] // MatrixForm// Ti m ng

1+2X-Ury 2y-Vay+Xay
{O. Second, (2u7uAv+qu 1+2V+uny )}

G assmannl nt eger Power [B, 3, 4] // MatrixForm// Ti m ng

1+3X-3UrAy -UAVAY +2UArXArY 3y-3vay+3xay
{O' Second, ( B3U-3UAV+3UAX-UAVAX 1+3v+3Uury-2UavVv

G assmannl nt eger Power [B, 4, 4] // MatrixForm// Ti m ng

1+4X-6Ury-4UrVay+8UrXAY 4y -6V ry +6Xxn
{0~ Second, ( AU-BUAV+BUAX —AUAVAX 1+4v+6ury-8un

B GrassmannM atrixPower

The principal and more general function for calculating matrix powers provided by
GrassmannAlgebra is GrassnmannMat ri xPower . Here we verify that it gives the same
result as our simple Gr assnmannl nt eger Power function.
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GrassnmannMat ri xPower [B, 4]

{({l1+4X-6Ury-4UrVvay+8UrXrYy, 4y -6V Ay +6Xay+4VaXay},
{Au-6Urv+6UAX-4UrVaX, 1+4V+6UrYy-8UAVAY +4UrAXArY}}

% Negative integer powers

From this point onwards we will be discussing the application of the genera
GrassmannAlgebra function Gr assnmannMat ri xPower .

We take as an example the following simple 2x2 matrix.

A= {{1, x}, {y, 1}}; MatrixForm[A]

(y 1]

The matrix A~ is calculated by Gr assmannMat ri xPower by taking the fourth power of the
inverse.

i Ay = GassmannhMat ri xPower [A, -4]
{{1+10xry, -4x}, {-4y, 1-10x2Yy}}

We could of course get the same result by taking the inverse of the fourth power.
GrassnmannMat ri xI nver se [GrassnmannMat ri xPower [A, 4]]
{{1+10x~y, -4x}, {-4y, 1-10x41Yy}}

We check that this isindeed the inverse.

GIMI[I Ay AGrassnmannat ri xPower [A, 4111

{{1, 0}, {0, 1}}

% Non-integer powers of matrices with distinct eigenvalues

If the matrix has distinct eigenvalues, G assmannMatri xPower will use
G assmannMat ri xFunct i on to compute any non-integer power of a matrix of Grassmann
numbers.
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Let A be the 2x2 matrix which differs from the matrix discussed above by having distinct
eigenvalues 1 and 2. We will discuss eigenvalues in Section 13.9 below.

A= {{1, x}, {y, 2}}; MatrixFormlA]
1 x
(y 2)

We compute the square root of A.

sqrt A= GrassnmannMat ri xPower [A,

N| -
—

{1+ (-3 +V2Z) xny, (-1+32) %],
[(-1++2)y, \/§+% (-4+3+2) xny}}
To verify that thisis indeed the square root of A we 'square’ it.

GIMI[sqgrt AasqrtAll]

More generally, we can extract a symbolic pth root. But to have the simplest result we need
to ensure that p has been declared a scalar first,

Decl areExtraScal ars[{p}]

{a, b, c, d e f, g h p k (_e_)?lnnerProductQ _}
. 1
pt hRoot A = GrassmannMat ri xPower [A, —]

{1+ (71+2% 7%) Xy, (-1+27)x},

71+%

[(-1+27)y, 27 +|-1+2F -

XAy}}

We can verify that this gives us the previous result when p = 2.

sqrtA=pthRootA/. p>2//Sinplify

True
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If the power required is not integra and the eigenvalues are not distinct,
G assmannMat ri xPower will return a message and the unevaluated input. Let B be a
simple 2x2 matrix with equal eigenvalues 1 and 1

B={{1, X}, {y, 1}}; MatrixForm[B]
1 x
(y 1)

. 1
GrassrrananIatrleower[B, 5]

Ei genval ues:: notDistinct :
The matrix {{1, x}, {y, 1}} does not have distinct scalar eigenvalues. The
operation applies only to natrices with distinct scalar eigenvalues.

GrassrrananIatrixPower[{{l, X}, {y, 1}3}, %}

& Integer powers of matrices with distinct eigenvalues

In some circumstances, if a matrix is known to have distinct eigenvalues, it will be more
efficient to compute powers using Gr assmannMat ri xFuncti on for the basic calculation
engine. The function of GrassmannAlgebra which enables this is
GrassnmannDi sti nct Ei genval ueMat ri xPower .

? GrassmannDi sti nct Ei genval uesiat ri xPower

GrassmannDi sti nct Ei genval uesMatri xPower [A, p]
cal cul ates the power p of a Grassmann matrix A with
di stinct eigenvalues. p may be either nuneric or synbolic.

We can check whether a matrix has distinct eigenvalues with Di st i nct Ei genval uesQ.
For example, suppose we wish to calculate the 100th power of the matrix A below.

A// Matri xForm

(y 3]

Di stinct Ei genval uesQ[A]

True
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A

{{1, x}, {y, 2}}

GrassmannDi sti nct Ei genval uesMat ri xPower [A, 100]

{{1+1267650600228229401496703205275 X ~ Y,
1267650600228229401496703205375 X },
{1267650600228229401496703205375y,
1267650600228229401496703205376 -
62114879411183240673338457063425x ry }}

13.7 Matrix I nverses

A formula for the matrix inverse

We can develop aformula for the inverse of a matrix of Grassmann numbers following the
same approach that we used for calculating the inverse of a Grassmann number. Suppose |
is the identity matrix, X, is a bodiless matrix of Grassmann numbers and X' is its ith
exterior power. Then we can write:

(I +X) A =X+ X2 =X+ X4 - 02X =1 £X91

Now, since X, has no body, its highest non-zero power will be equal to the dimension n of
the space. That is Xc"** == 0. Thus

(I +# %) A (=X + X2 = X3 +X4- o ex") =1 |13.3

We have thus shown that for a bodiless X, , (I - X + X2 - %3 + X4 - ... £X!") isthe
inverseof (1 + X ) .

If now we have a general Grassmann matrix X, say, we can write X as X = X, + Xs , where
Xy isthe body of X and X; isthe soul of X, and then take X, out as a factor to get:

X=X + X% =X (I + %70 %) =% (I +X)

Pre- and post-multiplying the equation above for the inverse of (I + X ) by X, and
Xp =1 respectively gives:
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Xo (I +#Xc) a (1 =X + X2 =X+ XA = .0 £+ X") X =1

Since the first factor is simply X, we finally obtain the inverse of X in terms of X ==
X1 X &s:

XLa (1 =X+ X2 =-X3+%4- .02 XM Xt 13. 4

Or, specifically in terms of the body and soul of X:

X1 -
(- Ko Xs) + o1 X) = 2 (%71 X)") 13.5
Xb_l

& GrassmannM atrix|nver se

This formula is straightforward to implement as a function. In GrassmannAlgebra we can
calculate the inverse of a Grassmann matrix X by using G- assmannMat ri xI nver se.

? GrassmannMat ri xl nver se

GrassmannMatri xl nverse[X] conputes the
inverse of the matrix X of Grassmann nunbers in a
space of the currently decl ared nunber of dinensions.

A definition for GrassmannMat ri xI nver se may be quite straighforwardly developed
from formula 13.4.

GrassmannMatri xl nverse[ X ]: =

Modul e[ {B, S,i B, i BS, K}, B=Body[ X] ; S=Soul [ X] ;

i B=I nverse[ B];iBS=g[ M i BAS]];

K=Suni (-1)~i G assmannMatri xPower[iBS,i], {i, 0, Di nension}];
Gl M Kni B]]]

As afirst simple example we take the matrix:

2001 4 26



Explor GrassmannMatrixAlgebra.nb

24

A= {{1, X}, {y, 1}}; MatrixForm[A]
1 x
(y 1)
Theinverse of Ais:
i A=GassnmannMatri xl nverse[A]; Matri xForm[i A]

1+xay -X
-y 17X/\y

We can check that this is indeed the inverse.
GL{MIAAI Al, M[I ArA]}]
{{{1, 0}, {0, 13}, {{1, 0}, {0, 1}}}
As a second example we take a somewhat more complex matrix.

A= {{l+e1, 2, esnrey},

{3, exaey, €4},
Mat ri xFor m[A]

{€2, €1, 1+esa€1}};

1+e; 2

€3 A€y
3 €, A€y (SH1
(553 €1 1+ €4 r€;

iA=GassmannMatri xl nverse[A] // Sinplify

1

(-(e1r€4) —€21€4), 18 (6+€1 7684 -€21€84+€1 €2 nCy), -

<6+e]_ ABy +€) 7A€ —3 €1 A8 AB3 +€1 2B ABg),

(€4 +€1 €4 +392A93)},
1

(-2€e1-€1 €2 n84),

1

6

1

12

?16‘ (767681791/\94 +€r 264 +3€; A€y AB3),
1

6

1

7T 36 (68171282+1381/\92/\94),
1

6

(6+5e]_ A€y +2€r€64 -3€1 18 /\93)}}
We check that thisisindeed the inverse

GI{MIAAT Al, M[iAAAT}]

{{{1, 0, 0}, {0, 1, O}, {0, O, 1}},
{{1, 0, 0}, {0, 1, 0}, {0, O, 1}}}
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Finally, if we try to find the inverse of a matrix with a singular body we get the expected
type of error messages.

A= {{1+X, 2+y}, {1+2z, 2+w}}; MatrixFor m[A]

1+x 2+y
lv+z 2+w

GrassnmannMat ri xI nver se [A]

Inverse::sing : Mtrix {{1, 2}, {1, 2}} is singular.

13.8 Matrix Equations

& Two types of matrix equations

If we can recast a system of equations into a matrix form which maintains the correct
ordering of the factors, we can use the matrix inverse to obtain the solution. Suppose we
have an equation MaX==Y where Mis an invertible matrix of Grassmann numbers, X is a
vector of unknown Grassmann numbers, and Y is a vector of known Grassmann numbers.
Then the solution X is given by:

GIM[G assmannMatri xl nverse[M] A Y]]

Alternatively, if the equations need to be expressed as XaM=Y in which case the solution X is
given by:

GIMIY AG assmannMatri xl nverse[M]]]

GrassmannAlgebra implements these as G assmannLeftLi near Sol ve and
G assmannRi ght Li near Sol ve respectively.

? GrassmannLeft Li near Sol ve

GrassmannlLeftLi near Sol ve[M Y] cal cul ates a
matri x or vector X which solves the equation MiX==Y.
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& Solving matrix equations

Here we take an example and show that GrassmannLeftLi near Sol ve and
G assmannRi ght Li near Sol ve both gives solutions to amatrix exterior equation.

M= {{1+X, Xay}, {1-Vy, 2+y+X+5xay}}; Matri xForm[M

1+x XAy
<1fy 2+X+y+5xXay

Y={3+2xay, 7-5x}; MatrixForm[Y]

3+2Xny
( 7-5x

G assmannLef t Li near Sol ve gives:

X = GrassmannLeft Li near Sol ve[M Y]; Matri xFor m[X]
3-3x

_ Yy _ 19xay
2-2Xx+ 3% 7

GIMIMAX]] = Y

True

G assmannRi ght Li near Sol ve gives:

X = GrassmannRi ght Li near Sol ve[M Y]; Matri xFor m[X]

_L1 ,lox 21y . 4lxny
2 4 4
7 _ 17x _ 7y _ 29xay
2 4 4

GIMIXAM] = Y

True
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13.9 Matrix Eigensystems

Exterior eigensystems of Grassmann matrices

Grassmann matrices have eigensystems just as do rea or complex matrices. Eigensystems
are useful because they allow us to calculate functions of matrices. One mgjor difference in
approach with Grassmann matrices is that we may no longer be able to use the determinant
to obtain the characteristic equation, and hence the eigenvalues. We can, however, return to
the basic definition of an eigenvalue and eigenvector to obtain our results. We treat only
those matrices with distinct eigenvalues. Suppose the matrix A is nxn and has distinct
eigenvalues, then we are looking for an nxn diagonal matrix L (the matrix of eigenvalues)
and an nxn matrix X (the matrix of eigenvectors) such that:

AAX::XAL 136

The pair { X, L} is called the eigensystem of A. If X isinvertible we can post-multiply by X-*
to get:

A= Xalaxlt 13.7

and pre-multiply by X-* to get:

XLAAAX =L 13.8

It is this decomposition which alows us to define functions of Grassmann matrices. This
will be discussed further in Section 13.10.
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The number of scalar equations resulting from the matrix equation AaX == XaL is n?. The
number of unknowns that we are likely to be able to determine is therefore n? . There are n
unknown eigenvalues in L, leaving n? - n unknowns to be determined in X. Since X occurs
on both sides of the eguation, we need only determine its columns (or rows) to within a
scalar multiple. Hence there are really only n? - n unknowns to be determined in X, which
leads us to hope that a decomposition of this form is indeed possible.

The process we adopt is to assume unknown general Grassmann numbers for the diagonal
components of L and for the components of X. If the dimension of the space is N, there will
be 2N scalar coefficients to be determined for each of the n? unknowns. We then use
Mathematica's powerful Sol ve function to obtain the values of these unknowns. In practice,
during the calculations, we assume that the basis of the space is composed of just the non-
scalar symbols existing in the matrix A. This enables the reduction of computation should
the currently declared basis be of higher dimension than the number of different 1-elements
in the matrix, and also alows the eigensystem to be obtained for matrices which are not
expressed in terms of basis elements.

For simplicity we also use Mathematica's Jor danDeconposi ti on function to determine
the scalar eigensystem of the matrix A before proceeding on to find the non-scalar
components. To see the relationship of the scalar eigensystem to the complete Grassmann
eigensystem, rewrite the eigensystem equation AaX == XaL in terms of body and soul, and
extract that part of the equation that is pure body.

(Ao +As) A (K +X) == (Ko + %) A (L +Ls)
Expanding this equation gives
Apg AXy + (ApAXs +As AXp + A5 AXs) == Xpalp + (Xp als + X alp + X als)

The first term on each side is the body of the equation, and the second terms (in brackets) its
soul. The body of the equation is simply the eigensystem equation for the body of A and
shows that the scalar components of the unknown X and L matrices are simply the
eigensystem of the body of A.

Ap A Xy == Xp A Lp 13.9

By decomposing the soul of the equation into a sequence of equations relating matrices of
elements of different grades, the solution for the unknown elements of X and L may be
obtained sequentialy by using the solutions from the eguations of lower grade. For example,
the equation for the elements of grade oneis
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AXg + Ag A == Xpalg + Xg Al
Ap 1s 1s Xp b 1s 1s b 13. 10

where As , Xs, and Ls are the components of A, X, and Ls of grade 1. Here we know
1 1 1

A, and A; and have already solved for X, and L, , leaving just Xs; and L to be determined.
1 1 1

However, athough this process would be helpful if trying to solve by hand, it is not
necessary when using the Sol ve function in Mathematica.

& GrassmannMatrixEigensystem

The function implemented in GrassmannAlgebra for calculating the eigensystem of a matrix
of Grassmann numbersis GrassnmannMat ri XEi gensyst em. It is capable of calculating the
eigensystem only of matrices whose body has distinct eigenval ues.

? GrassmannMat ri XEi gensystem

GrassmannMat ri xEi gensystemA] cal cul ates a list conprising the
matri x of eigenvectors and the diagonal matrix of eigenval ues
for a Grassmann matri x A whose body has distinct eigenval ues.

If the matrix does not have distinct eigenvalues, G assmannMat ri xEi gensyst em will
return a message telling us. For example:

A={{2, X}, {y, 2}}; MatrixFormlA]

(5 5]

GrassnmannMat ri XEi gensyst em[A]

Ei genval ues:: notDistinct :
The matrix {{2, x}, {y, 2}} does not have distinct scalar eigenvalues. The
operation applies only to nmatrices with distinct scalar eigenvalues.

GrassnmannMat ri XEi gensystem[{{2, x}, {y, 2}}]
If the matrix has distinct eigenvalues, a list of two matrices is returned. The first is the
matrix of eigenvectors (whose columns have been normalized with an agorithm which tries

to produce as simple a form as possible), and the second is the (diagonal) matrix of
eigenval ues.
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A= {{2, 3+X}, {2+y, 3}}; Matri xFor m[A]

( 2 3+X
2+y 3
{X, L} = GrassnmannMat ri XEi gensyst em[A]; Matri xForm/e {X, L}

{(3%+% 1 J

2 1-X+y

3y XAy

5 T 5 0 }
2X 3y XAy

0 S+ -+ v

_2x _
5

To verify that thisis indeed the eigensystem for A we can evaluate the equation AaX == XaL.
GIMIAAX]] = g[M[XaL]]
True

Next we take a dightly more complex example.

A={{2+81 +2€1Aeg, 0, 0}, {0, 2+281, 5+ell\eg},
{0, -1+e;+€5, -2-€,}}; Matri xForm[A]

2+el+281/\ez 0 0
0 2+281 5+el/\eg
0 -l+e; +€5 -2 -e;

{X, L} = GrassnmannMat ri XEi gensyst em[A];

X

{{0, 0, 13,

{(72+1)7(3+721)e17(g 521)e2+(%77—21—)e1Ae2, (-2 -1) -
(3—%)e1—(g—5—2£)e2+(14l+ 72j)e1Ae2, 0}, {1, 1, 0}}

L

(Lo -z - e (2 -5 erne 00}

o ic(1-%e (55 e (2 ) eines, 0],

{0, 0, 2+e;+2e; /\92}}

GIMIAAX]] = GIM[XAL]]

True
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13.10 Matrix Functions

Distinct eigenvalue matrix functions

As shown above in the section on matrix eigensystems, we can express a matrix with
distinct eigenvalues in the form:

A= XaLlaX?

Hence we can write its exterior square as.

AZ 2= (XALAaXT) A (XaLlaX?t)y =Xala(XTaX)alaX?t=Xal2aX?

This result is easily generalized to give an expression for any power of a matrix.

AP == XA LP AX1

Indeed, itisaso valid for any linear combination of powers,

ap AP == a, Xa LP A Xt == Xa ap LP) A Xt
( )

and hence any function f [ A] defined by alinear combination of powers (series):

f [A] ==Zap AP

f [A] == Xaf [L] aX1

Now, since L isadiagona matrix:

L == Di agonal Matri X[{A1, A2, ... An}]

its pth power is just the diagonal matrix of the pth powers of the elements.

LP == Di agonal Matri x[{x:P, P, .., An}1]
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Hence:
Zap LP == Di agonal Mat ri x[{Z"ap AP, Zap D PL Zap AP }]
f [L] ==Di agonal Matri x[{f [A¢], f[A21, ... T [An]}]

Hence, finally we have an expression for the function f of the matrix A in terms of the
eigenvector matrix and a diagonal matrix in which each diagonal element is the function f
of the corresponding eigenvalue.

f [A] == XaDi agonal Matri x [

(fa1, fxl, .., f[Anl}] A XL 13. 13

& GrassmannM atrixFunction

We have aready seen in Chapter 9 how to calculate a function of a Grassmann number by
using GrassmannFuncti on. We use GrassmannFuncti on and the formula above to
construct GrassmannMat ri xFunct i on for calculating functions of matrices.

? GrassmannMat ri xFuncti on

GrassmannMat ri xFunction[f [A]] cal cul ates a function f
of a Grassmann matrix A with distinct eigenval ues, where
f is a pure function. GrassmannMatri xFunction[{fx, x}, A]
calculates a function fx of a Grassmann matrix A with
di stinct eigenvalues, where fx is a fornmula with x as vari abl e.

It should be remarked that, just as functions of a Grassmann number will have different
forms in spaces of different dimension, so too will functions of a Grassmann matrix.

% Exponentials and Logarithms

In what follows we shall explore some examples of functions of Grassmann matrices in 3-
space.

Vi; A= {{1+X, xaz}, {2, 3-2z}}; MatrixForm[A]

1+X Xanz
2 3-z
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We first calculate the exponential of A.

expA = GrassmannMat ri xFuncti on [Exp [A]]

{{e+ex+%e(—3+ez)XAZ, %e(—lﬂez)XAZ},
3 1 2 ez (932

{—e+e +7e(—3+e)x——2—— > +3exnz,

e3—e3z+%(e+e3)xAZ}}

We then calculate the logarithm of this exponential and seethat it is A as we expect.

GrassnmannMat ri xFuncti on[Log [expA]]

{{1+X, XAz}, {2, 3-2}}

& Trigonometric functions

We compute the square of the sine and the square of the cosine of A:

s2A = GrassmanniMatri xFunction[{Sin[x]"2, X}, A]

1

{{2xCos[1]Sin[1] +Sin[1]*+

Cos[2] Sin[2]? Xaz},

Sin[l] (-4Cos[1] +Sin[3]+Sin[5]) XAz,

{7zSin[2}722005[4} Sin[2}+%x8in[2} (-2+Sin[4]) +Sin[2]Sin[4] +

%zSin[Z}Sin[4}+%Sin[2} (6+6Cos[4]-3Sin[4]) Xz,

Sin[3]2—zSin[6}+%(—Cos[2}+Cos[6}+4Sin[6])xAz}}
C2A = GrassmannMat ri xFunction[{Cos[x]"2, X}, A]

{{Cos[1]?-2x Cos[1] Sin[1] +%Cos[1} (-Cos [3] +Cos[5] +4Sin[1]) Xz,
-Cos [2] Sin[212xAz},

{zSin[Z} +2zCos[4]Sin[2] 7%xSin[2} (-2+Sin[4]) -Sin[2] Sin[4] -

%zSin[Z} Sin[4] 7%Sin[2} (6+6Cos[4]-3Sin(4]) Xz,

Cos[3]12+zSin[6] - 1

7 (-Cos[2] + Cos (6] +4Sin[6])xaz}}

and show that si n? x + cos?2 x = 1, even for Grassmann matrices:
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s2A+Cc2A // Sinplify // Matri xForm
(o 1]
01

& Symbolic matrices

B={{a+X, xaz}, {b, c-2z}}; Matri xForm[B]

e ela

GrassmannMat ri xFuncti on[Exp [B]]

b(-e* +rae® -ce* +e%) Xnaz (ea—ec)XAZ}

{{ea (L+x) + @ o)’ ,

{W%T (b ((a-c) (-ce?+ce®-e*x-ce? X+

ex-e*z+efz-cezra(e*-ef +e®x+ez)) +
(1+b) (-2e*-ce*+2e® -ce®+a(e*+e))xnz)),
b(e?-e®-ae®+ce®) Xnz
(a-c)? 1}

-e® (-1+z) +

& Symbolic functions

Suppose we wish to compute the symbolic function f of the matrix A.

A// Matri xForm
1+X Xanz

2 3-z

If we try to compute this we get an incorrect result because the derivatives evaluated at
various scalar values are not recognized by GrassmannSi npl i fy as scalars. Here we print
out just three lines of the result.
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Short [GrassmannMat ri xFunction[f [A]], 3]
{{<<1>>}, {—f 1] +F[38] + 5 XAaf[1] - 5 Xaf [3] + «<22> +

2

f13] + <95 +X~r2Z %xf/[l} 73] +7zf/[3})}}

XAz (21‘/[1] w2 X f1] ez f0 (1] + (3] +%xf/[3} +2zf(31),
1

We see from this that the derivatives in question are the zeroth and first, f[ _],andf'[_] .
We therefore declare these patterns to be scalars so that the derivatives evaluated at any
scalar arguments will be considered by GrassmannSi npl i fy as scalars.

Decl areExtraScal ars[{f [_], f'[_]1}]

{a, b, c,d e f, g h Kk f[_], (_e_)?InnerProductQ _, f'[_]}

o

fA=GassmannMatri xFunction[f [A]]

{{f 1) +xfr[1) 7%xAz (f[1] -f[3]+2f"[1]), 7% (F 1) - [3]) xnz},
{71‘[1}7%xf[1]7%zf[1}+f[3}+%xf[3}+%zf[3}f
xf'[1]-zf"[3] +%xAz (Fr1] -f[3]+f[1] +f"[3]),
f[3]-zf" [3] +%xAz (F[1) -f[37+2f7(3])}}

The function f may be replaced by any specific function. We replace it here by Exp and
check that the result isthe same as that given above.

expA= (fA/. f sExp) //Sinplify

True

13.11 Supermatrices

To be completed.

20014 26



A Brief Biography of Grassmann

Hermann Glinther Grassmann was born in 1809 in Stettin, atown in Pomerania a short distance
inland from the Baltic. His father Justus Glinther Grassmann taught mathematics and physical
science at the Stettin Gymnasium. Hermann was no child prodigy. His father used to say that he
would be happy if Hermann became a craftsman or a gardener.

In 1827 Grassmann entered the University of Berlin with the intention of studying theology. As
his studies progressed he became more and more interested in studying philosophy. At no time
whilst astudent in Berlin was he known to attend a mathematics lecture.

Grassmann was however only 23 when he made his first important geometric discovery: a
method of adding and multiplying lines. This method was to become the foundation of his
Ausdehnungslehre (extension theory). His own account of this discovery is given below.

Grassmann was interested ultimately in a university post. In order to improve his academic
standing in science and mathematics he composed in 1839 awork (over 200 pages) on the study
of tides entitled Theorie der Ebbe und Flut. This work contained the first presentation of a
system of spacial analysis based on vectors including vector addition and subtraction, vector
differentiation, and the elements of the linear vector function, al developed for thefirst time.
His examiners failed to see its importance.

Around Easter of 1842 Grassmann began to turn his full energies to the composition of his first
‘Ausdehnungslehre’, and by the autumn of 1843 he had finished writing it. The following is an
excerpt from the foreword in which he describes how he made his seminal discovery. The
trandation is by Lloyd Kannenberg (Grassmann 1844).

The initia incentive was provided by the consideration of negatives in geometry; | was
used to regarding the displacements AB and BA as opposite magnitudes. From this it
followsthat if A, B, C are points of astraight line, then AB + BC = AC is aways true,
whether AB and BC are directed similarly or oppositely, that is even if C lies between A
and B. In the latter case AB and BC are not interpreted merely as lengths, but rather their
directions are simultaneoudly retained as well, according to which they are precisely
oppositely oriented. Thus the distinction was drawn between the sum of lengths and the
sum of such displacements in which the directions were taken into account. From this
there followed the demand to establish this latter concept of a sum, not only for the case
that the displacements were similarly or oppositely directed, but also for al other cases.
This can most easily be accomplished if the law AB + BC = AC isimposed even when A,
B, C do not lie on asingle straight line.

Thus the first step was taken toward an analysis that subsequently led to the new branch of
mathematics presented here. However, | did not then recognize the rich and fruitful
domain | had reached; rather, that result seemed scarcely worthy of note until it was
combined with arelated idea.

While | was pursuing the concept of product in geometry as it had been established by my
father, | concluded that not only rectangles but also parallelograms in general may be
regarded as products of an adjacent pair of their sides, provided one again interprets the
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product, not as the product of their lengths, but as that of the two displacements with their
directions taken into account. When | combined this concept of the product with that
previously established for the sum, the most striking harmony resulted; thus whether |
multiplied the sum (in the sense just given) of two displacements by athird displacement
lying in the same plane, or theindividual terms by the same displacement and added the
products with due regard for their positive and negative values, the same result obtained,
and must always obtain.

This harmony did indeed enable me to perceive that a completely new domain had thus
been disclosed, one that could lead to important results. Y et thisidea remained dormant
for some time since the demands of my job led me to other tasks; also, | wasinitialy
perplexed by the remarkable result that, although the laws of ordinary multiplication,
including the relation of multiplication to addition, remained valid for this new type of
product, one could only interchange factors if one simultaneously changed the sign (i.e.
changed + into — and vice versa).

Aswith his earlier work on tides, the importance of this work was ignored. Since few copies
were sold, most ended by being used as waste paper by the publisher. The failure to find
acceptance for Grassmann's ideas was probably due to two main reasons. The first was that
Grassmann was just a simple schoolteacher, and had none of the academic charisma that other
contemporaries, like Hamilton for example, had. History seems to suggest that the acceptance of
radical discoveries often depends more on the discoverer than the discovery.

The second reason is that Grassmann adopted the format and the approach of the modern
mathematician. He introduced and developed his mathematical structure axiomatically and
abstractly. The abstract nature of the work, initially devoid of geometric or physical
significance, was just too new and formal for the mathematicians of the day and they all seemed
to find it too difficult. More fully than any earlier mathematician, Grassmann seems to have
understood the associative, commutative and distributive laws; yet till, great mathematicians
like M&bius found it unreadable, and Hamilton was led to write to De Morgan that to be able to
read Grassmann he ‘would have to learn to smoke'.

In the year of publication of the Ausdehnungslehre (1844) the Jablonowski Society of Leipzig
offered a prize for the creation of a mathematical system fulfilling the idea that Leibniz had
sketched in 1679. Grassmann entered with 'Die Geometrische Analyse geknupft und die von
Leibniz Characteristik’, and was awarded the prize. Y et as with the Ausdehnungslehre it was
subsequently received with amost total silence.

However, in the few years following, three of Grassmann's contemporaries were forced to take
notice of hiswork because of priority questions. In 1845 Saint-Venant published a paper in
which he developed vector sums and products essentially identical to those aready occurring in
Grassmann's earlier works (Barré 1845). In 1853 Cauchy published his method of ‘algebraic
keys for solving sets of linear equations (Cauchy 1853). Algebraic keys behaved identically to
Grassmann's units under the exterior product. In the same year Saint-Venant published an
interpretation of the algebraic keys geometrically and in terms of determinants (Barré 1853).
Since such were fundamental to Grassmann's aready published work he wrote a reply for
Crelle's Journal in 1855 entitled 'Sur les différentes genres de multiplication' in which he
claimed priority over Cauchy and Saint-Venant and published some new results (Grassmann
1855).

It was not until 1853 that Hamilton heard of the Ausdehnungdehre. He set to reading it and soon
after wrote to De Morgan.
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| have recently been reading ... more than a hundred pages of Grassmann's
Ausdehnungslehre, with great admiration and interest .... If | could hope to be put in
rivalship with Des Cartes on the one hand and with Grassmann on the other, my scientific
ambition would be fulfilled.

During the period 1844 to 1862 Grassmann published seventeen scientific papers, including
important papers in physics, and a number of mathematics and language textbooks. He edited a
political paper for atime and published materials on the evangelization of China. This, on top of
aheavy teaching load and the raising of alarge family. However, this same period saw only few
mathematicians — Hamilton, Cauchy, Mdbius, Saint-Venant, Bellavitis and Cremona — having
any acquaintance with, or appreciation of, his work.

In 1862 Grassmann published a completely rewritten Ausdehnungslehre: Die
Ausdehnungslehre: Vollstanding und in strenger Form. In the foreword Grassmann discussed
the poor reception accorded his earlier work and stated that the content of the new book was
presented in 'the strongest mathematical form that is actually known to us; that is Euclidean ...".
It was a book of theorems and proofs largely unsupported by physical example.

This apparently was amistake, for the reception accorded this new work was as quiet as that
accorded the firgt, although it contained many new results including a solution to Pfaff's
problem. Friedrich Engel (the editor of Grassmann's collected works) comments: 'As in the first
Ausdehnungslehre so in the second: matters which Grassmann had published in it were later
independently rediscovered by others, and only much later was it realized that Grassmann had
published them earlier' (Engel 1896).

Thus Grassmann's works were ailmost totally neglected for forty-five years after his first
discovery. In the second half of the 1860s recognition slowly started to dawn on his
contemporaries, among them Hankel, Clebsch, Schlegel, Klein, Noth, Sylvester, Clifford and
Gibbs. Gibbs discovered Grassmann's works in 1877 (the year of Grassmann's dezath), and
Clifford discovered them in depth about the same time. Both became quite enthusiastic about
Grassmann's new mathematics.

Grassmann's activities after 1862 continued to be many and diverse. His contribution to
philology rivals his contribution to mathematics. In 1849 he had begun a study of Sanskrit and
in 1870 published his Wortebuch zum Rig-Veda, awork of 1784 pages, and his translation of the
Rig-Veda, awork of 1123 pages, both still in use today. In addition he published on
mathematics, languages, botany, music and religion. In 1876 he was made a member of the
American Oriental Society, and received an honorary doctorate from the University of Tbingen.

On 26 September 1877 Hermann Grassmann died, departing from aworld only just beginning
to recognize the brilliance of the mathematical creations of one of its most outstanding eclectics.
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Notation

To be completed.

Ope

rations

exterior product operation

regressive product operation

e interior product operation
% generalized product operation
° Clifford product operation
o hypercomplex product operation
= complement operation
=g vector subspace complement operation
X cross product operation
o} measure
= defined equal to
== equal to
= congruence
Elements
a,b,c,.. scalars
X, Y, Z, ... 1-elements or vectors
a,B, ¥, ... m-elements
m m m
X, Y, Z, ... Grassmann numbers
Y1,V2, ... position vectors
Pi,Py, ... points
Ly, Lo, ... lines
om,,0o,, ... planes
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Declarations

Vn declare alinear or vector space of n dimensions
Py declare an n-plane comprising an origin point and a vector space of n dimensions
declare the default list of scalars

declare the default Euclidean metric

i

Special objects

1 unit scalar
T unitn-element
(o} origin point
k metric factor
D symbolic dimension
n dimension of the currently declared space
dimension of the current Grassmann agebra
G list of grades of the current Grassmann agebra
Spaces
6\ linear space of scalars or field of scaars
./1x linear space of 1-elements, underlying linear space
A linear space of m-elements
m
A linear space of n-elements
n
% Grassmann agebra
Basis elements
€; basis 1-element or covariant basis element
e' contravariant basis 1-element
€ basis m-element or covariant basis m-element
m
e' contravariant basis m-element
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€ cobasis element of e;
m m
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Glossary

To be completed.

Ausdehnungdehre

The term Ausdehnungd ehreis variously translated as 'extension theory’, 'theory of
extension', or 'calculus of extension'. Refers to Grassmann's original work and other early
work in the same notational and conceptua tradition.

Bivector
A bivector isasum of simple bivectors.

Bound vector

A bound vector B isthe exterior product of apoint and a vector. B == Pax. It may aso
always be expressed as the exterior product of two points.

Bound bivector
A bound bivector Bisthe exterior product of apoint P and abivector W B == PAW

Bound simple bivector

A bound simple bivector B isthe exterior product of apoint P and asimple bivector xay: B
== PaXay. It may aso always be expressed as the exterior product of two points and a
vector, or the exterior product of three points.

Cofactor

The cofactor of aminor M of amatrix A isthe signed determinant formed from the rows
and columns of A which are not in M.

The sign may be determined from (-1)* " *1) 'wherer; andc; aretherow and
column numbers.

Dimension of alinear space
The dimension of a linear space is the maximum number of independent elementsiniit.

Dimension of an exterior linear space
The dimension of an exterior linear space A is(;) where n is the dimension of the
m
underlying linear spacezlx.

The dimension ( :1) isequa to the number of combinations of n elements taken mat atime.
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Dimension of a Grassmann algebra

The dimension of a Grassmann algebra is the sum of the dimensions of its component
exterior linear spaces.

The dimension of a Grassmann algebra isthen given by 2", where nis the dimension of the
underlying linear space.

Direction

A direction isthe space of avector and istherefore the set of all vectors parallel to agiven
vector.

Displacement

A displacement is a physical interpretation of avector. It may also be viewed as the
difference of two points.

Exterior linear space
An exterior linear space of grade m, denoted A, is the linear space generated by m-elements.
m

Force

A forceisaphysical entity represented by abound vector. This differs from common usage
in which aforce is represented by a vector. For reasons discussed in the text, common use
does not provide a satisfactory model.

For ce vector
A force vector is the vector of the bound vector representing the force.

General geometrically interpreted 2-element

A general geometrically interpreted 2-element Uis the sum of a bound vector Pax and a
bivector W That is, U == Pax + W

Geometric entities

Points, lines, planes, ... are geometric entities. Each is defined as the space of a
geometrically interpreted element.

A point is a geometric 1-entity.

A line isageometric 2-entity.

A plane is a geometric 3-entity.

Geometric interpretations

Points, weighted points, vectors, bound vectors, bivectors, ... are geometric inter pretations
of m-elements.

Geometrically interpreted algebra

A geometrically interpreted algebra is a Grassmann algebra with a geometrically
interpreted underlying linear space.
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Grade

The grade of an m-element ism.

The grade of asimple m-element is the number of 1-element factorsin it.

The grade of the exterior product of an m-element and a k-element is m+k.

The grade of the regressive product of an m-element and a k-element is m+k—n.
The grade of the complement of an m-element is n—m.

The grade of the interior product of an m-element and a k-element is m—k.

The grade of ascalar is zero.

(The dimension n is the dimension of the underlying linear space.)

GrassmannAlgebra

The concatenated italicized term GrassmannAlgebra refers to the Mathematica software
package which accompanies this book.

A Grassmann algebra
A Grassmann algebra is the direct sum of an underlying linear spacezlx, itsfield 6\, and the
exterior linear spaces A (2= m=n).
m

AODANODAD---ODAD--- DA
o 1 2 m n

The Grassmann algebra

The Grassmann algebra is used to describe that body of agebraic theory and results based
on the Ausdehnungslehre, but extended to include more recent results and viewpoints.

I nter section

An intersection of two simple elements is any of the congruent elements defined by the
intersection of their spaces.

L aplace expansion theorem

The Laplace expansion theorem states. If any r rows are fixed in a determinant, then the
value of the determinant may be obtained as the sum of the products of the minors of rth
order (corresponding to the fixed rows) by their cofactors.

Line
A lineis the space of a bound vector. Thus aline consists of all the (perhaps weighted)
pointson it and al the vectors pardlél to it.

Linear space

A linear space is amathematical structure defined by a standard set of axioms. It is often
referred to ssimply as a 'space’.
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Minor

A minor of amatrix Aisthe determinant (or sometimes matrix) of degree (or order) k
formed from A by selecting the elements at the intersection of k distinct columns and k
distinct rows.

m-dir ection
An m-direction is the space of asimple m-vector. It is also therefore the set of al vectors
paralel to agiven simple m-vector.

m-element
An m-element isa sum of simple m-elements.

m-plane
An m-plane is the space of a bound simple m-vector. Thus aplane consists of al the
(perhaps weighted) points on it and al the vectors pardld toit.

m-vector
An m-vector isasum of simple m-vectors.

n-algebra
The term n-algebra is an dias for the phrase Grassmann algebra with an underlying linear
space of n dimensions.

Origin
The origin © is the geometric interpretation of a specific 1-element as a reference point.

Plane

A planeis the space of abound simple bivector. Thus a plane consists of all the (perhaps
weighted) points on it and all the vectors pardlél toit.

Poaint
A point P isthe sum of the origin © and avector x: P == 0 + X.

Point space

A point space isalinear space whose basis elements are interpreted as an origin point O
and vectors.

Point mass
A point massisaphysical interpretation of aweighted point.
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Physical entities
Point masses, displacements, velocities, forces, moments, angular velocities, ... are physical
entities. Each is represented by a geometrically interpreted element.
A point mass, displacement or velocity isaphysical 1-entity.
A force, moment or angular velocity isaphysical 2-entity.

Physical representations

Points, weighted points, vectors, bound vectors, bivectors, ... are geometric representations
of physical entities such as point masses, displacements, velocities, forces, moments.
Physical entities are represented by geometrically interpreted elements.

Scalar
A scalar isan element of the field 6\ of the underlying linear spacezlx.
A scalar is of grade zero.

Screw

A screw isageometrically interpreted 2-element in athree-dimensional (physical) space
(four-dimensional linear space) in which the bivector is orthogonal to the vector of the
bound vector.

The bivector is necessarily simple since the vector subspace is three-dimensional .

Simple element

A simple element is an element which may be expressed as the exterior product of 1-
elements.

Simple bivector
A simple bivector V is the exterior product of two vectors. V == X ay.

Simple m-element
A simple m-element is the exterior product of m 1-elements.

Simple m-vector
A simple m-vector isthe exterior product of m vectors.

Space of a simple m-element

The space of a simple m-element a is the set of all 1-elements x suchthat a A x == 0.
m m

The space of asimple m-element is alinear space of dimension m.

Space of a non-simple m-element

The space of a non-simple m-element is the union of the spaces of its component ssimple m-
elements.
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2-direction
A 2-direction is the space of asimple bivector. It is therefore the set of all vectors parallel to
agiven simple bivector.

Underlying linear space
The underlying linear space of a Grassmann agebrais the linear space/1\ of 1-elements,

which together with the exterior product operation, generates the algebra.
The dimension of an underlying linear space is denoted by the symbol n.

Underlying point space
An underlying point space is an underlying linear space whose basis elements are
interpreted as an origin point O and vectors. It can be shown that from this basis a second
basis can be constructed, all of whose basis elements are points.

Union

A union of two simple elementsis any of the congruent elements which define the union of
their spaces.

Vector
A vector isageometric interpretation of a 1-element.

Vector space
A vector space isalinear space in which the elements are interpreted as vectors.

Vector subspace of a geometrically interpreted underlying linear space

The vector subspace of a geometrically interpreted underlying linear space is the subspace
of elements which do not involve the origin.

Weighted point
A weighted point isa scalar multiple a of apoint P. a P.

20014 26



Bibliography

To be completed

Armstrong HL 1959
'On an alternative definition of the vector product in n-dimensional vector analysis'
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using the notation of 1844. In other papers Cox applies the Ausdehnungslehre to non-
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This is the most informative work available on the history of vector analysis from the
discovery of the geometric representation of complex numbers to the development of the
Gibbs-Heaviside system Crowe's thesis is that the Gibbs-Heaviside system grew mostly out of
quaternions rather than from the Ausdehnungslehre. His explanation of Grassmannian
concepts is particularly accurate in contradistinction to many who supply a more casual
reference.
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Nature, 44, pp 79-82. Also in Collected Works, Gibbs 1928.
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analysis controversy of the time.

Gibbs J W 1928

The Collected Works of J. Willard Gibbs Ph.D. LL.D.
Two volumes. Longmans, New York.

In part 2 of Volume 2 is reprinted Gibbs' only personal work on vector analysis: Elements of
Vector Analysis, Arranged for the Use of Students of Physics (1881-1884). This was not
published elsewhere.

To be completed.

A note on sources to Grassmann's work

The best source for Grassmann's contributions to science is his Collected Works (Grassmann
1896) which contain in volume 1 both Die Ausdehnungslehre von 1844 and Die
Ausdehnungslehre von 1862, as well as Geometrische Analyse, his prizewinning essay fulfilling
Leibniz's search for an algebra of geometry. Volume 2 contains papers on geometry, analysis,
mechanics and physics, while volume 3 contains Theorie der Ebbe und Flut.

Die Ausdehnungslehre von 1862, tully titled: Die Ausdehnungslehre. Vollstindig und in
strenger Form is perhaps Grassmann's most important mathematical work. It comprises two
main parts: the first devoted basically to the Ausdehnungslehre (212 pages) and the second to
the theory of functions (155 pages). The Collected Works edition contains 98 pages of notes and
comments. The discussion on the Ausdehnungslehre includes chapters on addition and
subtraction, products in general, progressive and regressive products, interior products, and
applications to geometry. A Cartesian metric is assumed.

Both Grassmann's Ausdehnungslehre have been translated into English by Lloyd C Kannenberg.
The 1844 version is published as A New Branch of Mathematics: The Ausdehnungslehre of 1844
and Other Works, Open Court 1995. The translation contains Die Ausdehnungslehre von 1844,
Geometrische Analyse, selected papers on mathematics and physics, a bibliography of
Grassmann's principal works, and extensive editorial notes. The 1862 version is published as
Extension Theory. It contains work on both the theory of extension and the theory of functions.
Particularly useful are the editorial and supplementary notes.

Apart from these translations, probably the best and most complete exposition on the
Ausdehnungslehre in English is in Alfred North Whitehead's A Treatise on Universal Algebra
(Whitehead 1898). Whitehead saw Grassmann's work as one of the foundation stones on which
he hoped to build an algebraic theory which united the several important and new mathematical
systems which emerged during the nineteenth century — the algebra of symbolic logic,
Grassmann's theory of extension, quaternions, matrices and the general theory of linear algebras.

The second most complete exposition of the Ausdehnungslehre is Henry George Forder's The
Theory of Extension (Forder 1941). Forder's interest is mainly in the geometric applications of
the theory of extension.

The only other books on Grassmann in English are those by Edward Wyllys Hyde, The
Directional Calculus (Hyde 1890) and Grassmann's Space Analysis (Hyde 1906). They treat the
theory of extension in two and three-dimensional geometric contexts and include some
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applications to statics. Several topics such as Hyde's treatment of screws are original
contributions.

The seminal papers on Clifford algebra are by William Kingdon Clifford and can be found in
his collected works Mathematical Papers (Clifford 1882), republished in a facsimile edition by
Chelsea.

Fortunately for those interested in the evolution of the emerging 'geometric algebras', The
International Association for Promoting the Study of Quaternions and Allied Systems of
Mathematics published a bibliography (Macfarlane 1913) which, together with supplements to
1913, contains about 2500 articles. This therefore most likely contains all the works on the
Ausdehnungslehre and related subjects up to 1913.

The only other recent text devoted specifically to Grassmann algebra (to the author's knowledge
as of 2001) is Arno Zaddach's Grassmanns Algebra in der Geometrie, BI-Wissenschaftsverlag,
(Zaddach 1994).
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